Lecture 7-Recurrence Relation & Summation

Mathematical basis

Summations and Recurrences: Most programs contain loop constructs. When
analyzing running time costs for Programs with loops, we need to add up the costs
for each time the loop is executed. This is an example of a summation.
Summations are simply the sum of costs for some function applied to a range of
parameter values. Summations are typically written with the following “Sigma”
notation:
This can also be written f(1)+ f(2)+···+ f(n−1)+ f(n). Within a sentence. Given a
summation, you often wish to replace it with a direct equation with the same value
as the summation. This is known as a closed-form solution, and the process of
replacing the summation with its closed-for m solution is known as solving the
summation. The following is a list of useful summations, along with their closedform solutions.

Example2
int count = 0;
for (int i = 0; i < N; i++)
for (int j = 0; j < i; j++)
count++;
Lets see how many times count++ will run.

The running time for a recursive algorithm is most easily expressed by a recursive
expression because the total time for the recursive algorithm includes the time to
run the recursive call(s). A recurrence relation deﬁnes a function by means of an
expression that includes one or more (smaller) instances of itself. A classic
example is the recursive deﬁnition for the factorial function:
n! = (n−1)!·n for n > 1; 1! = 0! = 1.
Another standard example of a recurrence is the Fibonacci sequence:
Fib(n) = Fib(n−1)+Fib(n−2) for n > 2; Fib(1) = Fib(2) = 1.

From this deﬁnition we see that the ﬁrst seven numbers of the Fibonacci sequence
are 1,1,2,3,5,8, and 13. Notice that this deﬁnition contains two parts: the general
deﬁnition for Fib(n) and the base cases for Fib (1) and Fib (2). Likewise, the
deﬁnition for factorial contains a recursive part and base cases. Recurrence
relations are often used to model the cost of recursive functions. For example, the
number of multiplications required by function fact of for an input of size n will be
zero when n = 0or n = 1(the base cases), and it will be one plus the cost of calling
faction a value of n−1. This can be deﬁned using the following recurrence: T(n) =
T(n−1) +1 for n > 1; T(0) = T(1) = 0. As with summations, we typically wish to
replace the recurrence relation with a closed-form solution. One approach is to
expand the recurrence by replacing any occurrences of T on the right-hand side
with its deﬁnition.

