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Introduction:

Engineering is concerned with understanding and controlling the materials and
forces of nature for the benefit of humankind.

Control system engineers are concerned with understanding and controlling
segments of their environment, often called systems, to provide useful economic
products for society.

The twin goals of understanding and controlling are complementary
because effective systems control requires that the systems be understood and
modeled. Furthermore, control engineering must often consider the control of poorly
understood systems such as chemical process systems.

Control engineering is based on the foundations of feedback theory and linear
system analysis, and it integrates the concepts of network theory and
communication theory.

Therefore control engineering is not limited to any engineering discipline but is
equally applicable to aeronautical, chemical, mechanical, environmental, civil, and
electrical engineering.

For example, a control system often includes electrical, mechanical, and chemical
components. Furthermore, as the understanding of the dynamics of business, social,
and political systems increases, the ability to control these systems will also increase.

Automation

The control of an industrial process (manufacturing, production, and so on) by
automatic rather than manual means is often called automation. Automation is
prevalent in the chemical, electric power, paper, automobile, and steel industries,
among others. The concept of automation is central to our industrial society.

Automatic machines are used to increase the production of a plant per worker in order
to offset rising wages and inflationary costs. Thus industries are concerned with the
productivity per worker of their plants. Productivity is defined as the ratio of physical
output to physical input [26]. In this case, we are referring to labor productivity, which
is real output per hour of work.



Definitions
» A system is a combination or an arrangement of different physical components which
act together as an entire unit to achieve certain objective.

Also can be defined as: a system is a set of interacting components connected together
in such a way that the variation or response in the state of one component affects the
states of the others.

> Static systems have an output response to an input that does not change with time.
(The output have the same instantaneous relationship with the input). Static system is
described by algebraic equations. Present response is totally determined by the present
value of the input figure (1-a).

» Dynamic systems have a response to an input that is not instantaneously
proportional to the input or disturbance and that may continue after the input is held
constant. Dynamic systems can respond to input signals, disturbance signals, or initial
signals. See figure (1-b). Dynamic systems possesses memory (output signal depends
on past values and future values of the input signal.

Initial conditions ‘

Inputs Static Outputs Inputs . Outputs
> > > Dynamic system >
system
Disturb
Figure (1-a) ISHIDANCES | pigure (1-b)

> Dynamic systems are found in:

1- All major engineering disciplines and include Mechanical, Electrical, Thermal,
Fluid and mixed systems (electro-mechanical, fluid-mechanical, thermo-
mechanical and electro-thermal). See figure (2)

2- Natural systems include ecological, biological (human body), economic traffic,
etc. see figure (3)
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> A Control system is an arrangement of a physical components connected in a
manner to regulate (command or direct) itself or another system.

Control systems are classified in to different categories:

1- Open loop control system is a system in which the output signal has no
effect on the input signal. See figure (4).
Or: is one in which the control action (quantity responsible) for activating
the system to produce the output.
Note: open loop control system is sometimes refer to as a passive control

Desired Process
PrOCESS mmmme Controller —  Actuator P Process — output
response
Controlled
variable
Figure (4) Block diagram of Open loop control
Examples:
> Po»iver
Desired time
Relays to . Actual
control sequence Lights traffic
control
Automatic Washing machine. Traffic lights.

Note: [Any control systems that operates on a time basis are open loop]

—4l  Switch Lamb Class bulb
on/off Filament

On-off switch (light switch)



Electrical
energy

Desired

Time , Heat Actual
g Timer ————P ET:::SL%S —P Clothes — Dryness
(Input) (Controller) (Output) (Process)

Clothes drier

H.W.... Give three types of open loop control systems (phyvsical or natural
system with block diagram).

2- Closed loop control system is a system in which the output signal effects
the input signal through the feedback signal. Figure (5) shows the general
block diagram of the closed loop feedback control system.

Disturbance

Actuating Controlled
signal l Forward path variable
+
Desired output Error Actual
=p( y===p|Controllerp=»{ = Actuator f==» Process
response _ ‘ + o output
Reference +
input Measurement
Or Feedback path + noise
Command
input signal )
ensor -
Mcasurement output § Feedback

Figure (5) Negative feedback control system



» Input signal is the excitation or command applied to a control system, typically from
an external energy source, usually in order to produce a specified response from the
control system. It is an independent variable.

» Output signal is the actual response obtained from a control system. It may or may
not be equal to specified response implied by the input. It is dependent variable.

Input and outputs can have many different forms. Input, for example, may be physical
variables, or more abstract quantities such as reference, set point, or desired values for
the output of the control system.

» Actuating signal (error signal) the difference between input and the output signal is
the actual signal which actuates the control.

» Comparator is used to compare the input signal with the feedback signal. The
deference between these two signals (+ve or —ve) is the error signal which performs
the control action.

3- Multiloop feedback system with an inner loop and an outer loop

i Error Error
Desived output -—D-C)-—b Controller #2 —O—b Controller #] —» Actuator =# Process + Actual
response output

,_ 1;_

Inner
l
Outer oop
loop Sensor #1 e

Measurement output Feedback

»

Sensor #2
Measurement output Feedback

Muiltiloop feedback system with an inner loop and an outer loop.
4- Multivariable control system

Desired =" > > > > actual
output ——» Comparison » Controller > Actuator * Process -
output
FCSPONSE s » > *> »
A A A
Sensor «
Measurement output Feedback

Multivariable control system.



Applications of closed loop systems
1- Human being: if a person wants to reach for a book on the table, close loop
system can be represented as shown in figure (6).
» Position of the book is given as a reference.
» Feedback signal from eyes
» The comparator used to compare the actual position of hands with reference
position.
» Error signal is given to brain.
» Brain manipulates this error and gives signal to the hands.
» This process continues still the position of the hands get achieved appropriately.

Book
Input e :
Reference Brain + Hands Eg:':g:
position fthe h
of book of the hands

Object
Position

- Eyes -

Figure (6) Block diagram of the human being control system

2- Automobile steering control system, see figure (7).
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adjustment of steering wheel 0 Time,
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Figure (7) block diagram model of Automobile steering control system



3- Rotating disk speed control, see figure (8).

Desired
speed

Figure (8) (voltage)
> J (a) Closed-loop

control of the speed

of a rotating disk.

(b) Block diagram

model.
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4- Machine tool with table (CNC machine) control system, see figure
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Figure (10)
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> Comparison of Open Loop and Closed Loop Control System

Sr.
No.

Open Loop

Closed Loop

Any change in output has no effect on the
input i.e. feedback does not exists.

Changes in output, affects the input which is
possible by use of feedback.

Output measurement is not required for
operation of system.

Output measurement is necessary.

Feedback element is absent.

Feedback element is present

Error detector is absent. =

Eror detector is necessary.

It is inaccurate and unreliable.

Highly accurate and reliable.

Highly sensitive to the disturbances.

Less sensitive to the disturbances.

Highly sensitive to the environmental changes.

Less sensitive to the environmental changes.

Bandwidth is small.

Bandwidth is large.

Simple to construct and cheap.

Complicated to design and hence costly.

Generally are stable in nature.

Stability is the major consideration while
sesiani

1.

Highly affected by nonlinearities.

Reduced effect of nonlinearities.




Controlled Variable and Control Signal or Manipulated Variable.

The Controlled Variable is the quantity or condition that is measured and controlled.
The control signal or manipulated variable is the quantity or condition that is varied
by the controller so as to affect the value of controlled variable. Normally, the
controlled variable is the output of the system. Control means measuring the value
of the controlled variable of the system and applying the control signal to the system
to correct or limit deviation of the measured value from a desired value.

Plants. A plant may be a piece of equipment, perhaps just a set of machine parts
functioning together, the purpose of which is to perform a particular operation.

Disturbance A disturbance is a signal that tends to adversely affect the value of the
output of the system.

Feedback Control. Feedback control refers to an operation that, in the presence of
disturbance, tends to reduce the difference between the output of a system and some
reference input.

Open loop control system

Advantages

The advantages of open loop control system are,
1) Such systems are simple in construction.

2) Very much convenient when output is difficult to measure.

3) Such systems are easy from maintenance point of view.

4) Generally these are not troubled with the problems of stability.
5) Such systems are simple to design and hence economical.

Disadvantages
The disadvantages of open loop control system are,

1) Such systems are inaccurate and unreliable because accuracy of such systems are
totally dependent on the accurate precalibration of the controller.

2) Such systems give inaccurate results if there are variatigns in the external
environment i.e. such systems cannot sense environmental changes.

3) Similarly they cannot sense internal disturbances in the system, after the controller
stage.

4) To maintain the quality and accuracy, recalibration of the controller is l{eoessary
from time to time.



Closed loop control system

Advantages
The advantages of closed loop system are,

1) Accuracy of such system is always very high because controller modifies and
manipulates the actuating signal such that error in the system will be zero.

2) Such system senses environmental changes, as well as internal disturoances and
accordingly modifies the error.

3) In such system, there is reduced effect of nonlinearities and distortions.

4) Bandwidth of such system i.e. operating frequency zone for such system is very
high.

-~ Disadvantages

The disadvantages of closed loop system are,

1) Such systems are complicated and time consuming from design point cf view and
hence costlier.

2) Due to feedback, system tries to correct the error from time to time. Tendency to
overcorrect the error may cause oscillations without bound in the system. Hence
system has to be designed taking into consideration problems of instability due to
feedback. The stability problems are severe and must be taken care of while
designing the system.

Other classification of control systems
Broadly control systems can be classified as:
1) Natural control systems: the biological systems, system inside human being
are of natural type.
For example: the perspiration system inside the human being is a good
example of natural control system. This system activates the secretion glands,
secreting sweat and regulate the temperature of human body figure (11).

Figure (11)
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2) Manmade control systems: different types of control systems which are used
in our day to day life are designed and implemented by human beings. Such
systems like vehicles, switches, various controllers and industrial automobile
factory, — figure ____________________ (I12)

Figure (12)

3) Combination control systems: combinational control system is one, having
combination of natural and manmade together i.e. driver driving a tower crane

figure (13).

Figure (13)
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4) Time varying and time and invariant systems: time varying control systems
are those in which parameters of the systems are varying with time. It is not
dependent on whether input and output are functions of time or not. For example
space vehicle whose mass decreases with time, as it leave earth. The mass is a
parameter of space vehicle system. Also, in case of a rocket, aerodynamic
damping can change with time as the air density changes with the altitude, see
figure (14). As against this if even though the inputs and outputs are functions
of time but the parameters of system are independent of time, which are not
varying with time and are constants, then system is said to be time invariant
system.



Input Parameters Output Input Parameters Output
e

——» of system are | of system
f(t) constants and not | ft) are functions
functions of time of time
(a) Time invariant system (b) Time variant system

Figure (14)

5) Single input single output (SISO) and multiple input and multiple output
(MIMO) systems.

6) Open loop and closed loop systems.

7) Traditional and intelligent control systems.



Representation of Control System Components
Transfer function:
It’s a mathematical representation which relates the input and the output of an element,
a subsystem or a complete system. It may be denoted by T(D) or T(s), where (D) and
(s) are the time derivative operator and the Laplace operator respectively. The transfer

function (T.F) is T(D) = O;;ﬁt. T(D) may be represented by a block as shown in
figure (15).
T.F i
Input Outpu Figure (15)
EE— T(D) —

Mechanical Components
Spring: the load deflection characteristics for a mechanical spring as shown in figure
(16). The spring force Fsrequired to deflect a spring a distance x from its free length
is given by the equation:
F=kx where k = spring rate is a constant which is
equal to the slop of the curve of the load F;versus

deflection x.
output _ X

Free length ——»|

! ; Solid H[

height

1
input Fg k I

_A_F“
Figure (16)  &——= SepekTax
~ 1 -
{a)
Damper (Viscous Function): it is assumed that the damper N I B S
will produce a counter effect to the applied force such that .
the force is proportional to the velocity (v), see figure (17).
- X
Fq = Bv = Bx = BDx = Bsx 1 7
Fo—» 5 ™V ﬁr{: é
P /.
B
F(t) = Bx(t)
1. derivate operator: F(D) = BDx(D)  G(D) (transfer function) = % = $
1
F(D)—» BD —>x(D) Figure (17)
CG(e)=X®) L
2. Laplace operator: G(s)= R B (s Bi X (s)
S




1. Inertia (Mass):

Using Newton second law, we have f= ma = mv = m¥ = mD?x = ms?x.

F(t) =m=X(t)

F(D) = mD?*(D)

F(t) —

Ym

F(D}—

1/ mD

— Dx(D)

F(s) = ms?X(s)

—— X (t)=a(t)

FD—s  pmp2

— x(D)

F(s) —»

1/ms2

— X(S)

Example: find the transfer function of the translation motion of the mass- spring-
Damper system as shown in figure (18).

_ _ g X 2
Y F=Ma=M=Z = MD?X

1

F(D) " MD2+BD +k

— X(D)

Figure (18) Kg' -L"—I B

M3 4B e +K= = F

X =

F—B2o<c Ko<

M

Conyral P \ocj"k at"’ta I aAWA -

lF.
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2. Rotational Mechanical System:
For torsional mechanical system, the forcing function is the torque (T) and the
output is (0) or (8) or (). In this case the mass moment of inertia (I), the torsional
damping coefficients (B) and the torsional stiffness (K) have to be used.
For a torsional subsystem shown in figure (19), we can find the transfer function
between the applied torque (T) and the angle of rotation (0) if required as an output.

Solution:
T - kt * 9
Where; T is a twisting torque.

K is the torsional spring.
6 is the angular displacement of spring.

XT =Ja=]6(t)
T—T;—T,=]0,
T=10+T;+T, 1

TO)—— 25+ 1, — 2P

T =JD%*6 + BDO + k.0 = (JD* + BD + k)0
_0M) _ 1 Figure (19)
G(D) = T(D) JD?2+BD +k,




Example: Calculate the transfer function (T.F) of the translation motion for each of
the following mechanical systems as shown in figure (20-a, and 20-b).

——— X

7z X
K ¥y
——AWW— -
p b [ % k| kz P
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Fig. (20-b) two springs

Fig. (20-a) two springs connected in series

connected in parallel

a) F=F|+F, b) X =y+(x-y)
—F = kiy=F
k k,x=F =k 1 !
1+ fgX = B = KegX y=F/ky ...()
keq T3 _
: l 1 ” k,(x—y)=F,....(2)
— :"__E__F & > Sub. (1) in (2) we get:
F s Ty 7 kox=F+2fF="%r0 | k +k, X(t)
2 kq ky — —>
ik, kik,
F=keqx = <k1 n k2>x
X _ 1 _ k1 + kz
F M - kiks
ki +k,

Example: Calculate the transfer function (T.F) for the each of the translation motion
of the damper systems (as shown in figure (21-a, and 21-b).

I"’I
b, —4II—
= I -
X X y

Fig. (21-a) two dampers

connected in parallel Fig. (21-b) Two dampers
connected in series



Example: calculate the T.F of the following systems.
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Electrical components:
1. Resistance (R): The relationship between the current and the applied voltage (or

voltage difference) is given by:

I=£ Li—-—ER
R + _l B —» 1/R — ]

2. Inductance (L): In this case the relationship is given by:

E=L%= DI Ep 1
L

3. Capacitance (C): The relationship is given by:

_ @_ [ EC 1
I=C% = CDE ] e s
c

It may be noticed that when the applied voltage is constant, no current is induced in
the capacitance. We have to know that the current (I) is related to the electrical
charge (C) by:

dC

[ =—=DC
dt



Example: Determine the transfer function (I/ p) for the following circuit.

Solution:
E=Ex+E;
E=RI+LDI=I1(R+LD)
L__1 1
E~ R+LD E -/
1 R+LD
or =% (1+TD)
Where; 7 = L/R
Electrical components connected in parallel:
I;
1. I =1+ "
Ir | IL
I(s) = @ n @
. _ 1,1 \% R L
- Is)=V(s) [R LS]
LS+R
1) =vs) [57]
Xk
74 Ls + R I
e —
RLs
2. I:IR+IL+IC I;
I I |
1(s)=V(s)[l+i+cS] =
I(S) _ V( ) [Ls+R+RLCs ] Vv R L —— C
v Ls + R +RLCs? | |
— >

RLs




Example:
Let e, the voltage drops and i be the current, then

I- Resistance R e, =LR
2- Capacitance C e, =% [idt
3- Inductance L 0 = d;(tt)

Basic laws governing electrical circuits are Kirchhoff’s current law and voltage law.
Kirchhoff’s current law (node law). Which states that the sum of currents entering a
node is equal to the sum of currents leaving the same node.

Kirchhoff’s voltage law (loop law). Which states that the sum of the voltage drops is
equal to the sum of the voltage rises around a loop.

Procedures for Drawing a Block Diagram

Consider the RC circuit shown in the Figure (a). Applying Kirchhoff’s voltage law to
the system, we obtain

R
o Ay 'e]
TN
€i : d-/.l C €
VR + VC - ei o = T o
iR+ e, = e = W= (g—ey) e (1)
e, =% [idt SN )

The L.T of equations (1) and (2), with zero initial conditions, becomes

}_{ fis)
1
1) =% [E() —E,(5)] =
_ @ ey 1 L is)
Eo (S) s = Cx T
Assembling these two elements, we obtain the overall | (c) the system as

shown in Figure (d)

Eﬁ(ﬂ' | I[S:I 1 Edx)
— — = — =

(d)
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E, R A E, | _RU+RCp) | Ep
11 : R, Tz | Ry+R,+RR,C,p -

Electrical circuit.
SOLUTION. The parallel combination of R, and C, is in series with R.,
so that the total impedance Z is

1 R,

Z = ZI+RS= 1/R1+CIP+R’= 1 +RICIP+R,
The voltage E, is given by the equation
' _ 77 _ Ri+ Ry + R\R:Cip 1
El =ZI = i F Rlclp I
and similarly F, is :
-E2 — R’I ...2

The substitution of I from Eq. (. 1 ) into Eq. (5 ) yields the desired
answer ' '

Rz(l + RnC‘,p) El

B = 5 ¥ R + RiRCop



Thermal Components:
Thermal resistance: for small temperature difference, the rate of heat transferred into
a body is proportional to the temperature difference across the body.

T,_T
q=hA(T, = T) =
Rt

Where:

q= rate of heat flow

h= coefficient of heat transfer of the surface of the body

A= surface area

T= the temperature of the body

T,=temperature of the surrounding medium

R1= 1/hA equivalent thermal resistance (analog to the electrical resistance).

Thermal capacitance: the rate of change of temperature of the body (dT/dt =DT) is
related to the rate of heat transfer in to the body by the expression:

q= mcpZ—: = CrDT
—r‘ T (in Qo

m}TT)MM—E +£(<)

In this case, the mass (m) and its specific heat (cp) are combined to form the equivalent
thermal capacitive effect such that: Cr = mcp.

However, thermal components appear combined in practice like in the following
example.

Example: A mass (m) with some (cp) is located in a hot oven of temperature (Ts),

. : . . . T
assuming that the mass is heated by convection only. Find the transfer function (;)
S

We have; q = h. A(T,_T)
dr Hot oven
Also, g = m.cp—
T 1 at m.cp N ¥
== where T = ——=m.cp.Ry ~a ¥
Ts  1+1D h.A -
q < ¥

" qunc,{-}ovtnx b\ 00"( 0\:\0-%{“‘0/\

Y R =Sy T-RAT=TS T
£ Wﬂ A
= .

A




Example:
A thermal system used for heating flow of water as shown. Electric element is used in

the tank to heat the water. The tank is insulated to reduce heat to the surroundings.
Find the transfer function of outlet water temperature (0,) to the rate of heat flow from
heat element (q).

Solution: Surrounding temp. © -
Thermal insulation
— Water
—
Outlet water T——— | L inetwater
o —— °
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Example:

Example: Consider a thermometer placed in a
water bath having temperature T\, as shown, and
T, is the temperature indicated by the
thermometer. Calculate the transfer function of
T2/Th.
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Fluid system components:

In working with fluid systems. It is necessary to distinguish if the fluid is
incompressible (work with volume rate of flow) or compressible (work with mass
rate of flow).

A) Incompressible fluids: when the pressure difference across a flow restriction is small,
the volume rate of flow Q is proportional to the pressure drop (P; — P) across the
restriction.

P1-P

Q=f(Pi~P) then....  Q=—-

Where: Rris the equivalent fluid resistance.
The rate of flow into a tank, such as that shown if figure (1), is equal to cross sectional
area A of the tank times the rate of change of height.

H
P1 R:
—_— P
—
*-.Q
(a)
—AdH—ADH—A DP = C.DP
Q= dr Y = Cp
Where:

P(kg.m/(s.s.m.m)
m
= pgH(kg.m. —S), in which p is the density of the fluid

m.m.m.s.
H = the head (m).
Cr=A/pg = equivalent fluid capacitance.

The equation of operation for fluid system of figure (1) is:

P1-P —) (=) =
Q= = CrDP ( Rp )(cp) y
. Rp . Draw the block
Solving for P gives: diagram
o P1 H.W
1+ (RpCr)D
P 1 1
P1 1+ (RgCp)D 1+71D
In general:

Z(flowrate)in — Z(flowrate)out = rate of accumulation.
B) Compressible fluids:



For small pressure differences, the mass rate of flow M (gas or air) through a restriction
is proportional to the pressure difference P1 - P.
P1-P

=R
M = mass flow rate
Figure (2) shown a tank of constant volume V. the equation of state for the fluid in the
tank is:
PV = WRT, where:
P=pressure, V=volume of tank, T isothermal temperature, R=heat transfer coefficient,
M= mass flow rate, W= weight
The flow into such a tank is usually isothermal. Thus, differentiating both side of the
equation of state with respect to time and solving for M = dW/dt gives:

M= = FraP = 7 DP = CrDP N
(%) (&) =oP
Cr =V /RT Is the equivalent fluid capacitance. Draw the block
The equation of operation is: diagram
po__ 1 H.W
1+ (RzCp)D
—
RF'
i P
i
(a)




Resistance and Capacitance of Liquid- Level Systems

It is convenient to introduce the concept of resistance and capacitance to describe

dynamic characteristics of liquid-level systems.

1) Consider the flow through a short pipe connecting two tanks. The resistance R for
liquid flow in such a restriction is defined as the change in the level difference (the
difference of the liquid levels of the two tanks) necessary to cause a unit change in
flow rate; namely,

_ Change in level difference, m

Change in flow rate,m*/s

The relationship between the flow rate and level difference differs for the laminar
flow and turbulent flow. The flow regimes are divided into laminar flow and turbulent
flow, according to the magnitude of the Reynolds number.

Consider the liquid-level system shown below.

_ Control valve
Oty
—
H+h /
» In this system the liq / " ) the side of tank. If the
. Capacitance Resistance
flow through this res c R
0=K1I1
Where, Q = Steady-state 1iquia riow rate, m-/s

K = Coefficient, m?/s
H = Steady-state head, m
For laminar flow, the resistance R, is obtained as
_dH _H

40 0

The laminar-flow, resistance is constant and is analogous to the electrical resistance.

[

» If flow through the restriction is turbulent, the steady-state liquid flow rate is
given by,

Q=KVH = oeeenn (1)
Where K is a coefficient having units of m>°/s. The resistance R, for turbulent flow is
obtained from equation (1)
K
We have
dH _ 2VH _ 2JyHVH _ 2H

dQ K Q Q
R = dH _ 2H

" do 0




» The value of the turbulent flow resistance R, depends upon the flow rate and
head.

» Linearization can be applied, provided that changes in the head and flow rate
from their respective steady-state values are small.

» In many cases, the value of the coefficient K, which depends upon the flow
coefficient and the area of restriction, is not known. Then the resistance may
be determined by plotting the head versus flow rate curve based on experimental
data and measuring the slope of the curve at the operating condition.

An _example of such a plot is shown in Figure (b). In the Figure, point P is the
steady-state operation point. The tangent line to the curve at point P intersects the
ordinate at point (0, —H). Thus, the slope of this tangent line is 2H/Q. Since the
resistance R, at the operation point P is given by 2H/Q, the resistance R, is the slope
of the curve at the operation point.

Head
h
__________ tan"1R,
H ===~ <
b
[N ]
Sy
[
|l -
0 0 Flow rate
Slope = 2—E =4
H @

(b)
Consider the operation condition in the neighborhood of point P. Define a small
deviation of the head from the steady-state value as 4 and the corresponding small
change of the flow rate ¢. Then the slope of the curve at point P can be given by

Slope of the curve at point P = S = % = R;



2) The capacitance C of a tank I defined to be the change in quantity of stored liquid
necessary to cause a unit change in the potential (head).
_ Changein liquid stored, m’

Change in head, m

» The differential equation of the tank system shown can be obtained based on the
assumption that the system is either linear or linearized.

> Consider a small disturbance from certain steady state operating point where Q
and H are steady state flow rate and head, respectively.

» A small deviation in inflow q; will cause a small deviation in out flow q, and
head h. Since the inflow minus outflow during the small time interval dt is equal
to the additional amount stored in the tank, then

Cdh=(qi—qo) dt
From the definition of resistance, the relationship between q, and h is given by

do=h/R
The differential equation for this system for a constant value of R becomes
RC% +h =Rq;
dt

Note that RC is the time constant of the system. Taking Laplace transform of both
sides of the differential equation we obtain the transfer function of the system

H(s) _ R
Q.(s) 1+RCs
If q, is taken as the output with g; as the input, then
Qe __ | Where 1 - Q,
Q.(s) 1+RCs R

Liquid-Level System with Interaction
If there is more than one tank, then the dynamics of the two (or more) tanks will

interact. The transfer function is NOT the PRODUCT of the two first-order transfer
functions. For the two tanks system shown, assume only small variations of the
variables from the steady-state values. Using the symbols

Q = Steady-state liquid flow rate, m*/s

H,= Steady-state liquid level of tank 1, m

H,= Steady-state liquid level of tank 2, m




O+g
—’_
Tank | Tank 2

Ry _
\ f Q_“'ﬁz
8]
For tank |
H(s) 1 @1(s)
=
hi—h 1 Ha(s)
1R t=q Qi(s) = [H,(s) — Hy(s)] Re
1 1
dh 1 Q(s) i Hy(s)
C1d_t1=q_CI1 H(s) = [Q(S)—Q1(S)]a o
O1(s)
For tank II
h 1 H(: 5
== qz Q,(s) = — H,(s) &-— e —Qa%-(--jJ
Ry Rz Ry
i(s) Hy(s)
dh 1 6 &:‘ CLZS :
Czd_t2 =q,—q, Hy(s) =[Q:(s) — Qz(s)]a =
2
Oals) \
sy K 1 Hils) 1 [ i N Gals)
&“ Cs Ry v, Cys ;{2(3)’ Ry -




Example
In the liquid-level system shown in Figure, assume that the outlet flow rate Q

(m3/sec) through the out-flow valve is related to the head H (m) by

Q = KVH = 0.01VH
Assume also that when the inflow rate Q; is 0.015 m3/sec the head stays constant.
For t < 0 the system is at steady state (Q; = 0.015 m3/sec). At t = 0 the inflow
valve is closed and so there is no inflow for ¢ = 0. Find the time necessary to empty
the tank to half the original head. The capacitance C of the tank is 2 m?2.

Qs——*i%q

S 0111'[101’1 Capacitance C
When the head is stationar — ¢ rate. Thus head H, at
time t = 0 can obtained as
Q =0.015 = 0.01,/H, = H,=225m
The equation for the system for ¢ > 0 is
—CdH = Qdt dH_ _9_ _DVH
. dt C 2
or 7w —0.005 dt
Then by integrating both sides of this equation f. vizsdh
en by g g ! 225 H
J,*(~0.005) dt
125
2VA[,." = —0.005 t, > t, = 175.7 sec

Example _ _
Consider the liquid-level system shown in Figure. In the system, Q; and Q, are steady-

state inflow rates and H; and H, are steady-state heads. The quantities q;;, iz, hq, Ry
, and q, are considered small. Obtain the dvnamic eauations of the svstem

F&:F O+ qp

— 01+ 01+ ¢,




Solution
The equations for the system are

For tank [
3 Hy(s) 1 Qi(s)
=g Q) = [Hi(8) — Hy(9)] i I
Hys)
C1%=Qi1_ch 0u(s) 1 1. ()
i1(s) —» - > S
Hy () = [Qu(s) ~ Qi) 25 1 % Cs 1
For tank II Q4(s)
h 1
R_z = o Qo(s) = R, Hy(s)= Hy(s) — Ri, —> Q,(5)
QLZ(S)
C, =2 dt =1t qiz —
Hy(s) = [Q:(s) + le(s) Qo(s)] s 0R) —» é — H,(s)
The overall block diagram of the system is Q,(s)
Qi2(s)
1 1
a R_7 - Qo(s)

Qu(s) —»% » -

&
T




Pneumatic Systems
Resistance and Capacitance of Pressure Systems. Many industrial processes and

pneumatic controllers involve the flow of a gas through connected pipelines and
bl 33
f—“i

pressurevessels.

Consider the pressure system shown in Figure (a). The gas flow through the
restriction is a function of the gas pressure difference p; — p, . Such a pressure system
may be characterized in terms of a resistance and a capacitance.

Definitions
e The gas flow resistance R may be defined as follows

change in gas pressure difference _ d(AP)

R =

change in gas flow rate dq
......... (1)
The value of the gas flow resistance R can be determine experimentally from a plot of
the pressure difference versus flow rate by calculating the slope of the curve at a given
operating condition as shown in Figure (b).

LR
Resistance
R
) = =
g
Ftp
f.‘upuuilmncc
(a)
e The capacitance or tne pressure vessel may b o 9
change in gas stored k)
change in gas pressure
am a
or C =—-= V_p ......... (2)
dp dp

let us define
P = gas pressure in the vessel at steady state (before changes in pressure have
occurred
p; = small change in inflow gas pressure
po = small change in gas pressure in the vessel
V' = volume of the vessel
m = mass of the gas pressure in the vessel
q = gas flow rate
p = density of the gas
For small change of p; and p,, the resistance R given by equation (1) becomes

constant and may be written as
Pi—P,
q = T ......... (3)
The capacitance C is given by equation (2)
C = Z—Zl = Cdp=dm



Since the pressure change dp, times the capacitance C is equal to the gas added to
the vessel during dt seconds, we obtain

C dp, = q dt > (Po—g e (4)
Now, from equations (3) and (4)

¢ %o — Fitto = RC% + P, =i

dt R
Taking L.T of both sides RCs P,(s) + P,(s) = P;(s)
Py 1
P;  RCs+1
Example

For the pneumatic system shown in Figure, assuming the steady-state values of the air
pressure and the displacement of the bellows are P and X, respectively. Assume also
that the input pressure is changed from P to P + p; , where p; is a small change in the
input pressure. This change will cause the displacement of the bellows to change a
small amount. Assuming that the capacitance of the bellows is C and the resistance of
the valve is R, obtain the transfer function relating x and p.

|—>-A7+.1'

1T 1

\
Pip,

Solution
For the bellows and spring Ap,=kx = AP/(s) =kX(s)
Where A = Area of bellows k = is the stiffness of the spring
Then, from the transfer function of pressure system

1 K 1 X(s) A 1
Fo(8) = zoemm Fi(9) XS =g Bl = Pi(s) k RCs+1



Linearization of Nonlinear Functions:

Actual control systems usually contain some nonlinear elements. Such elements
would in turn yield nonlinear differential equations for the system. In the following it
is shown how the equations for nonlinear elements may be linearized. Thus, the
resulting differential equation of operation for the system becomes linear. A plot of
the nonlinear relationship:

Y=X%2 (1)
Is shown in the figure (1). In the vicinity of the point (operating point) (X;, Y;), the
function is closely approximated by the tangent.
For example, consider the point (X, Y) on the curve of the nonlinear function.

e The abscissa X is displaced a distance (x) from (X;).
e This abscissa X intersects the nonlinear function a vertical distance (y+¢) from
Y;, and it intersects the tangent a distance (y) from (Y;). the equation for Y is;

Y=Y +ty+te=Yi+y . (2)
Lowercase letters indicate the variation of the capital-letter parameters from the

reference point. From figure (1), it is seen that the slope of the tangent line is;
y dy| .
¥ axl, T slpoe at point (X;,Y;)
The symbol (|;) means that the derivative is to be evaluated at the reference

(operating) point. Thus,

av d
yzﬁixzﬁ(Xz)Lx:ZXix .................. (3)
Substitution of (y) from eq. (3) into eq. (2) yields the following linear approximation for Y.
Y =Y+ 2XiX 4)
(X.Y)

o]
A 2

Figure (1): Graphs of function Y=X>




Example 1:

Effect a linear approximation for the equation Y=X? for values of X in the
neighborhood of (10), and find the error when using this approximation for (X=11).

Solution: The reference values are (X;=10) and (Y; =X;?= 100). The variation from
the reference value is (x=X-X; = 11-10=1). Substitution of these values into equation
(4) yields;

Y =Y, +2X;x =100+ 2(10)(1) = 120
The exact value is (Y=X? = 121), thus, the error is (1) part in (121), or less than (1)
percent.
A general procedure for obtaining a linear approximation is to use the expression
derived in calculus for approximating the variation (AY) for a function:

Y =YX, X, oo e e , X;,) for (n) independent variables. That is:
AY = oY AX AX,+ + ov AX
aXl 1 aXZ 2 --------- aXn n

Using lowercase letters to represent variations from the reference values, then:
y=AY=Y-Y,
x1 = AKXy =X — Xy
X, = AX; = X; — Xy

Xp = AXy = Xy — Xpi

Thus, the general expression for obtaining a linear approximation for a nonlinear
function is:
Y=0Cix1 +Cxy + -+ CpXyy o (5)

Y )
Where: C;=—| and C,=— ...... etc.
AP 0X,;



Example 2:

Effect the linear approximation for P in the equation of state PV=WRT. The reference
conditions are (P; =100 Ib; /ft?), (V; =100 ft*), (W; =10/53.3 Iby) and (T; =1000°R).
Determine the percent error in using this approximation for P when (V=110 ft?),
(T=1200°R) and W remains the same. The constant R is (53.3 ft.Ibs/ Ib,,/°R).

Solution: From the equation of state and the fact that W remains constant, it is seen

that P as a function of the independent variables T and V, or P=P (T, V):
daP daP
P = ﬁ i t+ W i v

The partial derivative are evaluated from the equation of state as follows:

a_P _ i(WRT>| _ WR _ (10)(53.3) _ 010
oTl, —aT\ v JI,~ v I, (53.3)(100)
apP d (WRT WRT
a7l, =37 (7 )|, = ], = 1
The linearized approximation for P is:
P=~P+p=P+01t—v
From the given information, it follows that:
v=V-V,=110-100 = 10
t=T—T, =200
Thus: P ~ 100 + (0.1)(200) — (10) = 110;1)7’;
The exact value of P is; P = 2ok = GOG339U200) _ g 4

%4 (53.3)(110)

Therefore, the percent error is:
(110 — 109.1)

109.1

* 100 = 0.82



Example 3: For sonic flow of air through a restriction, the mass:

053
T

Where: M = mass rate of flow Ib,/s.
T = the inlet temperature °R.
A = area of restriction ft?.
= inlet pressure Ib¢ /ft%.
Determine the linearized approximation for the variation M when the inlet temperature
T is constant.
Solution: because the temperature is constant, the mass rate of flow is a function of A

and P. Thus:
oM + |
m = aA a P
The partial derlvatlves are:
] 5 ] 5
| _29p M ap 2 03yl Y|
0A i oP |;

Thus: m = M; (ZL + ﬁl)



Linearization of Operating Curves:

For many components encountered in control systems, the operating characteristics
are given in the form of general operating curves rather than equations. For example,
in figure (2) 1s shown a family of curves of constant values of Z (i.e. Z=15, 20 and 25).
For X =1000 and Z =20, the corresponding value of Y is 60. This point is indicated by
A. the general functional relationship is:

Y=Y(X,Z2)

Linearization about a reference point of operation gives:

24 oy
Y =axl, X ozl 7 e (6)
ov) _Av) _Yp—Yo  40-80 _
oxl, 4Axl, Xz—X. 1200—800

This partial derivative is the slope of the curve

Z; =20 at the reference operating point.

0Zly AZly Zp—Zp 15-25
Substituting in equation (6) we get:
y=-—0.1x + 4z
25
A
Y 7=2
15
N \C
80
G A F R
60 i

40 D \B

800 1000 1200 X

v



Example (2):

The linearized equation for the operating of the engine about some reference operating
point is obtained as follows: from figure (3) it is seen that the speed N is a function of

the rate of fuel flow Q and the engine torque T. Thus:
2 a+2 ¢
q T |;

Tl=£

i
Lines of constant
torque (ft-ib)

Fue! flow @, Ib/hr

The term g—g _1s the change in speed per _ 1
L 040 800 1200 1600 2000 2400 2600

Change if fuel flow with all other parameters Engine speed N, rpm

Held constant (in this case with T constant).

This partial derivative is equal to the reciprocal

Of the slope of the line of constant torque at reference point:
ON| 2400 —1600 6.7

aQl,~ 32-20

is the change in speed per change if torque with Q held
i
constant. This is evaluated from a horizontal interpolation of the characteristic

operating curves as follows:

: . .. 0N
The partial derivative %0

ON| 2730 —1530 _
aTl; 80—160

The minus sign indicates that for a constant Q the speed decreases as the torque
increases. The linearized approximation for N is:
N = N; +n = 2000+ 66.7q — 15t



Hydraulic Systems

A schematic diagram of a hydraulic amplifier is shown in figure (1). The
position of the valve is designated by (x), and the position of large piston which moves
the load is (y). When the valve is moved upward, the supply pressure admit oil to the
upper side of the piston, and the fluid in the lower side of the piston is returned to the
drain. For the reverse process, the valve is moved downward so that the supply
pressure is connected to the bottom side of the big piston. When the mass of the load
is negligible, the pressure drop across the valve remains constant. For this case, the
rate of flow is proportional to the distance (x). Thus:

GQ=CX .o, (1)

Where (q) is the rate of flow through the valve, also this rate of flow (q) is equal to the

rate of change of volume of the chamber: I

_ i

q=ADY .o (2) 7

By equating (1) and (2), we get:
C C

Y =X~ ap*
The (1/D) indicate that this hydraulic ks
valve and piston combination in effect j ¢
integrates hydraulically. -

la)

The rate of flow (Q) to the cylinder is a function of the piston valve (X) and the
pressure drop (P), that is:

00 0Q
qzapx+5xp_clx_czp .................. (3)
_9Q _ 9%
Where C; = ax|p and C, = 5 xp

The force transmitted to the load by the power piston is equal to the product of the
pressure drop across the piston and the cross-sectional area (A) of the piston, thus:

PA=M%EY = yp? 4
=M—= 2P 4)

Substitution of P from equation (3) into (4), gives:
q=Cx —%Dzy But: g = ADy

G
(@)~
D(1+ tD)
where: (T)is time constant is equal to =

.'.y:

;M
Az



Hydraulic Servomotor

A hydraulic servomotor is shown in figure (2). A linkage called a walking beam
connects the input position (x), the valve position (e) and the piston position (y). The
operation of this servomotor may be visualized as follows: when the input (x) is
changed from the reference position, the walking beam first pivots about the
connection at (y) because the large forces acting on the piston hold it in place
temporarily. The relationship between the input (x) and the output (y) is shown in
figure (2-a):

4
b
Figure (2-b) illustrate the linkage with (y) fixed

in the reference position. From similar triangles:

=— or y=_x

b R | :
o—ZLa ! b T
Similarly, from figure (2-¢), in which (X) is s e __,,_L,F,'"Z':'_iéfiﬁf"
fixed in the reference position:
—a
ey = .
y a+b Y

The minus sign indicates that (e) decreases as (y) increases. The overall walking beam
linkage movement is:

x

b Referenoer_. a | b |

a position | 1 | e
e = ex — ey e ~ @
a+b a+b ERY Reference
position
T &Jﬂf
For the case in which a=b:
X =Yy Reference y- ﬁxed
e = 2 position () = a+lo (e)
The equation for the valve and piston combination is given by:
C
y=-—e

AD



The block diagram representation for the preceding is shown in figure (3).

£ + 1 €
[ £ 4 “ 2,
- - 2A
J' I —
(@) ¥
C {c)
e o UL 5 PV
2A [ 3

Pneumatic Systems

A flapper valve, as shown in figure (4-a), is one in which small changes in the position
(X) of the flapper cause large variations in the controlled pressure (P,) in the chamber.
When the flapper is closed off, the pressure (P») in the chamber is equal to the supply
pressure (P;). If the flapper is opened wide, the chamber pressure approaches the
ambient pressure (P,).

For constant supply pressure (P;) and fixed inlet orifice, the mass rate of flow in to the
chamber (Mj,) is a function of the chamber pressure (P») only. Linearization gives:

_ JdMin _
min = P, p, = —Cip;

i

The minus sign indicates that as (P») increases, (mj,) decreases. Also, the mass rate of

flow out from the chamber (M,) is a function of (X) and (P,). Thus:
__0Mo x + dMo

m, =
°  ax lj P, |;

p2 = Cox + C3p,

The change in mass (w) of air in the chamber is the integral of (mji, — m,):
W= Min"Mo _ _ C1p2—(C2x+C3p7)

D D
Multiplying through by D shows that:
—C1pz + Cox — C3p, = Dw

From the equation of state, the total mass W of air in the chamber is:



_ Bkl

W =
RT,

Where (V,) is the volume of the chamber and (T>) is the stagnation temperature of air

in the chamber. Linearization yields for the change in mass (w) of air in the chamber:
ow ow

W=a—VZiUZ+a—P2

p2 = C4v; + Csp,
i

The change in volume of the chamber is equal to the area (A;) times the change in
position:
vy = Ay
The summation of forces acting on the bellows is:
P,A, = K,Y

The summation of forces acting on the piston is:
P,A; — PiA; = K;

Because (P;A)) is constant, linearization of either of the preceding gives the same
result. That is:

Substitution (w) from equation (1) in to equation (2), then using the preceding
expression to eliminate (v,) and (y):

P2 1+1D
C Cs+A,2C,/K
Where (K; = Cl':CS) and (1 = 5#6‘3‘2)

Because (y = (A2/K») p2), it follows that:
Ay (=Ky)

Y =K, +D)"



Mathematical Modeling of Mechanical Systems and Electrical Systems

Example Consider the spring — mass — dashpot system mounted on a massless cart as
shown in Figure. Let us obtain mathematical models of this system by assuming that
the cart is standing still for ¢ < 0 and the spring — mass — dashpot system on the cart
is also standing still for t < 0. In this system, u(t) is the displacement of the cart and
is the input to the system. At t = 0, the cart is moved at a constant speed, or &t =
constant. The displacement y(t) of the mass is the output.

(The displacement is relative to the ground). In this system, m denotes the mass, b

denotes the viscous-friction coefficient, and k denotes the spring constant. We assume
that the friction force of the dashpot is proportional to y — 12 and force is d that the
spring is a linear spring; that is, the spring force is proportional to y — u.

— . = ¥

-

Massless cant

A }
18 |

k
o Wi
i

[i

& i

7
—> y
k(y —u) «—
. . m

Solution by —u) <
Applying Newton’s second law
Let y>u

da? .

m—==—b(y —u) —k(y —u)
2

Or m d—f +bh2 4 ky=»b &t ku =  mathematical model of the

dt dt dt

system
To find the transfer function of the system, take L.T of both sides of last equation,
assuming zero initial conditions:

(ms? + bs + k)Y (s) = (bs + k)U(s)

Y(s) _ bs+k
U(s) ms2+bs+k

= G(s) =




Example Obtain the transfer function X; (s)/U(s) and X, (s)/U(s) of the
mechanical system shown in Ficure

vy
ka

yy
AMAA AAAA
Wi my iz il

2 T ks

Solution

Let x; > x, applying Newton’s second law to FBDs we get

— X — X,
u — — ky(x; —x3) ———>
my m; — k3x;
faxy < b %)
myX) = —kyx; — kp(xg —x3) —b(x; — %) +u
MyXy = —k3xy — ky(x; —x1) — b(x; — Xy)
Simplifying, we obtain

mljél + bx1 + (kl + kz)xl == be + kzxz + u
mzxz + be + (kz + k3)x2 = bx1 + kle
Then, taking L.T of these two equations [initial conditions = zero]
[ mys? + bs + (ky + ky)]X1(s) = (bs + k;)X,(s) + U(s)
- (1)
[ m,s? + bs + (k, + k3)]X,(s) = (bs + ky)X,(s)
- (2)
Solving equation (2) for X, (s) and substituting it into equation (1)

X1 _ m252+bs+(k2+k3)
U [mys2+bs+(kq+ky)] [mas2+bs+(ky+ks)]—(bs+ky)?

- (3)
Form equations (3) and (2)

X2 _ bs+k2
U [mys2+bs+(kq+ky)] [ mas2+bs+(ky+ks)]—(bs+ky)?




Example Consider the inverted-pendulum system shown in Figure.

feos &

A L A

Since in this system the mass is concentrated at the top of the rod, the center of gravity
is the center of the pendulum ball. For this case, the moment of inertia of the pendulum
about its center is small, and we assume I = 0 in the equation (**). Then the

mathematical model for this system becomes as follows:

M+m)x+mlO=u - (1)
ml?0 + mlx = mglo e (2)

By multiplying both sides of equation (1) by [ and rearranging yield
mi?0 = ul — (M + m)lx e (3)

and equation (2) can be written as
¥=g60—10 e (4)

By substituting equation (4) in to (1) and (3) into (2) we obtain the following
M6 = (M +m)gb —u ceeeeeenen(5)
Mi = u —mg6 e (6)

The plant transfer function can be obtained by taking L.T of equation (5)
0(s) _ 1 _ 1
-U(s) Mls2—(M+m)g Ml<s+ \/MM+lm g)(s_ \/MM+lm g)

The inverted pendulum plant has one pole on the negative real axis and another on

the positive real axis. Hence, the plant is open loop unstable.




Sensors in Control Systems

s
Potentiometer A potentiometer s an electromechanical transducer that convert

mechanical energy to electrical energy. The input to the device is in the form of a

mechanical displacement, either linear or rotation. If e; is applied voltage
e, =K r Reference input

Where
e, :- is output voltage
7 :- shaft position

K :- potentiometer constant (volt/rad)

R(s)

—» K —»E(s)

Tachometer This device works essentially as a voltage generator, with the output

voltage proportional to the magnitude of the angular velocity of the input shaft, or

dae
et=Kt E=Kt(l)

: it
Where K;:- is tachometer constant ( 22 )
rad/sec

LRC Circuit Consider the electrical circuit shown in Figure. The circuit consists of

an inductance L (henry), a resistance R (ohm), and a capacitance C (farad).

o—n AWMy o
—

g; H {72 L
!fj

() 0

Applying Kirchhoff’s voltage law to the system

di . di .
L= +tRi+e,=g¢ = e —e =L—+Ri reeeeeeeeeee (1))

e, =%fidt SN )
Taking L.T of both sides of equations (1) and (2)



E,—E,=(Ls+R)I(s) =

1
E;(s)—/—» s+RI—— I(s)
Eo(s)
and,
EF =16 — I(s)—Vi—>E(s)
0~ rs Cs 0

The overall block diagram for E; as input and E, as output is

1 1
Ei(s)—/» — >
i(s) (‘%} Ls + R Cs Eo(s)

E, 1
E; LCs?+RCs+1

H.W Consider e; is the input and i is the output in the previous example. Draw the

block diagram of the system and then determine the transfer function 1(s)/E; (s)

Electric DC Motor

The basic equation for a DC motor are obtained from Maxwell's electromagnetic
theory. The torque produced by a motor is proportional to the product of the magnetic
flux ¢ and the armature current i, ,1.e

a o

T=kpi,  -oeee )
where k, is a constant for a motor. The voltage produced by a motor is proportional to

the product of the magnetic flux ¢ and the shaft angular velocity o , i.e

e, =kypw oo (2)
This voltage ¢, is 180° out of phase with the applied armature voltage ¢, and is

therefore called back e.m.f. A DC motor with separate field winding is shown in

Figure (1). The motor is controlled by varying the armature voltage e, (r) with the
field current i, kept constant.
J, :-The combined load and armature mass moment of inertia. and

b:- Is the viscous friction coefficient.



L, :- The inductance of the armature
R, :- The resistance of the armature

A Ry

O diom ST
Lo
J'_ T

» (\[4 _(:.. é"_gm : \h

<

[ Lf

I
Figure (1) Armature controlled DC motor with fixed field

Let T, be a disturbance load torque acting on the motor
Balancing the voltages and torques we obtain:-

e —e, =L, a’z: R e 3)
d*o do

7=y Y. %% r 4

Carr At )

The magnetic flux ¢ is a function of the field current i, as shown in Figure (2). If
saturation is avoided, we obtain ¢ =k, i,. Then equations (1) and (2) takes the
following forms

T=(kKyip)i, =k i, oo (5), where  k, =k kii,
e, = (kki o=k, o=k, % --------- 6), where  k, =k,ksi,
¢A
k3

> if Figure 2 Magnetic flux versus field current

Substituting for T and e, from equations (5) and (6), we can express equations (3)

and (4) as




Then taking L.T of both sides of equation (7) and rearranging

L,sI, (s)+R,1,(s)+k,s0(s)=E,(s)

(Lys+ R, (s)=E,(s)—k,s0(s)

1
L,s+R, “

Ea (S)

kys le—— 0

And taking L.T of both sides of equation (8) and rearranging

(JOS2 +bs)0(s)+T,(s)=k,1,(s)
(Jos +bs)0(s) = k,1,(s)=T,(s)

Ty

T 1

J s +bs 0(s)

The overall block diagram of equations (7) and (8) is shown in Figure , where

T,

Ea (S) k —> >
L,s+R, : J,s* +bs o(s)

k,s |

The DC motor driving a load is an open — loop system with an inherent feedback loop
caused by the back emf. In a permanent — magnetic DC motor, the field winding is
absent and the magnetic field ¢ is provided by the permanent magnet and is constant.
Since in the preceding development, the magnetic flux is a constant equations (7) and
(8) are also valid for a permanent — magnetic DC motor.



If disturbance Ty is zero

1 T 1
E, (s) —> k > >
LaS+Ra ' JOSZ +bS H(S)
k,s
E ( ul 0
S >
s (Ls+R,)(J,s> +bs) (s)

From last block-diagram

ks

k,
(L,s+R,)(J,s* +bs)

0(s) = (E, —k,s6)

k
Or ) _ > (T.F of DC motor)
E,(s) (L,s+R)J,s" +bs)+kk,s
Example

Consider the servo system shown in Figure. The motor shown is a servomotor, a DC
motor designed specifically to be used in a control systems. The operation of this
system is as follows: A pair of potentiometers acts as an error-measuring device. They
convert the input and output positions into proportional electric signals. The command
input signal determines the angular position » wiper arm of the input potentiometer.
The angular position r is the reference input to the system, and the electric potential of
the arm is proportional to the angular position of the arm. The output shaft position
determines the angular position of ¢ of the wiper arm of the output potentiometer.
Now, let

The difference between the input angular position » and the output angular position ¢
is the error signal e, or
e=r—c¢
The potential difference e, —e, =e¢, is the error voltage, where
e. =K, r and e =K,
where K, is a proportionality constant of potentiometers.



Reference input  Input potentiometer

ks sy i -<P—l— Output potentiometer i— ,_ | [-_-_ -—|
! ) !|_ 7 _(J ; /Feedback signal Lo i| | T i
| Oﬂ [i - & - L Li
G Wi il i . AN '
Input device | || ! (] U | | |

gt TR | R e SRR IR O ) SRR N e
Error measuring device Amplifier Motor Gear Load

(a)

Let K, is the gain constant of the amplifier then the voltage input to the DC motor is

ea a Kaev

E,(s) —» K, — K E (s5)

The output shaft rotates n times for each revolution of the motor shaft, or C(s) =

n 0(s)

The relationship E, (s), R(s), and C(s) is
E,(s) = KO[R(S) - C(S)] = K,E(s)

E(S)_> Ko — Ev(s)

The block diagram of this system can be constructed from equations as shown in

Figure (b)

E(s) [ 1B, KK, o(s)

R(s)
(L,s+R,)(J,s* +bs)+K,K,s

n B C(s)

—p—

The transfer function in the feedforward path of this system is

C(s) _ KoKqKen
E(s)  s[(LgS+Ra)(Jos+b)+KtKp]

G(s) =



When L, is small, it can be neglected, and the transfer function G (s) in the

feedforward path becomes

K, K K K, K Kim/R n?
G(s) = et or G(s) = — thKZ )
S[Rq(JpS+b)+KKp] Jo 52+(b+R_a)5 n

Which can be simplified to

K
s(Js+B)

G(s) =
Where
] = ]o/n2
B = [b+ (K:K,/Ry)]/n?
K = K,K,K;/nR,

The block diagram of the system shown in Figure (b) can thus be simplified as

R(s) K cts)
”4%‘ S5 + B)

(c)

shown in Figure (c)

Dashpots

Suppose that we introduce a step displacement to the piston position y. Then the
displacement z becomes equal to y momentarily. Because of the spring force,
however, the oil will flow through the resistance R and the cylinder will come back

to the original position. The curves y versus ¢ and z versus ¢ are shown in Figure (b)

Let
y be the input and z is the output of the system



P; , P, pressure existing on the right and left sides of the piston respectively

Suppose that the inertia force involved is negligible ( m = 0). Thus

AP,—Py)=kz > P —Pp== e (1)

where
A = piston area, in’
k = spring constant

The flow rate q is given by

__ Pi—-P
R

where
q = flow rate through the restriction.
R = resistance to flow at the restriction.
Since the flow through the restriction during dt seconds must equal the change in the

mass of oil to the left of the piston during the same dt seconds

dy d
qdt =Ap(dy —dz) = d—i—d—izi ......... (3)

Where p = density of oil (We assume that the fluid is incompressible or p =
constant)

Now, from equations (2) and (3)
dy dz _ PI_PZ

dt dt  RAp
__daz kz

. dy
Then, from equations (1) — =7 i (4)
2 2
Let R/:( P=T (Note that RATP has a dimension of time)
- dy _dz  z
then the equations (4) becomes to =t
taking L.T of both sides sY(s) = sZ(s) + @ = Z(s)=Y(s) — %

the block diagram of this svstem is shown in Figure (¢)

¥(s) Z(5)
|+ =

2
| p=S4p

- | k




Then the transfer function (T.F) of the this system becomes to

Z(s) _ Ts __ 1
- - 1
Y Ts+1 —
(s) s+ 1+Ts

Obtaining Hydraulic Proportional-Plus-Integral Control Action

If we the dashpot to the hydraulic system as shown in Figure (a) below.

pressure

R S
/ LI

x —|g

Spring i Area = A t
constant = & : l
% { i i l y
— ——
——
z 4.|

Density

ofoil=p b3
Resistance = R

(a)

S)

o~

A block diagram of this controller is shown in Figure (b)

E(s) b X(s) % ¥(s)
2 A TN a1 ]
T a 23 s

a+b Ts+ 1

then, the transfer function Y(s)/E (s) is given by

b K
Y(S) _ _ G¥bs
- Ka T
E(s) 405 Tset
under normal operation |[KaT /[(a + b)(Ts + 1)]| > 1 , then 1+ % 7 can be
Ka T
replaced by — 7 Tor
Y _ iy
E(s) o Kp (1 t Tis)
Where
b .. _ RA%*p
Ky =2 . T=T="

Thus the controller is proportional-plus-integral controller (PI controller)



Summing Point. Referring to the Figure below, a circle with a cross is the symbol that
indicates a summing operation. The plus or minus sign at each arrowhead indicates
whether that signal is to be ad or subtracted. It is important that the quantities being

added or subtracted have the same dimensions and same units.

L. ( )__,_f

Branch Point. A branch point is a point from which the signal from a block goes
concurrently to other blocks or summing points.

Block Diagram of a Closed-Loop System. Figure shows an example of a block
diagram of a closed-loop system. The output C(s) is fed back to the summing point,
where it is compared with the reference input R(s). The output of the block, C(s) in
this case, is obtained by multiplying the transfer function G(s) by the input to the
block, E(s).

Summing Branch
point point

| |

R(s) E(s) Cis)
—_— Gls) =

When the output is fed back to the summing point for comparison with the input, it is
necessary to convert the form of the output signal to that of the input signal. For
example, in a temperature control system, the output signal is usually the controlled
temperature. The output signal, which has the dimension of temperature, must be
converted to a force or position or voltage before it can be compared with the input
signal. This conversion is accomplished by the feedback element whose transfer
function is H(s). (In most cases the feedback element is a sensor that measures the

output of the plant. The output of the sensor is compared with the system input, and



the actuating error signal is generated.). In this example, the feedback signal B(s) =

H(s)C(s)

R(5) Eis) L)
Gls) =
Bix) t

Open-Loop Transfer Function

Hix)

]

The ratio of the feedba " ignal B(s) to the actuating error signal E(s). Is called

open-loop transfer function. That is

Closed —Loop Syste
Open-loop  transfer  function = lg;((?) = C(Z)(Z)(s) = £ ZEZ;H(S) =

G(s)H(s)
Feed forward Transfer Function
The ratio of the output C(s) to the actuating error signal E(s). is called feed

forward transfer function. That is

Feed forward transfer function =2 = £&6) G(s)

E()  E()
Closed- Loop Transfer Function
For the closed loop system, the output C(s) and input R(s) are related as follows:
since
C(s) = G(s)E(s) e (1)
But E(s) = R(s) —B(s) = R(s) —H(s) C(s) R ¢
Substituting equation (2) into equation (1) gives

C(s) = G(s)[R(s) — H(s) C(s)]

C(s) _ G(s)
R(s)  1+G(s)H(s)

Closed-loop transfer function.

Cascaded, Parallel Transfer Functions

(1) Cascaded

R(s) Cis)
| (5(5) Gals) >

4




CO=REGE) G = 13=6(9) 6(s)

R(s) —» G1(8)G(s) —>C(s)

(2) Parallel

—l—| (5]

Y

R(s) i)
Gals) —g '

C©) =RE) G TREGS) = 52=61() + 6o(9)

W

RE—! 6,(5) + Go(s) —CO)

Automatic Controllers
An automatic controller compares the actual value of the plant output with the

reference input (desired value), determines the deviation, and produces a control signal
that will reduce the deviation to zero or to a small value. The manner in which the
automatic controller produces the control signal is called the control action, Figure
below is a block diagram of an industrial control system, which consists of an
automatic controller, an actuator, a plant, and a sensor (measuring element). The
controller detects the actuating error signal, which is usually at a very low power level,
and amplifies

Antomang controller

1
i
! Error detecior !
1
Relerence | T
- 1 1
input . ! Cltpiae
— T Amplifier f———s| Actuator o | [¥lmt =
L !
[ poinif ¥ |
H Acmating
error signal
________________ . PP —|
Sensor

it to a sufficiently high level. The output of an autematic controller s fed to an actuator,

s
—

such as an electric motor, a hydraulic motor, or a pneumatic motor or valve. (The
actuator is a power device that produces the input to the plant according to the control

signal so that the output signal will approach the reference input signal.)



The sensor or measuring element is a device that converts the output variable into
another suitable variable, such as a displacement, pressure, voltage, etc. that can be

used to compare the output to the reference input signal.

Classifications of Industrial Controllers

Industrial controller may be classified according to their control action as
1. Two — position or on — off controllers.

2. Proportional controllers.

3. Integral controllers.

4. Proportional- plus- integral controllers.

5. Proportional- plus- derivative controllers.

6. Proportional- plus- integral — plus - derivative controllers.
Two — Position or On — Off Controller Action

In a two — position control system, the actuating element has only two fixed

positions, simply on and off.

Proportional Control Action
Let the output signal from the controller be u(t) and the actuating error signal be e(t),

for controller with proportional control action, the relationship between u(t) and e(t)

1S

u(t) = Kye(t) ECs)
or, in L.T quantities > @ » Ky ——U(s)

ues) _
B T

Where K, is termed proportional gain

Integral Control Action. In a controller with integral control action, the value the
value of controller output u(t) is changed at a rate proportional to the actuating error

signal e(t). That is

du(t)
dc

Kie(t) or u()=K [ e dt

or, in L.T quantities

ues) _ ki

E(s) s



Proportional — Plus - Integral Control Action. The control action of a proportional

— plus - integral controller is defined by
u(t) = Kye(t) + 2 [Je(t) dt

where T; 1is called integral time.

or, in L.T quantities

%:Kp(l“ﬁ%s)

Proportional — Plus - Derivative Control Action. The control action of a

proportional — plus — derivative controller is defined by

de(t)

U(t) = er(t) + KpTd ?

and the transfer function is

v _
E(s) = Kp(l + TdS)

Where T, is called the derivative time
Proportional — Plus - Integral - Plus - Derivative Control Action. Is the
combination of proportional control action, and integral control action, and derivative

control action. The equation of a controller with this combine is given by

de(t)

K t
u(t) = Kye(t) + T—p Jye®) dt + K,T, —

0

or the transfer function is

U(s) _ 1
o =K, (1 +Tis+TdS)

The block diagram of a proportional — plus - integral - plus - derivative Controller is

shown in Figure

E(s) | K,(1 4+ Tis + T;Tys%)
TiS

— U(s)




Block Diagram Reduction

A complicated block diagram involving many feedback loops can be simplified by a
step-by-step rearrangement. Simplification of the block diagram by rearrangements
considerably reduces the labor needed for subsequent mathematical analysis as shown
in the table below:

Original Block Diagram FEgquivalent Block Diagram




Atigh LIS /dua gall Aadlas
Example Simplify the block diagram shown in Figure below.

= H, j
Ris) is)
={+ = G = @ <
Solution
Ha =
ﬁ
G
Ris) Cls)
(a) G |+ 3
Ha =
. R(s) G H, | €

Ris) G+H, | O
) = T+cr,




Example Simplify the block diagram shown in Figure. Obtain the transfer function
related C(s) and R(s)

Ris) Xiz) Cx)
Al gy
| r

The block diagram can be modified to that shown in Figure (a).

R(s) ~| o - @_ Gy " /JT/ Cis)

(a)

Solution

Eliminating the minor feed forward path, we obtain Figure (b).

R(z) C(s)
e e — | G|-|-] ™. | Gﬂ —’—@—»—

|

(b
Simplified to Figure (c).

Ris) Cis)
—| GG+ Gat 1|

(<)



Example
related C(s) and R(s)

Simplify the block diagram shown in Figure. Obtain the transfer function

HJ —_—
Ris)
e | &) G T Gy o Gy
H = Hy |-
Solution
1 H |
G| Gy
Cis)
‘ﬂh— @*— e P sy e ®+ (y (= Gy =
‘t H [ t H;
H
1 GGy
Ris @ Gy Ga L Gy Gy
- . 1 +GLsz'I[ - 1 +GjG4H2
(b}
O
R(s) Gy Gy Gy Gy 4]

I+ G] Gg H1+G3 iy fla— {207y Hg-i- G] Gz Gj G4ff| M

(e



Example Consider the system shown in Figure (a). Simplify this diagram.

r Hy
0 i@._(%.» o R =

W

Y

G

Solution

By moving the summing point of the negative feedback loop containing H, outside
the positive

Feedback loop containing H,;, we obtain Figure (b).

H
G

R VL <
o @@ e o Lo

Eliminating the positive feedback loop we have Figure (c).

H

4 =
: __R... G1Gs = G
(e} 1 =G GaH, 3

Yo

The Elimination

o R G\ G203
. o ) — | 1= G GaH, + GaGatts
Finally eliminat

R G G207 - C
I- (}'|Gy”| + GQGE_HQ + G](}JGS

L Nt

NOTE:
The numerator of the closed-loop transfer function C(s)/R(s) is the product of the
transfer functions of the feed forward path. The denominator C(s)/R(s) is equal to

1 + Y.(product of the transfer functions around each loop)

= 1 + (_GleHl + GzG3H2 + 61G2G3)

(The positive feedback loop yields a negative term in the denominator)



Example Obtain the transfer function C(s)/R(s) and C(s)/D(s) of the system

shown in the Figure.

—_ i rm
4

5 s () - (;_(_5}
R(s) _@ﬂi[—ﬁ: @ ; Gl__,._@—»op >
l I ==t
Solution
U(S) =GfR+GC E(S) ............(1)
E(s)=R—-HC R )
Now, by substitution equation (1) into equation (2), we get
C(s) =G, D(s)+ G,G(GFR+ G, E) -+ (4)
Substitution equation (3) into equation (4),
C(s) =Gy, D(s) + G,G1[GFR + G, (R — HC)]
Solving for
C(s) = Gp D+(Gf+Gc)R - (5)

146G, GpGe H
Note that the equation (5) gives the response C when both inputs R and D are present,

now
C_ GG o
R~ 14G1G,G. H [By letting D = 0]
G o
D 1+G;1GpGc H [By letting R = 0]



Example:
RO 6 | G s) | S
Hy(s) =
Hy(s) =
Hi(s) e
I (a)
IO P i G3(5)G(s) ),
H(s)— Hy(s) T H3(s) [+
(b)
RGs) G3(s)Ga(s) G (s) )

1+ Ga(s)Ga(s)[H (s) — Ha(s) + Hy(s)]

(c)




Example:

Gy(5)
Vals) ) Gy(s) Cls)
Gi(x) Gals) - T+ Gy H3 (%)
H;I.'s[l -
Hy(s)
(a)
ao [, Gio) |
- l o ——— | -
Gils)G2s) Gx5) 7 G0
Hy(s) .
Gyls)
Hy(5) |
(&)
vas) [7 1 G(s) Cls)
Gl s)Cra - +1 -
G (sz )(“‘GJI-T}HH-'-‘])
Hi(s)
b Hi(s)
Gyl(s) )
(c)
Ris) G (5)Gals) 4() L, \__Gus) Cl(x)
I+ Gals)Ha(s) + Gls)Gals)H (s) (Gzl-‘ii )U *‘Gs{-'-‘}Hs{-ﬂ)
(d)
R(s) Gi(s)G3()[1 + Gals)] Cls)

[1 + Ga(s)iHz(5) + Gy(s)Gas)N(s)][1 + G3()H5(5)]




Steady-State Operation:

In steady-state operation, the control system variables remain unchanged. Their
happens when there is no change in the requires input or disturbance with time.

The general block diagram of a standard feed back control system is as follows:

G2(D) ¢

Y

______________________________________________________________________________

Controller Part System to be

controlled part

G1(D) is the controller transfer function.

G2(D) is the system to be controlled (Plant), transfer function.

H(D) is the feedback element transfer function.

is a constant reflecting how the input signal is inserted to the system.

is a constant reflecting how the disturbance affecting the system.

is the change on the required input signal.

is the change on the disturbance signal.

is the change on the controlled variable (or output).

is the change on the manipulated variable (or the variable out of a power device.
c = AC, v=AV, m = AM, u=AU

(C) and (m) are change due to changes (v) and/or (u).

In the steady-state operation, the variables (V, M, U and C) are not changing and the

system remains in equilibrium. The block diagram will be as follows:

5 o0& <@y

i"'———----_---""h

’-‘ © -~
g
__________ I \\
_____________ 1
”~ ~~. '| B v
7 \ 1
[} 1
/ 1
I 1 ! 1
] 1 + 1
1
/ v A LT + K 1+ K c 1
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It may notice that the transfer function in the block diagram of fig. (1), become
constants after making the operator (D) in the transfer function approaches to zero, so
that:

KGlzGl(D)lD:()a KGZ =G2(D)|D:07 KH =H(D)|D:0
It is noticed that the value of (c) in the steady-state depends on (v) and (u), so that the

steady-state equation 1s obtained as:

o AKg1Kg2 BKg> u
1+Kg1Kg2Ky 1+Kg1Kg2 Ky '
acC

ac . B
== |U *U+ |V * U (since C=C(V,U))

The constant (A) in the above equation is, in effect, the scale factor for the input dial.
It is required to have the coefficient of (V) equal unity, i.e.:

= + Ky
1+KG1KG2KH Kg1Kg2

Choosing (A) as given before makes the steady-state equation of operation as the

following:
BK;,

U
1+ Kg1Kg2Ky

c=v+

The error in the control is, (e=v-c). to make this error equals to zero, the coefficient of
BKgs

KKl

Practically, this can only be achieved by making the coefficient (K;; = 00), which can

(u) in the above equation has to be zero, i.e. the coefficient

be obtained by having an integrator term in the controller [G;(D)] to yield a (%) term

to give infinity (), when we make (D=0). However, by increasing the slope of the
controller lines, the error can be reduced.

In the left portion of the control system block diagram which represent the controller,
it follows that:

(Av — Ky.c)K;; =m  OR c=-—

! .m + £ .V
Kg1.Ky Ky
The lines of command signal are plotted on the (C-M) plane so that the controller lines
slope is given by:
KorKn=—| ==| =—|
TR T v=0 AC ay=0 OC 'y
For the case when (c = AC = 0), we have:

m
AK = — = — = —
Ty Ic=0 Av IAc:o av lc



For the case (C=Constant) or (returned to the same value). This case gives vertical line
d : : . :
of constant (C), the term (% | = % | ) determine the vertical spacing between lines
c=0 Cc

of (V). In the steady equilibrium equation, we get:
A ] : : : : :
=i _ 7 | =2 | =Z , which determines the horizontal spacing (since
A € 'm=0 AC 'Apm=0 0C 'm
M=Constant), between (V) lines of the command signal.
Considering the system to be controlled portion, we can (on the same base) determine

the equilibrium equation:

(m + Bu)K;, = c, to give:

mI _AMI _aM B 1
C y=0 AC aAy=0 0C 'y Kg
m AM oM
And e T e "l =B
And I —A—CI =a_c| BKg;

Thus, from the above relationships the slope of controller and the system to be
controlled lines can be determined also the horizontal and vertical spacing between
constant lines of (V) and between lines of constant (U) in the system to be controlled.
The following figures gives the steady-state operation characteristic of the controller
and the system to be controlled.
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