properties of the two-dimensional Fourier transform

8. Convolution

The DFT of convolution of two functions is equal to the product of the
DFT of these two functions, i.e.

S{LGY)* H,00y) 3= Fa(uv) . Fa(uv)

The convolution of two functions f(x) and g(x) denoted by f(x)*g(x) is
defined by the integral:

F00* 900 = [ F(@)g(x-a)da

Where « is a dummy variable of integration. The convolution of two
functions f(x) and g(x) before carrying out the integration it is necessary to
form the function g(x-« ). It is noted that this operation is simply one of
folding g(« ) about the origin to give g(-«) and then displacing this
function by x. Then for any given value of x, we multiply f(a) by the
corresponding g(x-« ) and integrate the product from - to .

Example : convolved the following functions:

f(x) 9(x)
A A
1
1/2
0 > 0 >
1 X 1 X
Solution:
1 0<x<1 1/2 0<x<1
f(x) = . (x) = :
0 otherwise 0 otherwise

((9*900 = [ F(@)o(x-a)da

to convolved between two functions we must followed the following steps:

- graphically
stepl: change the axis
f(a) 9(a)
A A
1
1/2
0 > 0 >




Step2: folding g(« ) about origin to give g(-a ) and then displacing this
function by x to become g(x-« )

J(-a) g(x-a )
A A
12 L ieesseeeaes 1/2
-1 0 a X-1 X 0

Step3: Sliding , for any given value of x , we multiply f(«) by the
corresponding g(x-« ) and integrate the product from - to .

(1) when x<0 f(x)*g(x)=0

(2) when 0<x<1 f(a)g(x-a)

ff(a)g(x—a)da 0< x5t

(3) this interval satisfied by step (2) and (4)
f(a)g(x-a)

1

1/2

f(a)g(x-a)

(4)when 1>x-1>0
2>x>1 1<x<2
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(5) when x-1>1 = x>2
f)*g(x) =0

4 f(x)*9(x)
1/2x 0<x<1
F(X)* g(x) = 1_%)( 1<x<? 12 |eeennnnnns : 1/2
0 otherwise x/ 1-1/2 X
0 1 2 ;
0<x<1 1<x<2
- mathematically
F0*900 = | @)g(x-a)da O<a<1 for f(a)
B 0<a<l for g(a)
0<ax<l
Xx-1<a=X
jf(a)g(x—a)da: ‘El.%da = %a: = % X
j%lda_ —aI_l = %—%(x—l) = 1—%x
4 f)*9(x)
1/2x 0<x<1
f(x)*g(x) = 1—%x 1<x<2 12 frrenerenes 172
0 otherwise x/ 1-1/2 X
o 1 2



