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Chapter 1

Transient Response of RL /RC Circuit

vy L

¢ Theinductor and capacitor are energy storage elements.

e The stored energy does not change promptly (in zero time) as this needs infinite power transfer (w=dp/dt)

e [; and v are associated with the energy stored in the inductor and capacitor respectively; and therefore,
they also do not change instantly.

¢ This chapter studies the time function of i; and v as they change in RL and RC circuits.

This chapter is divided into three parts:

Natural Response (Weekft1): {; and v, result by discharging energy stored in L or Cin a resistive network.

Step Response (Week#2): i; and v, when the energy is being stored in an initially uncharged Land C.

General Response (Week #3): analysis or RL and RC circuits that applied to find the response of a circuit with any
initial charge and subjected to any change(s) in DC voltage (or current) source.

1. Natural Response of RL Circuit

Consider the circuit shown in Fig. 1 where the switch has been closed for a leng trme and opens at t=0.
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Fig.1

; . . o di ; :
Before opening the switch (say at t = 07), the circuit at steady state, and therefore v, = Lﬁ = 0, so the inductor is

acting as ashort circuitand i, (t = 07) = [,.

After opening the switch, the current source and R, are isolated and the inductor circuit becomes as in Fig. 2
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Fig. 2

Just after opening the switch (at t = 0%), the inductor current is still I, but this makes »(¢ = 0*) = I,R and this
voltage will appear across the inductors and cause the inductor current to change. The following analysis describes
the variation of the circuit current and voltage after (t=0),

Fort >0
The loop voltage equation...
di | .
Ld—£+ iR=10 (1)

Eq. (1) is a 1% order Differential Equation (DE) usually solved by integration; However we will apply alternative
method here:

Assume:
i=Ae® (2)
o= Ase’t (3)

Substitute (2) and (3) into (1):
LAse™" + RAe** =0
Aet(Ls+R) =0 (4)

Eq. {4) implies that elithar: Aet = 0, {i.e. i = 0), this solution has no significance and usually referred to as trivial
solution @r: (Ls + R = 0) which is the interesting case, so:
s=-7 (5)

In order to fully define the current (i), we must determine A in Eq. (1). Consider the Infifel conditien i(0) = I
L
i=AeT (6)
At(t=0)i=1I,

R
=410 =4 7

Therefore:

"
i=le’t (8
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It can be shown that L/R has the unit of time (sec), and (8) can be re-written as:

W =1e T  ,(t>0) ®)

A plot of i(t) according to Eq. (8) is shown in Fig. (3) for three values of L/R.
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Fig. (3)
It can be noticed that L/R determines how fast the inductor current discharges and this parameter is defined as the
RL circuit Time canstant, and denoted by T (taw).

: L
Time constant, T é; {9)

Table 1 mitigates the discharge rate seen in Fig. 3

Table 1
Time 0 T 27 3t 4t 5t
i B
A g 1.00 0.3679 0.1353 0.0498 0.0183 0.0067
&
Approximation
oy 1.00 ~0.37 <5% <1%
0 —
Ia

Most of the time transient is considered over for any time >5t; and any time >10t can be described as leng @ime.

The inductor voltage:

L
i L“'E(‘oE T) L4 __ Lt
v, =lL—=——t= T=——oI]et
L™t dt T Lp®

v, =—Rle™t tz0* (10)

I EEE———
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Example 1: The switch in the circuit shown in Fig. 4 has been open for long time. The switch is closed at t=0,
determine i(f), (t = 0)and v(¢t),t >0

80 ImH
M\ —

t=0 "
() (2

Fig. 4
Answer:
//The Ehvee solution
gheps Gre:
() Determing For t=02'iv ’3\:\« e~ |
fo (o)) ly=——==24 b,
i [J — . L - = >
(Y stustyying the 00 () / ¥ (ué
alveiult befnve ]
trpngis
(=) For t=0,
ey dlekermining Req =40 1mH
Rig ':':'.(-"f' {i--""l-f".‘-' L ImH 0.25 10—3 —
T= E = E =U0co X sec i
G write i ) ub *
i(t)y=1,e’7 "
peeoviling ko Eq. (€) =1 ¢ »
1(3) = 2 orsxi03 = 23_4“““{(/]), for t20
(4)  Other v(t) =i(t) xR
raquilianeents:// (L) = Be~*000t(17)

Example 2: The switch in the circuit shown in Fig. 5 has been closed for a long time before it is opened at t=0. Find:

a) iy (t) fort=0;

b) i,(t) for t20";

c) w,(t) fort20, and:

d) The percentage of total energy dissipated in the 100 resistor

=0 20
% WA

SOJE TR S S S

Fig. 5

Answer:
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e Initial value of inductor current, i (¢t = 0) = 204 (ucupily denoked Ly (1))

a)

®  Rgq =2+(40//10)=100

s T= 120_,:1 = ().2sec

o i (t)=20e75(4), (t=0)
b)

100

AN (N
b=~boraon %

i, =—4e™'(A) (t=0%)

Lo

c)
v, = 40i, = =160e~5¢(V) (¢t =0%)

d)
o Wy=sLI2 =3x2x207 = 400]
o Pua(®) =2 = 2560000 (W) (> 0%)

o o0

Wlon = J.plnn(t)dt = J. 25608_10Edt = _—w

t=0 t=0

Wigq = 256]

e Percentage energy dissipated in 10Q resistor% x 100% = 64%

[e=1%]2 = 2561 — 0]

-Practice: show that the energy dissipated in the three resistors for (t>0) in Example 2 is equivalent to

the energy initially stored in the inductor)
-Related book examples: 8.2, 8.3, 8.4

A graphical methed to find (1) can be applied if the circuit parameters are unknown.

The line tangent to i; at t=0 (the switching instant)
intersects the t axis at t=rt.

Proof:
di 1, -Ldi 1
E = —;Ioe T;d—[ |E:l] = _;IO I:S-LO’P-E)

The line equation...

I lo t=1,[1 t)

y=1iy oL e ( -

At t=r, y=0#.

/7 (This neethool wsed Dn the Lot to deternmine 1)/

Related Book Problems:

Chapter 8 problems (1-13)
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Homework (to be handed in the tutorial session This

=0
week) |
1- For the circuit inFig. | find ift) for ¢ > 0. = <&
120 <80
A @ 0} sQ
3 2H
[
2- At t=0, the make-before-break switch moves from 60

position a to position b.
o Calculate v, (£),t = 0*
* What percentage of the initial energy stored
in the inductor is dissipated in the 4
resistor.

2. Natural Response of RC Circuit
Consider the circuit shown in Fig. 6, the switch has been in position (a) for long time and at t=0, the switch is

moved to position (b). The following analysis shows the variation of the capacitor voltage after the switch is moved.

i

=0

Vo—, vel c—— §R

m |

Fig. 6

¢ Before the switch moves to position (b), (at t=07), the capacitor is charged by the DC source to V,.
e For t>0, the supply is removed and the capacitor equivalent circuit is as shown in Fig. 7

Applying the “node current” principle:
ic + ER =0

iz

I’ .
€]
v P /
C = + i 0 (11)
(Eq. (11) is similar to Eq. (1} ), Assume:
+
= Ap8t dve _ st .
ve = Ae* and = = Ase (12a and 12b) vel C—— §R
Substitute (12) into (11)
St l - -
ae*t (Cs+3) =0 (13)
Fig. 7

Either: Ae** = 0, (i.e. v._) trivial solution (ignore).

or:(Cs+3)=0=s=—— (14)

R
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Att=0,v:(t=0) =T, (15)

Substitute (15) into (12a)

vt =0)=V¥, = Ae0 = 4,

A=Y, (16)

Substitute (14) and (16) into (12a)

ve(t) = Ve R (), for (¢ = 0)

(17)

It can be shown that RC has the unit of sec. defining the circuit time constant, t as:

T2 RC

Substitute (18) into (17)

ve(®) = Vet (V), for (¢ = 0)

(

(

18)

19)

Eq. (19) describes the capacitor discharge in resistive circuit, and Fig. 8 shows the natural response of an RC circuit.

0.368V, |

/A the some way, ik can be shown that
the tangent Line of the discharge cwne ot

t=0 wegte the b-pxic ot =17/

Example 3: The switch in the circuit shown in Fig. 9 has been in position (x) for a long time. At t=0 the switch moves

to position (y). Find

o v (£),t=20
o (), t>0"
e i, (0,t>0

¢ The total energy dissipated in the 60kQ resistor

10kE2

32K

+
woov——
1
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Answer:

(a)

From the circuit condition for t<0. 10kE2 x

¢ The initial value of the capacitor voltage, +
V, = ve(t = 0) = 100V 100V—

m|n

Ve

0. 5uF

From the circuit condition for t<0.

¢ The equivalent resistance:

N 32k

o= i+ G2 "
Roq = 8OO ) -

e The time constant: - . S0 gﬂm
T=R,qC =80 x10%x 0.5 x 1076 0.5uF - )
= 40msec.

¢ The capacitor voltage (from Eq.19)
v.(t) = 100e~25E (1), t =0

(b)
/AAE o FLnd W, u: (1) dividing the voltage v, tetwean the 22 awnd the perallel comiinption. OR (2) ey
determining Lo ae followe://

ic=CZ%=05x 107%(~25 x 100e~2%)
i =—-125%x10"3e"25(A),t > 0

Vp = —ic X (240\\60) kD2 7/ the povallel sign is veversed ps the covvect pne /7 tuns fraction bn
s eqiention R O%,

240 % 60
v, = —(=1.25 X 10~3 x =25¢) x (—) x 103

240+ 60
v, = 60e~25(1V), t>0

(c)

o,

‘o = G0k

ip =e 2 (md), (t>0)

o

(d) Weor = foy lo Rt = [ (6725t x 107%)?Rdt = [ e X 107 X 60 x 10%dt

Weox = 1.2mJ

Example 4: The initial voltage of the capacitors C; and C; are as indicated. The switch is closed at t=0.

{a) Find v,(t),v,(t) and v(t) fort =0, and i(t)fort =0".

{b) Calculate the initial energy stored in C, and G,

{c) Determine how much energy stored in the capacitors as t—=> oo

(d) Show that the total energy delivered to the resistor is the difference between the results of (b) and (c).

2w+ ‘g
o) Cr =0

|| ||

[ | L. +
20 SuF ,
DUE. uE 250k ¥

Fig. 10
Lect.#1: Natural Response of RL/RC Circuits Page 88




Answer:
(a)
s Find Cyy

1 1.1 1 11
(55+5) =5~ Cen =407

—_—m—t—=—f = —
Ceq C1 Cz 20 5 FF
e Findt

T=RC,y =250 % 10° x 4 x 10™®=1sec.
¢ Find initial voltage of C,,

v(t=0)=24-4=20V
e Find v1):

v(t) = 20e~4V), >0

t
i(t)= ? =B80e~'ua, (t > 0)

L
1
ver(t) = E,[ —i(x)dx + vy (0)
0

10° | o
D'ﬂ(t):—‘TJ'BDX 10-%e~*dx — 4
b

Ve () =16e7=20(V),t =20
Similarly,

1 L
vl = f —(Odx + 162(0)
0

'
10° _
vea(8) = — o | 80X 10-0edx + 24
0
vcz(t) = 43_‘: + 20 (V),t = 0

(b)

The initial energy stored in C;n and C,
1
Wio=3 (5u)(4%) = 40y)

1l
Wy =5 (25u)(24%) = 57601/
The total initial energy:
Wo = Wl.l) + WZ;U =] SBUUHJ

(c)
Ast=o0 v, 220V and v, 20V
And the energy in the two capacitors as t=>o0

Wy = %(5;:) (—20%) = 10004/
1
Wy = 5(20p)(202) = 4000y/

The total final energy=
We = Wy,e0 + Wy o = 50000/

]
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(d)The total energy dissipated in the resistor:

Wasy = j {?Rdt = f (80e~" x 107%)? x 250 x 10*dt = 800y
t=0

=0

The power dissipated in the resistor is the difference between the initial power and the final value.

800pJ=5800] ~5000u]

Practice
8.6 Find values of v¢ and v, in the circuit of Fig. 8.23 at f equal to
(@073 (5)0%; (¢) 1.3 ms.
250 600 2 100 0
‘W\/—I—W\:—
+ t=0 +
4uF = 1 glmn NS 003,
= 120V =
B FIGURE 8.23

Ans: 100V, 384V, 100V,25.6 V:59.5V, 15.22 V.
Related book Problems 16-40

Homework (to be handed in the tutorial session this week)

3- For the circuit shown. Find ift)for t<0 and t=0.

=0
90

300

sov 3F=

ARAA

05i

<
P
b

2 500
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Chapter 1
Transient Response of RL /RC Circuit

This second lecture of chapter 1 deals with the step response. It presents the analysis of RL /RC circuit subjected to
sudden application of dc voltage or current supply.

Definition:
The unit-step function u(t): a function of time which is ZERO for all values of its argument less than zero and
which is ONE for all positive values of its argument as shown in Fig. 11.:

0 t<0
u={ 5 1)
More generally;
0 t<t,

u(t - 50) - {1 t> to [2}

u(f) ut - tg)

1 1

0 ! 0 fo '
Fig. 11

Initially, we will use this function to activate some sources other applications will be indicated later. Fig. 12
showns two identical arrangements, the second uses unit step function to activate the current source.

[I:In

lo (D m Lou(t - 1) D m

Fig. 12

3. Step Response of RL Circuit

Consider the circuit shown in Fig. 13, where the voltage supply is applied to the RL circuit at t=0.
Assume that the initial value of the inductor current i; (t = 0) = I, (the source of I, is not shown in Fig. 13)

i)

For t=0, the loop equation:

G=R+L3 3)
Assume the solution of Eq. (3) has the following form:
i(t)=Ae* + K {4)
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% = Ase®t (5)

Substitute (4) and (5) into (3):
V, = R(Ae™ + K) + LAse™®

V; = RAe** + RK + LAse™ (6)
By separating the constant and variable parts of Eq (6), we obtain two equations:
V=RK =K =2 (7)

0 = RAeSt + LAseS*

Ae“(R+sL)=U—>s=—§ (8)

As in section 1, definet = %,

Eq. (8) becomes §=—= (8)

T

Att=0, i = I,, substitute into (4)

=0 =l=A+Fb A=~ (©)

Substitute (7), (8) and (9) into (4)

, v Vsy =&

i) =2+ (Ia —;‘)e 7120 (10)
Eq. (10) is a general equation, notice the following special cases:

-If we have no source (V=0), Eq. (10) becomes identical to the natural response equation

(Eq.(8)_Lect.#1). i(t) = Ioe_g_
- If the initial current is zero (/,=0), Eq. (10) becomes i(t) = ? - % e_:'r similar to Eq. [24] in the textbook.
Fig. 14 clarifies the inductor current variation with time, it is shown that:
¢ At t=T, the inductor current changes by 63.2% of the total variation {% —1I,). Where 63.2%=(1 — e~ 1).

e At t=37 and 5t the change of the inductor current is 95% and 99.3% of the total change respectively.

v . . .
Note that ?s represents the inductor current as the time = o, sometimes denoted by I

/7 Np proelews to have > Ve/R. n that cose the current will decregse during tronsient e Ny

]
a VaR-fo /

0957 VerR-Jo) 993 Ve Rl
083 2(VaR-fo)

Time {t/t}

Fig. 14
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Example 1: For the circuit shown in Fig. 15, determine i(t),t = 0.

v 2H
=0
2Q iQ
6Q
Fig. 15
For t<0
10v I i
I :m: 24 ¢
10V S 2H
20 fo 30
1
For t>0
{1
R

Rip =3+ (2\\6) = 450 20
L2 uﬂ
—_—=—FeL,

"“Rn 45

Vth:
24 +8i, —10=0=1i, = 14 10V = Ne~ 2 H
N &
Vm:24+i,x6=24—g><6=13.5v _ %

V. ey _t

ift) = Es+ (!,, —E“')e T
135 135\ -z~
10 =5 +(2-7g)e s

i(t)=3—e 2254t >0

Exercise: show that the tangent line of the transient
curve at t=0, reaches the final value of the transient at

||
T / t=t.
/ L~
o As in the natural response case, this method can used
// to measure T, if the circuit parameters are unknown.

/

Related textbook Example 8.8, practice exercises 8.10, 8.11, and problems: 47-54.

Lect.#2: Step Response of RL/RC Circuits Page 3



H.W. submit in tutorial session

Fund v,(r) for t > 0an the ereut of Fig ~

Obtatn v(r) and i (¢) m the circwit of Fig.

i

50 oty

n
10u(~0) V 200 0SH S v

4. Step Response in RC Circuit

The capacitor shown in Fig. 16 is initially charged to a voltage, Vo (v.(t < 0) = V). At t=0 the switch is closed; we
want to determine v(t), (t = 0).

_I_
L T §R C::v

Fig. 16
For t=0, the node currents equation:
v dv
I, = = +C F (11)
Following steps similar to those written to derive equation (10), we can show that the solution of (11) is

i
v(t)=I,R+ (V,— I,R)e™, t=0 (12)
Wheret = RC
What has been indicated about Eq. (10), is also applicable to Eq. (12) for being:

¢ A general equation and zero forced voltage (IsR), or zero initial voltage can be taken as special cases.
¢ The plot of v against time for t=0 is similar to that shown in Fig. 14.

Example 2: The switch in the circuit shown in Fig. 17 has been in position (a) for a long time. At t=0 the switch is

moved to position (b).

(a) What is the initial value of v.?

(b) What is the final value of v, ?

{c) What is the time constant of the circuit when the switch is in position (b)?
(d) What is the expression of v.(t)when t=0?

(e) What is the expression of i(t)when t=0'?

—————————————————————————————————————————————————
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(f) How long after the switch is in position {b) does the capacitor voltage equal zero?
(g) Plot v.(t) and i(t) versust.

/a AMA

400k 20Q
t=0
+ < I
90v e —T-0.5uF60Qg T4V
_ —|7l-l
Fig. 17
Sol.
(a) t<0 - AL
(t=07)=Vp = g0 = 300 *1 -
et =0 =V = 5530 = T O“F T
b) vt =00)=Vp=90V
¢) T=RC=(400x10%)(0.5x 107°) = 0.2sec
3
(dv(E) = IR+ (V, —I,R)e~
v(t) =90 + (=30 — 90)e >
v(t) =90 — 120e~5, t=0
/hwe e weed Thevenin'e € Novton's trancfer o veploce (R
However we can always suestituke LR by the final value of the 400k
copazitor voltpge // - NI

(d) 0 =90 — 1205t

(=2 - s
“(—120)‘ >t

t = 5754ms
()i = €5 =05 x 107 x ((=5)(~120e~))

ir=03e73" (mA),t >0
(f)

e

X
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Related Book Examples 8.10 and 8.11; Book Practice 8.12 ; problems: 59-64

H.W. submit in tutorial session

3. Calculate the capacitor voltage and current for t=0 in the circuit shown:

v =0 §4n @®:a

3Q

4. The switch in the circuit shown has been in position (a) for a long time. At t=0 the switch moves to position (b),
Find v, (1), 2 0

0k0 3 i)

10 mA 20k0 15mA
+*

0k 3 =< 160F

=0
. -

5. The switch has been closed for a long time and it is opened at t=0>. How many milliseconds after the switch
opens is the energy stored in the capacitor 25% of its final value?
Ih

t=1

120 uA BN Tk03 25, mkniEta.zspFT

* *

GG
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Chapter 1
Transient Response of RL /RC Circuit

This third (and last) lecture of Chapter 1 deals with the general response which includes:
-Analysis of RL /RC circuit subjected to application of new dc supply at any instant {t,), and
-Analysis of circuit subjected to sequence of application (or removal) of dc supplies.

1. General Response of RL/RC Circuit

To deal with the transient that start at any time (t,) which is not necessarily zero, we can imagine a new shifted

time axis (say t"-axis) with a zero at (t,) as shown in Fig. 18.

Switching instant

| | »L-axis
0 to
i + » t-axis
-to 0
Fig. 18
If we write the general response equation as a function of t', we will follow the method presented last week
exactly. i.e.
i
x(t)=Xp+ (X, —Xpde™ (1)
Where:

x is the inductor current for RL circuit or the capacitor voltage for RC circuit.
Xp is the steady state value of (x(t' = o))
X, is the initial condition {x(t' = 0)
From Fig. 18 it can be noted that the relationship between t and t’ is:
t'=t—1t, (2)

If (2) substituted in (1), we will get the circuit response as a function of the t, as follows:

X(0) = X + (X, — Xp)e o2 B

Example 1: Refer to the circuit of Fig. 19, which contains a voltage-controlled dependent voltage source in addition
to two resistors. (a) Compute the circuit time constant. (b) Obtain an expression for vx valid for all t. (c) Plot the
power dissipated in the 4€) resistor over the range of 6 time constants. (d) Repeat parts (a} to (c) if the dependent
source is installed in the circuit upside down.

(e) Are both circuit configurations “stable”? Explain.

100}
g 3ImH

+

D.Izj, o, g 40

Fig. 19

2u(t — 3)mA D
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/7 one Last timeg | will recite the typleal “solution steps™

1dlentify x : (usually the inductor current or capacitor voltage)

Find the initial condition X, =x(t=to")
Determing Ry, and T

caleulate Xz

Sub statue nto B4, (3)

V4

a > b pop

Sol.

(a) To find the time constant (t), we need consider the circuit for t>t,.

To find Ry, looking from the inductor
terminals, we will use the following

Type equation here,

Voc
R, =—
th Isc |
To find V-

Vor =2x1073 X 10 + 0.1,
v, =0 X (40) = 0V

10 £}

Vgr_‘ =0.02V
To find I5;: (node current equation) 2mA T
. =01y, v, +
2x107% = BT

v, = = x 1073 Oll‘& . g —
* 136

I v, 0.02

74 136

Ve 0.02 4

Ryy=— =13.60

vifd

(b) Find: (1)i, before introducing the supply (t<3), and this represents the initial condition (I,} and (2) i, as {t=2x),

and this represents the forced solution (I;)

v, v,—01p,

4 10
10w, = 3.6vy
v, =0
I, =04

t<3

00z
A eid.
Do 13.6

repeatl//

/7 Colouloted in () 6g the shovk clrowil cupvent | ono weed to

Lect.#3: Step Response of RL/RC Circuits
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Now we can write the expression of i; ()

0 t<3
i) = -
147 x1073(1— e 022x10°) >3
Since v, =4 X1,
0 t<3
v (t) =

5.88x 1073(1 —~%545(-%)) ¢ >3
()
To plot obtain some points on p-curve

C 5.0 (A) | () = X & (W)
3 0 0
3+t 0.929 3.454
3+21 1.27 b.462
3437 1.397 7.804
I+41 1.443 8.33
3457 1.46 8.528
3461 1.467 8.6
] _—.F"’—_-._—
| raal

/“‘ﬁ:

DI IimAY

/
/ - !

3 30002 30004 30006 30008 3001 3002 3001
time:

% the sitrvent sotirates faster thawn the powerll (wow)

(d) and (e ) are left for practice. ( the circuit will be unstable if you have Rth=0})

¢ Related book example: 8.7
* Book practice 8.9

|
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2-Sequential Switching

+ We have sequential switching if the switching occurs in the circuit more than one time.

* In the analysis of circuits with sequential switching we consider that the circuit transient is not necessarily
ended between the subsequent switching actions. (the time between the subsequent switching is possibly a
short time (<31))

* We use the solution of an earlier state to determine the initial condition of the following state.

”

Example-2: The voltage source in the circuit shown in Fig.20 has “internal” sequential switching. Before t=0

there is no energy stored in the capacitor.

(a) Derive the expressions of v, (t) for the intervals (i) t < 0; (i) 0 < t < 4ms; (iii) 4ms < ¢t < 8ms; and
Bms=t<oo

{b) Sketch v,(t) and v,(¢) on the same coordinate axes.

AN 0

R=200kQ

Vs(t)= ——

100[u(t)-2u(t-4%107) 0.025F
+uft-8%107)]

ve(t}

Sol.

//simple cirouit but complicated source! The following figure mitigates the supply and shows the shape of its
voltage.

Some wore, we have divided the time into 4 lnkervals TO-T3 //

L. la '!;[
i 1 3
@ @
L
Vsft)=/+ [
100u(t) i
T — f >t
(¥ 1l
Vsft)=
Vs2(t)= -
100fuft)-2u(t-4*10°) —_— 3 ) !
- — 200u(t-4*10 -
+u(t-8%107)] uf ) \& —_—
Vs3(t)= + i -
100u(t-8*10° )\ — '
Vs(t)
— L —
TO Tm ' T2 T3
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The RC circuit time constant, 7 = RC = 200 x 103 x 0,025 x 10~¢ = 5 x 10735,

Initial Forced
Interval condition Sol. v t) = Ve + (1, — VF)e'“_-rtL) Ve(end of interval)
Vn VF =V
T0
(-o<t<0) 0 . 0 0
T1 -
(0ceamsy | O 100 100 — 100e20% 100 — 100e~200#x10 = 55 1y
T2 Jp— 100 + 155.1¢ -200(0.008-0.004)
551 = - 200(t-0.004)
f4ms < 1 < 8ms) 100V | ~100+1551e = 3031V
T3 _ _ ~200(t-0.008)
[Ruis &1t < ) 30.31 0 30.13¢ 0
(b)
100V
eh 551
Pl R, e Tivns(mas)
i E N o emesesevesaeeeesoes ee- ’
g ey
100V} L

o Related Book Example: 8.9
e Related Book Practice 8.14
s Related Book Problems 41-45

Homework: Book Problem 35, 55

The Operational Amplifier

Non-inverting input

Qutput
Inverting input
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" H
Av=w2= (Vp=\/n)

The ideal OPAMP:

¢ Rizw
o Ay=m
o Ro=0I

 Calculate Vo in the R2
circuit shown

Vo=Vn-i2*100kW....(1)
Va=Fp=0

i2=il W=
il=—/— = —— = 404

Vo

Substitute into (1) J?
Vo=0-40pA*100k2
Answer: Vo=4V

65, Obtain an expression for the voltage vy as labeled in the op amp circuit of

Fig. 8.94.
8 mF
5040
i) V +
NS w
B FIGURE 8.94

Homework: Assuming an ideal OPAMP, show that v,,,, = —% f:ﬂ vipdt + v,(0)

Lect.#3: Step Response of RL/RC Circuits Page 6
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Chapter 2
Transient Response of RLC Circuit

¢ The response of the “second-order” RLC circuit is very different than that of the “first order” RL
or RC system studied in Chapter 1.
¢ This chapter presents the natural and step response of parallel and series RLC circuits.

1. Natural response of Parallel RLC circuit

To find the natural response of a parallel RLC circuit, assume the circuit shown in Fig. 1 has been

initiated at ¢t = 0, with initial capacitor voltage v (01) = V, and initial inductor current, i; (0%) =

i,-l fl Irfl

o

Fig. 1
The node current equation:
ictip+ip=0
Which can be written in terms of one variable, the parallel circuit voltage (v):
C+ 2 vdt +2=0 (1)
To eliminate the integration in Eq. (1), we differentiate with respect to t:

div 1 1dv _

C
dez L Rdt

0 2)

dzv 1. 1y
dtz | LC RCdt

(3)

Eq. (3) is a second order DE, its solution has the form v = f(t) and represents the circuit behavior for
t>0.

In order to solve (3), assume:
v=Aet 4

Substituting (4) into (3) and simplify gives:
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Aest (52+%+%)= 0 (5)
For the reason indicated in Chapter 1, we ignore the case in which the first term is zero, giving:
ST4—+—==0 (6)
¢ Eq. (6) determines the characters of v(t)and therefore it is known as the “Characteristics

Equation”.

e Eq(6)is a quadric equation has 2 roots, usually defined as follows:

Si==-a+ \,’mg

Sy =—a—Jal—wj (7)
Where:

x=— (8)

2RC

o is known as the exponential damping coefficient or neper frequency. And:

-

&)

Wy =
o VL

oy

@, is known as the resonant frequency.

Both s, and s, given in Eq. (7) gives solutions of Eq. (3) if substituted in (4); however the general solution
is formed as follows:

v= A5t + A,et (10)

The polarity of the term under the root of Eq. (7) determines the nature of v. This term (ﬂ'2 - wff) gives
three distinctive forms of v when being positive, zero or negative, as follows:

e ifa > w, gives two real roots and Overdamped response
e ifa = w, gives two real and equal roots and Critical response
e ifa <, gives two complex conjugates roots and Underdamped response

The three forms will be discussed individually after the example.

Example 1: Consider a parallel RLC circuit having an inductance of 10 mH and a capacitance of 100 pF.
Determine the resistor values that would lead to overdamped and underdamped responses.

Ans.:

e 1 — 103
From (9) w, = A e 10°rad/sec
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For overdamped response:

a>w,

1
m)‘ 1000

1
R < X Too0x 10

R <502

For over damped response R > 50

=» Book Practice 9.1
2. Analysis of Overdamped RLC circuit

The voltage of the overdamped circuit is in the form of Eq. (10)

v = Ageftt + A et (10)
Where, s; and s, are given in terms of circuit parameters in equations (7)-(9).
Now to determine A, and A,, consider:
The initial capacitor voltage:

Wh=4:+4; (11)

Take the differentiation of (10) at t=0"

.
2 = 51y + 524 (12)
Given: i (0%) = C?
i (¥
or dv(0*) _ Ic!U ! [13:'
dat [

i¢(0*) can be determined by applying KCL in terms of the inductor and resistor current:

ic(0+) = _1L(0+) - In(0+)

(0% ==l —2 (14)

Now we can substitute (13) and (14) into (12) to form the second equation to determine A; and A,.

However, closed form of this equation will not be given as it is difficult to memorize.

Lect.#4: Natural Response of Parallel Circuits



Usually the calculations procedure is given by the following sequence of applications:

* Given RLC, V,, |,
¢ (alculate o and o,

e Calculate s, and s;

¢ Eq.(14)
e Eq. (13)
e Eq.(12)
+ Eq (11) /7 alkeynatively this step cawm be done b4 Eq. (14)//

* Solve the simultaneous equations (11) and (12) obtain A; and A;
+  Write the expression of v Eq. (10)

Example 2: A source-free parallel RLC circuit is formed by 20002, 50mH, and 0.2uF. At t=0, the capacitor
voltage v,(0) = 12Vand the inductor current i; (0) = 30mA.

¢ Find the expression of v(t),t > 0
e Plotv(t),t>0

Ans,

1 1
T2RC 2X200% 0.2 x10°°
1 1

W, = —= = 10%rad [sec
T VIC V50x103x02x10-¢ /

a = 12.5 x 10*rad/sec

Since o> @, the response is overdamped

$12 =—125 % 10° + /15625 x 10° — 10° = (—1.25 £ .75) x 10*
$; = —5000 and s, = —20000

= = (®

i, (0" =1,=30x107*4

v(0*) 12 "
R —2—00—60)(10 A

i(0%) = =i, (0*) — iy (0%) = —90 x 1034

ip 0*) =

dv(0%) i(0) 009 X
& - ¢ "ozxioe- wxI0
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dv(0)
dt

. 51A1 + SzAz

—45 X 10* = —0.5 X 104, — 2 X 10%4,

90 = A, +44, )
(2)-()
78 = 34, A2=26 ,A=-14

v(t) = _14e-50l:|l!t + Zﬁe-ZDDDUt

NN
N T~
\\ IS OSSN s S
|1
://

gt

Related Book Example 9.2,9.3,9.4

Practice 9.2, 9.3, 9.4

3. Analysis of Underdamped RLC circuit

If wy > @, the roots of the characteristics equation described in Eq. (7) become complex.

§12 =~ Hjfwi —at
The second term usually denoted by @, , where:
The damped radian frequency, wy £ \/w?Z — a?

So
$12 = —« Hjwy

(15)

(16)

Lect.#4: Natural Response of Parallel Circuits
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// the veasons for this nane will be explained ii the lectures/
Substitute in Eq. (10)
v = AeCetedl 4 g, eCeiwat
v = Age~*teiout 4 Ao <tg vt
v = e (A0t + Aye vty

Use Eular’s identity {¢/* = cosx + jsin x)

v= e'“‘(Al(cos(wdt) '!'_,l‘. sin(wgt)) + Az(COS(CIJdt) = ] sin(wgt)))

v=e((A + Ap)cos(wyt) +j(Ay — Ap) sin(wyt))

Choose a different notation for the constants
v =e (B cos(wyt) + B, sin(w,yt))

Where B, = (A; + A;)and B, = j(4; — A;)

Now we use the initial conditions to determine the constant B; and B; as follows:

U(0+) = Vo = Bl
and

dv(0%) ic(0%)
it €

= —(IBI + mdBZ

Example 3: A source-free parallel RLC circuit is formed by 20k, 8H, and 0.125uF. At t=0, the capacitor

voltage ,.(0) = 0Vand the inductor current i; (0) = —12.25mA.

e Find the expression of v(t),t > 0
e Plotw(f),t>0

Ans.

1
o =opr= 200 rad/sec

1
w, = —= 10*rad/sec

VIC

Since ®< ), the response is underdamped

Lect.#4: Natural Response of Parallel Circuits
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Also iz (0*) =0

wg =10 — 4 x 10* = 400v6

$12 = —200 + j400V6

ic(0%) = —i, (0%) = 12.25mA

dv(0%) _

=98 x 10%V/s

98 X 10% = —aB; + w,B,

Gives: v(t) = 100e72°% 5in 979.8t V, for t>0

vy

/

/

Related Book Example 9.6

Book Practice 9.6

806

Home work : Book Problem 31 P366
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4. Analysis of Critically-damped RLC circuit
If & = @, the solution, the two roots of the DE will be identical
Sy =85 =—-0 {18]

¢ |fwe carry on in the same way we will say that the solution will be similar to that of the
1* order DE given in chapter 1 (Ae~%"),

¢ This solution however cannot handle two different initial conditions. So there is a
problem with this solution. Indeed the reason of that is due to the assumption proposed
in Eq. 10. This form is not valid when the two root identical.

¢ Incritical damping case the solution has the following form:
v(t) = Dyte™™ + Dye™™ (19)
And the two arbitrary constant can be determined from initial conditions as follows:
V=D, (20)

dv(oh) _ ic(0h) _

T c D1 — I'IDZ {21]

Exampled: (book problem 23) A critically damped parallel RLC circuit is constructed from component
values 40 ©Q, 8 nF, and 51.2 uH, respectively.

(a) Verify that the circuit is indeed critically damped.

{b) Explain why, in practice, the circuit once fabricated is unlikely to be truly critically damped.

(c) The inductor initially stores 1 mJ of energy while the capacitor is initially discharged. Determine the
magnitude of the capacitor voltage at t = 500 ns, the maximum absolute capacitor voltage, and

the settling time.

Ans,
107
(a) @ = s = ——= 15625 x 10°
1 1 .
Wy = — = — = 1 5625 X 10"

VIC V512+8+1071
~ @t = (v, critical damping

{b) In practice it is unusual to obtain components that are closer than 1 percent of their specified values.
Thus, obtaining critical damping case not very likely. The model ignores the stray elements such as
connection leads, the effect of temperature.

(c) determine w(t)

D,=V,=0
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!2wL ' 2 %103
lo= 177= ls12+107 - 62°4

ic(0%) = =i, (0%) — ir(0%) = —6.254

dvc(0+) _ Ic(0+) _ —6.25

o = gipe = ~078125 X 10°V/s

~078125 X 10° = Dy — aD, = D,
v(t) = —0.78125 x 10%te~1-5625%10%
(500ns) = —0.78125 X 107 (500 X 10~2)e~15625x10°(500x10™°)
(500ns) = —178.8V

dv(t)
dt

= —0.78125 x 10°(t » —1.5625 x 108¢13625x10%  =15625x10%)

Denote the peak voltage time by tp:

0= —0.78125 x 10%(tp » —~1.5625 x 106¢~1-5625%10%p 4 o=1.5625x10°tp)

tp = 0.64pusec

T 15625 x 106

vp = —0.78125 X 10°(0.64 = 1075)¢~1-5625%x10°(0.64:107)
vp = —184V

Settling time (ts) is the time at which the voltage drop to 5% of its peak

0.04(—184) = —0.78125 X 10°¢se~15625%10%s — _g 9y
fse-1-5625%10%s — 11776 % 10-°

This nonlinear equation can be solved by iteration ts=3.676 usec.

Related Book Example 9.5

Practice 9.5

Homework

Lect.#4: Natural Response of Parallel Circuits

Page 9




Aesrigh S /o 5ol dxala

The natural voltage response of the circuit in
Fig.8.11is

v(r) = 75¢" ™ (cos 6000 — 4sin 60000V, 1= 0,

when the inductor is 400 mH. Find (a) C; (b) R;
(c) Vi (d) Ty: and (e) iy (1).

Find the response vg(t) for t > 0 in the circuit in
Fig. 8102 LetR=3Q L=2H and C =1/18F.

10u(-t) V L
Figure 8102 For Prob. 8.54.
S ——
Lect.#4: Natural Response of Parallel Circuits Page 10
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Chapter 2
THE COMPLETE RESPONSE OF THE PARALLEL RLC CIRCUIT

In this lecture we will consider a parallel RLC with any initial conditions (inductor current and capacitor
voltage) and we will determine the transient response after applying a DC current source at t=0. Unlike
natural response case, the presence of the DC source causes non-discharged final conditions.

1. Derivation of Step Response Equations

Fig. 1 shows a parallel RLC circuit with initial capacitor voltage v (0*) = I, and initial inductor current,
i, (0%) = I,; and a current source that is applied at t=0.

ctoy will shovt clveudt itll

Notice: that the DC voltage souvee camnot be applicd as the i

I'-:l fs‘ f'Rl
= L R v (’ u(ti;

Fig. 1
The node current equation:
ic+ip+ig=1 (1)
By following steps similar to those used in last lecture, leads to:

2y 1 1 dv
= t=pt——=0 2
de? + Lc + RC dt [ :I

Eq. (2) is identical to the natural response equation and leads to the same results obtained, which are:

e Overdamping: v = A5t + 4,e%! (3)
o Under damping: = e "t (B, cos(w,t) + B, sin(w,t)) (4)
e Critical damping: v(t) = Dyt~ + D,e~® (5)

The only difference in this case is that the effect of the supply must be taken into account (i.e.
. v,
ict=0"=1I,-1, _F:'

The evaluation of v of the parallel branches, however, is not sufficient to reveal full analysis as the
expression of v, which approaches 0 at t=« does not reflect the end value of the inductor current, On
the other hand if we have the inductor current we can find v easily! Therefore in the analysis of DC

supplied parallel RLC circuit we will solve for i, (t) rather than v.
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Before explaining the procedure by examples, let’s look at the general expression of iy (t) as follows:

iy (t) = s + in = I + (natural response function £q.(3,4 or 5)) (6)

The arbitrary constants of the natural response equation are determined from the initial conditions

di(t=0%) 1
i,,(r:(}*)zlnand¥:rb{,

Example 1:
In the circuit in Fig. 8.23. find i (1) and ig(t) for t > 0.

p=0X 200
] ,
i fR
v .
4A. 201{% zoné SmF == v 30u(-H) 'V
Sol.
I = 44;V, = 15V; v, (0%) = 15V; I, = 44
1 1000 d 1 1
e = 2.5 rad/sec

== o = 65— Wy = =
2ReyC  2+10+8 sec’ =V V20 x0008

Notice that the parallel RLC circuit has two branches of resistors with 200 each. Therefore the

equivalent resistor is 100

a>w, Overdamping response:

S =—at jot—wi=-625+573=-0522; 5 =-625=573=-1198

i =1+ Agesst 4 Ayet

i=4 +Aie—0.522c +Aze—11.98£

At t=0, i=lo, gives
Al +Az =0

Lect.#5: Complete Response of Parallel RLC Circuits Page 2



di(t=0%) _ylt= 0*)
d L

_ A151 + AzSz

15
70 = ~0-5224; —11.984,

0.75 = —0.5224, + 11.984,; A, = 0.0655; 4, = 0.0655

i =4+ 0.0655¢0522 — 0, 0655¢ 1198t

di
v, = LE = 20[—0.0342¢~0522t 4 ,7847¢~1198¢]
vy _

ER — E [_D_ 03429—0.5221‘ +0. 7847e—11,931‘]

Practice: show that the energy dissipated in the resistors is equivalent to the energy supplied by the

current source plus the energy initially stored in the capacitor.

Homework:

The switch in Fig. 8.4 was open for a long time but closed at = 0. De-
termine: (a) i (07). v(07), (b) di(07)dt. dv(07)/dt. (¢) i(00). v(00).

1=0
100 04H 1
+
2Q v 5F 4V

Figure 84  For Practice Prob. 8.1

In the circuit of Fig. 8.5. calculate: (a) i (0%). ve(0F). vgp(07).

(b) dig (0%)dr, dve(0)/dt. dvg(0%)/dt. (¢) iL(00). ve(00), vR(00).

4Q
AV
i

+*

a bF < ve
3u(:}A. mé_m gzov go.sﬂ
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Example 2: (Book Problem 52)

52. Consider the circuit depicted in Fig. 9.52. If v,(f) = —8 + 2u(t) V, determine
(@) v0%); (b) ir(0™): (¢) v{00); (d) vt = 150 ms).

6 mH

Sol:

(a) v (0%) =V, = -8V
)iy (0")=I,=-=A
(c) ve(o0) = =6V

/4 the divection of i mavkeed in the fig aecompanying the question is opposite to that taken tnko
sonsideration <o just treattoas (L) 7/

7/ solution plan: find iy = find v > then ve=v, +vs© #/

//1-) detenmination of the type of vesponse://

1 1
E——— . — (.07
C=IRC - IxI5x5x 100 OO Tad/sec
! 1 182.6rad/sec
wo = e— DT e— o
VvIC V6x%5
. 106 106
@, > a Underdamping response w,; = 3 320 182.45 radsec

//2-) ndtial anel foreed conditions /7
o == 05334, V, = -8V, v,(¢ = 0*) = v, — v, = 8~ (=6) =2V, [, = = = 0.4A
/7 write the equation and flnd the constants for i/
iy = I + e (B, cos(wyt) + B, 'sin(wgt))

At t=0" 0533 =04+ By;B, = 0133
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di,(t=0" 2 , ,
ar - 0006 “aPa— b
-3333 +6.67 x 0.133
2= 18245 = —L2%

i, = 0.4+ e %7(0.133cos(182.45t) — 1.822 sin(182.45¢t))

v, = 0.006[e~5671(=0.133 X wysin(wyt) — 1.822m,4c08(w,yt)) + (0.133cos(w4t)
—1.822 sin(wqt))(—6.7¢ "))

v, = e 57 (=2 cos(wyt) — 0.072sin(w,t))
v, (t = 150ms) = e 57°015(—2 cos(182.45 * 0.15) — 0.072sin(182.45 * 0.15))
v (t = 150ms) = 0.433V

Ve = vs + v, = —6 + 04325 = —5.567V

w115
jram

hﬁ
o]
=

Practice:

For the circuit in Fig. 87, find: (a) iL(0%). ve(07). wp(0™),
(b) dig (0F)/dt. dvc(07)/dt. dvg(07)/dt. (c) i (00). ve(00). vg(0C).

i

2ot -

lfc 50 lf!.
+ +

= qazﬂ @:»

LA
L
aYl

204 @
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Chapter2
Transient Response of Series RLC Circuit

The procedure of natural and step response analysis for the series RLC circuit is similar to that of the

parallel circuit. The only difference is in the definition of the damping ratio, c.
Your selection of the most appropriate variable for solution will also differ as you will see shortly.
1. Natural response of series RLC circuit

Assume the circuit shown in Fig. 1 is initiated at £ = 0, with initial capacitor voltage v (0%) = I, and
initial inductor current, i; (0%) = I,,.

The loop voltage equation:
vty tv.=0

write the equation in terms of one variable, the current (i):
. di 1.,
‘RH‘EJFEJ““_O (1)

Differentiate with respect to t, rearrange and divide by L:

dzi  Rdi 1,

wiin + El =0 (2)
Eq. (2) is similar to the parallel voltage equation of the parallel RLC circuit [Eq. (3) week#4]. Therefore,
without repeating the derivation, we are going to state the characteristics equation and the current

equations for the three cases. (The bold marks the difference compared to parallel voltage case):

2 R 1 _
s +LS+L:’,‘_0 (3)
S,=—atjat—w 4
Where: a= :;L (Rad/sec) (5)
1
Wo = 7= {Rad/sec) (6)
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The current equation depends on the value under the root square in Eq. (4)

o ifa > w, Overdamping : i = A;e%1" + A,e%" (7)
e ifa < w, Underdamping i = ¢ (B cos(w t) + B sin(w,t)) (8)

where wy = JwE — a? (9)

¢ ifa = w, Critical damping : i = D te + D,e™ (10)

In case of natural response it is a good choice to solve for the current, (i) especially if need to calculate
more than one quantity (for example / and v) because the current of the three elements is equal.

Example 1 The 0.1 uF capacitor in the circuit shown in Fig 2 is charged to 100 V. At t = 0 the capacitor is
discharged through a series combination of a 560 Q resistor and 100 mH inductor.

a) Find i{t) for t> 0.

b) Find vc(t) for t > 0.

Fig, 2
Sol:
a==2 3% 5800 (rad/sec)

2L . 2x®%0.1

=l _ _1pt
W = = = e = 10% rad/sec

{(Underdamping ))

wg =y wZ — a? = V10° — a? = 9600 rad/sec
i = e *{(B,cos(wgt) + B sin(w,t))
i(0") =B, =0

di(0*) v (0%)
dt L

—v,(0") + i(0Y)R + v, (0*) = Ogives v, (0*) = 100V

10004 /sec=w B, — By gives By = 202 ~ 010424

di(0*) _
at

i = 0.1042e 2% 5in(9600¢t) 0
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ve = idt /7 can e solved as fudv...buc Lets Look for alternative//
ORv.(t) = iR+v, = iR+ L5

10
v, = 560 X %e'm”f sin(9600¢)

10
+0.1 (%) [e~282°t(9600c0s9600¢) + sin(9600£)(—2800e~28008)]

v, = e 100059600t — 29.175in9600¢]
// what will be the case if we determined ve first ...222 .try//
Practice: For the circuit in example 1,

(a) draw the variation of the capacitor voltage against time,
(b) determine the settling time, and
{c) show the all the energy initially stored in the inductors is dissipated in R.

2. Step response of series RLC circuit

In this case a DC source will be present in the circuit after the switching, this leads to v (t = @) = V; as

seen in Fig. 3.
v Ve
/T\ /;\

8l == O O wuvrs

Fig. 3

In case of step response, the capacitor voltage is usually a good choice because it is the only variable
which has a non-zero forced part (Solving for other variables is also possible). The forced response
expressions for i for the three types of response are as follows:

s Overdamping: v, = Vi + Ales‘t + Ayet (11)
¢ Underdamping v = Vi + e “t(Bycos(wyt) + B, sin(wgt)) (12)
e Critical damping: v; = V. + Dyte’ + D,e™* (13)
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Example 2: In the circuit shown in Fig. 4, switch 1 has been in position (a) and switch two has
been closed for a long time. At t=0 switch 1 moves to position (b) and switch 2 opens
simultaneously. Find v(t) for t>0.

3k
AMAN—a :
s 1k 250mH b
1suv() t=0
1k
b — 6k
52V 1/3(uF)
Fig. 4

Sol:
Initial and Forced Quantities:

V (07) 160 6k = 96V

o=V s kv ek

Vivp(o0) = 52V
. 160
f,, = LL(D )=m= 16mA
Ip =i (0)=0
Type of response:
The circuit for =0
1k L
1k
b =—cv
52V
o= R = 2000 = 4000 rad /sec
=T Ix0zs  abradfs
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1

1
W, = —== = 2000v3 rad/sec
¢ I i%xéxlﬂ"

>, overdamping response
S$12 = —4000 + 1000V16 — 12 = —4000 + 2000
§, =-2000; §; = —6000 (rad/sec)
ve = VF da Ale-2l]0l]t fz Aze-ﬁ()l]l)t
Att=0"
96 =52+ A, + 4,
Ay + Ay = 44V (1)

dvc(0*) I, 16x107°

ac ¢ 1_. ¢
3x10

48 x 10* = —20004, — 60004,

=48 x 10%V/. sec

24 = —Ay — 34;,-(2)
Add (1) and (2)
68=-2A;.....gives Ay=-34
A=78
Ve = 52 + 7872000t _ 346000ty t0
Example 3 (with dependent source)

49, Obtain an expression for i; as labeled in Fig. 9.49 which is valid for all 1 > 0.

b l i l
Su(~f) mA ()

HFIGURE 9.49

Lect.#6: Natural and Step Response of Series RLC Circuits Page 5




Sol.

Determination of initial conditions

Consider the circuit with t<0

no)

ol

v 3G
Vo

o.c)

Write the node currents equation:

5x 1073 + 22+ 2g

Vo
80t
A

20

5x107% +
v, v,

51073 4 =4 = —
8073

04+V,+16V,— 4V, =0

0.
v, = —E; andl, =0

For >0

w200

—— )

Determine the equivalent resistor (Rry).

RTH/
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By applying a test voltage source (Vy), the resultant current is (Iy) and Rpy =

Vy
Ve Ve—20lg5) v Vi W
T, (80) L I

I =— —
780 5 80 5 20
801 = Vy + 16Vy — 4V; gives Ryy = :_: =30

Determination of type of response

L 6.153 (rad
a= TR TR (rad/sec)
1 1 100
W= === E 44.72 (Rad/sec)

Under damping response:
Wy = m ~ 443 rad/sec
i = e (B, cos(wyt) + B, sin(w,t))
At t=0", i(0+)=0 gives B,=0

i = e (B, sin(wyt))

di v, (0%) -V,—I,R 0.4
a- L 05 '_2(_13+0)

dit=0% 08_
dac 13 Yetz

B, ~ 1.39mA
i = 1.39e75153 5in(44.3t)

iy = —i = —1.39¢ 1% sin(44.3t)

Vr

1

HW.

Book Problem (Chapter 9) 56 Parts (a) and (b) only. And Book Problem 57
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Chapter 3
Balanced Three-Phase Circuits

The electric energy is generated, transmitted and distributed using three-phase systems for economical
reason. Large loads, such as industrial apparatus, are three-phase loads. This chapter introduces the
three-phase systems and its basic analysis®.

This lecture defines the basic elements, connections and circuits of the three-phase system.
1. The three-phase Y-connected source

Consider the three ac supplies shown in Fig. 1. The three sources represent a balanced three-phase
supply if the voltages of the three supplies have the following form (in various representations)

1-Instanteos representation:
Van = Vo SINQ2rft + 9) Van = Vpr Sin(2rft + @)
Upn = Vpu sin(2mft + @ — 120°) Von = Vo sin(2ft + @ +120%)
OR " o
Vo = -~ Sln(ZTEft-I— @ _ 2409) Ve = ph bln(zﬂ'ft + m + 240 )

2- Vector representation:

Vin = Vpn 20 Von = Vpns®
Vin = Vpne® — 120° - Von = Vpne® + 120°
Vi = Vyp 20 — 240° Vi = V0 + 120°
.3 4

Fig. 1
Positive and negative sequence:

In equations (1) and (3), we can think of the voltage va, as “leading” vi, by 120°; and the voltage vy, as
leading v., by 120°. So the voltages are arranges as van - Vi - Ve a3 the time progresses. This sequence is
known as the positive sequence of voltages.

! The material of this chapter is covered in chapter 12 of the textbook
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In contrast, for the voltages represented in equations (2) and (4), the voltage van as “lagging” ven by 120°;
and v lags ve, by 120°. So the voltages are arranges as van = Ven — Vi as the time progresses. This

sequence is known as the negative sequence of voltages.

To emphasize the above Fig. 2 shows the three voltages represented in Eq. (1) and Fig. 3 shows the
vectors represented in Eq. (3). In Fig. 2 and Fig. 3 the, ¢ is considered to be zero and this is commaon

practice.

In summary, we can say that the three-phase voltage system is composed of three ac voltages of:

a. ldentical frequency,
b. Equal amplitudes, and
¢. Phase shift of 120° between the three sources

120° 120°

Vo=V, [-120° Ven=Vp [240°
Fig. 3 (a) (b)

To explain the practical implementation of three-phase source; The electricity is generated in bulk by a
three-phase generates with rotating magnet that induces the voltage in three identical stator windings
which are displaced by 120° in space as shown in Fig. 4. This maintains identical frequency and phase

constant 120°-phase displacement of the three sources representing the voltages induced in the three

windings.

Fig. 4
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The “a” operator
We can write the three phase quantities in more brief form by using the “a” operator. Where:
a2 12120%0r a £ 12— 240° ..(5)
The effect of multiplying a vector by a is that the vector rotates by 120°. Consequently:
a? =12 -120° or a® = 12240° ..(6)
In positive sequence voltages:
Vin = @*Vy, and V., = aliy, A7)
And in negative sequence:
Vin = ally, and V., = a?V,, .{8)
Zero-Sum property

One important property of the three-phase voltages is that it sums zero, we can show that analytically or
graphically as shown below:

Based on Eq. (1)
Uan + Upn + VUen = Vpplsin(2rft + @) +sin(2rft + @ — 120) +sin(2nft + @ + 120)]
Using the trigonometric identity: sin (A + B) = sinAcos B + cosA sin B and denoting 27t + @ by x
Van + Von + Ven = Vpp[sinx + sin(x = 120) + sin(x + 120)]
= sinx +sinx cos(—120) + cos x sim(=120) + sin x cos(120) + cos x sim(120)
=sinx[1+ cos(—120) + cos(120)] =sinx[1-05-05] =0

The graphical proof is based on adding the three vectors as shown in Fig. 5

$9-120

— H+120
)

Fig.5
The Phase Voltages and the Line Voltages

Referring to Fig. 1, in the configuration shown the sources is said to be Y-connected. The supply common
point is known as the neutral point denoted by N and the other individual lines {A,B, and C) are known as the
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supply lines. The voltage between any line and the common neutral line is the phase voltage. The three
phase voltages are (Van, Venand Ven).

The line-to-line voltages are the three voltages between the three lines; defined as:

3 3
Vag = Van — Vaw = Vo — (=aVpp) = Vpr(1+ @) = Vi [(1 + cos(120)) + j(sin(120))] = Vyyp [5 +j'%

I3y, 3 ) ? (1
=V J(E) +E Ztan g =Vyn \fﬁ)gtan (\,Ti) = @yphf_gg
Vap = ﬁl’pﬂ/_m]“ -{9)

In the same way it can be shown that the line-to-line voltages (Vas, Vec and V¢a) forms a three phase of
voltages system; related to the phase voltages by the following:

¢ 3 amplitude ratio: |V;; | = v3|Vyxl
o 30° phase shift:
o For positive sequence systems, the line-to-line voltages lead the phase voltages by 30°.
For negative sequence systems, the line-to-line voltages lags the phase voltages by 30°.

"-.

Fig. 6 AN
2. The balanced three-phase system

In this section we will consider a three phase circuit analysis. The balanced system has a three identical
parts connected to the terminals of the three phase supply. In the circuit shown in Fig. 7. The phase
circuit is composed of the supply and a load impedance denoted by Z,. The common point of the three
load impedances (N) is also connected to the supply neutral point (n). This configuration is called Y-Y 4-
wire system. Let’s determine the current lu.:

v |t Vv 0
an:f,\+fﬂ+,l'C:ﬂ+ n o, Yen _

2, L % 2y

From the above, it is shown that the neutral line current is zero (in balanced systems) and therefore if
we remove the wire connecting N-to-n, it will have no effect on the circuit operation, i.e. the points “n”
and “N” will still have the same voltage and we can say that Vay=V;,.
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n -—
INH

Fig. 7 te

Example 1: For the circuit of Fig. 8, find both the phase and line currents, and the phase and line
voltages throughout the circuit; then calculate the total power dissipated in the load.

Fig. 8
Sol.
The phase voltages:
Vi = Van = 20020°V; Vg = Vi = 2002 — 120°V; Vi =V, = 2002120°V
The line Voltages:
Vag = V3V3n£30° = 346.4£30°V; Ve = 346,42 — 90°V ; Viy = 346.42150°V
The phase (and line} currents

20040

IA ZMZZL—GO A;

Ip = 22(~60 — 120) = 2£180° A

I = 2£(~60 +120) = 2£60° A

From Example 1, it is shown that symmetry between the phases can be utilized to extend the analysis of one
phase to the other phases simply by shifting the phase angle. For more complex circuits the technique of
“single-line diagram” is normally employed as shown in Example 2.

Before the example recall the Y-A conversion techniques used in circuit simplification. If we have equal
impedances; the conversion becomes as follows:

=2 .{9)
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Example 2: Determine I, and vg,for the circuit in Fig. 9

_—
240/0°V
—~ a 4Q j3Q 4 10Q j150
—.—rww—/m\ AMMN—TTT—

—j36 Q =

= 360

MWV, 49 pa |z | 0o pso
n—@——w—r———w—Tr— N

360 =

11

0° vV
WALV - g 30 10Q j15Q

—&——w—m W

Fig. 9

// notice that the A-connected element cannot be used in the single line diagram;

(SLD) as the this diagram shows the connection to neutral;

Therefore, B4 drawing the SLD, we replace the A-connected elements by the Y-
equivalents//
1- We replace the A-connected capacitor load by its Y-equivalent. The per-phase equivalent
impedance:
36 _
Zy=— 5= —j12

2- We draw the per-phase equivalent circuit to determine, i, :

a

5 A
I .
40 i3 10Q
240 <0 "'9 o
j15
® b ¢
Zoq = 44 J3 + (—/12\\(10 + /15))
o 180—j120  216332-33.69°
Zog =4+ B+ —{i s =M B Y szt

Zoqg =4+j3+20722—504°= 4+ j3+132 - j1597
Zoq = 172~ j12.97 = 21542 - 37°

24040

ad = 154.-37 =11.142437 A

R E
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To determine vg,, we determine, ¥4,
Van = 24020 — 11.142237 = (4 + j3)
Vyn = 24020 —55.71273.87 = 224.5 — j53.52
Vg = 230.82 — 13.4°A

Vgn = Vans — 120 = 230.82 — 133.4°

3- The A-connection

Phase and line quantitates for Y-connected element:
The relationship between the phase and line voltage of a Y-connected supply is derived [Eq. (9)] and defined
in the past section. This relationship is re-stated and extended to Y-connected in Table 1 (Reference Table

12.1 textbook).

Phase and line quantitates for A-connected element:

The source may also be connected in A configuration, as shown in Fig. 10.
// The A-connection of the supply is not so common because any unbalance in the supply

causes a considerable amount of “circulating curvent” in the A-circuit and causes losses;
however unbalanced systews are beyond our Field of study//

Vbe=Vph.<-120 .

Fig. 10 ke

In A-connected source the line voltages are equal to the phase voltages; while the amplitudes of phase
currents (las , lnc and leain Fig. 10) and the line current ({l.a, los and lcc) are related by:

1] = V3 |l ..{10)
The line current lags the phase currents by 30° for positive sequence systems as indicated in table 1. In Fig.
10, the line and phase current are related by:

Iaa = Iap = leas Top = Ipc = lavilec = lca = Ibes
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Load Phase Voltage Line Voltage
Yin=Va
= (330°)V 1y
=380
Van =V, [0° Vac = Vi
Y Van = Vp/=120° = (\3305)Vgy
Ven = Vi [—240° =3V, [—90°
= (3[30°)Vey
= V3V, /=210
Vap=Va Vir=Vau
=V3v,0 =3V, 50
N Voc = Ve Yoc = Ve
— JEV,J—%" = JjV,g—W"
Vea=Va Yea =V
= VAV, -210° = 3V, j=210°
Example 3

Table 1
Phase Current
Van
La=liy=—
Zp
Ven
L =lgy = —
7y
Vew
= ] N =—
Le =len Z
Ler— Vag
AB = _Z,,
1 Ve
AC=——
Z,
P, (-
cA= Z

Line Current

Vawn
La=lw= z

p
Van
Lp=lpy = =
7y
Vew
le=ley = =—
Zp

Ay
1= cﬁg-soﬁ%
“p

Iyp = (/3/=30°)

V
Lc= w’ig—mf

Yac
ZP

Power per Phase

V3V cosd

where cosd =

power factor of
the load

V3V 1 cosé

where cosf =

power factor of
the load

A negative-sequence balanced three-phase Y-connected source supplies power to a balanced, three-phase
A- connected load with an impedance of 12 + j9 Q/phase. The source voltage in the b-phase is 240.2-50° V.
The line impedance is 1 + j1 Q/phase. Draw the single phase equivalent circuit for the a-phase and use it to

find the current in the a-phase of the load.

Sol.

Zy ,
ZA:?:‘}‘F}?}Q

For negative-sequence supply vy, = Ay,

1
Van = %”‘ = 2404 — 50 — 120 = 2402 — 170V

=37.48£151.34

141 = 1
~
gk
W
|
2402 - 170
IM:—
1+ +*+3)
oo STABLISI3E s —12134%
A - el
V3

Related Book Problems 15-35
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Chapter 3
Analysis and Power Calculation of Three-Phase Circuits

This lecture presents the analysis of balanced three-phase circuits using single line diagram. A special
emphasis is given for the A-connected supply. Power calculation in three-phase circuits in terms of phase
and line quantities is also presented.

a. Analysis of three-phase circuits with Y-connected supply.

We have shown in the first lecture that the three-phase system can be seen as similar single phase systems
(except the 120°-phase shift). We can use this symmetry to simplify the analysis using the single line diagram
approach providing that we have neutral pints at the supply and load. In this section we will consider Y-
connected supply. We can provide an imaginary neutral point for the A-connected load using A-Y
transformation. For equal impedances.

Z}r = (1]

Example 2: Determine I, ; and vy, for the circuit in Fig. 1

[
240/0°V
0. a 4Q 3Q 4 10Q j15Q
—@——w—m A—TT—
—36Q = =/ —j36Q

MLV, g pa |z | 100 50

n—@— T —wW—Tr— ¥

_ﬁﬁﬂ ——|

2 20°V
MWAX'Y - 4g Bo 100 j150

—@———w— et

Fig. 1

// wotice that the A-connected element cannot be used in the single line diagram;
(SLD) as the this diagram shows the connection to neutral;

Therefore, B4 drawing the SLD, we replace the A-connected elements by the Y-
equivalents//

1- We replace the A-connected capacitor load by its Y-equivalent. The per-phase equivalent
impedance:
36
=-2=-j12

2- We draw the per-phase equivalent circuit to determine, i, :

___________________________________________________________________________________________________]
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a

——WA—{0)

40 3 100

240 <0 4‘9 B

®

j15
¢ i\
Zoq = 4+ 3+ (=j12\\(10 + j15))
Zeg=4+j3+ L o N~
10 +j3 10.44£16.7°

Zoqg =4+j3+20722—504°= 4+ j3+132 - j1597
Zoq = 172 j12.97 = 21542 - 37°

24040

faA = m =11.1422£37 A

To determine vg,, we determine, v,
Vgn = 24020 — 11.142.237 * (4 + j3)
Van = 24020 —55.71£73.87 = 224.5 — j53.52
Vg = 230.82 — 13.4°A
Vpn = Vans — 120 = 230.82 — 133.4°

Table 1 presents the phase and line quantities for Y- and A- connected elements. This relationship has
been defined earlier for Y-connected loads.

Table 1
Load Phase Voltage Line Voltage Phase Current Line Current Power per Phase
Vas=Va
= (/3/30°)V
V3B0)V ax Van Van
=3V, 300 a=lw=== la=lw=—-= s
» P 3V, Iy cosé
Vav =V [0 Vie =V Van Vix wher: cLo:::
Y Van = Vp/=120° = (330)Vgy bs=lay= - Lp=lgy = T power factor of
Ven = Vp[=240° =3V, [=90° . i v g the load
Vea=Va LC=ICN=% Le =loy = ==
= ([%)Vey ' '
=+3V,/-210°
Vag = Vab Vae=Vap Var Vap
lig=— - - —
=3V, [30° =3V, 300 TR Laa = (/31309 Ly AVl cost
Vae = Vie Yoc = Vi _ E N Vac  wherecoséd =
= AV, 90’ Y i s = 33007 poer factorof
VYea=Va Yea=VYa Vea Vea e Joud
Iep = — Lc = (v3/=309)—2
=3V, =210° = V3V, /=210 A zy e = (/3(30) e
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For A-connection: (1) Line voltage=Phase voltage and (2) Line current =v3 phase current with (~30°/+30°)
phase shift for {positive sequence/negative sequence systems).

h. Analysis of systems with A-connected supply

The source may also be connected in A configuration, as shown in Fig. 2.
// The A-connection of the supply is not so common because any unbalance in the supply

causes a considerable amount of “circulating current” in the A-civcuit and causes losses;

however unbalanced systems are beyond our field of study//

Vbe=\Vphs-120
Fig. 2 -

In A-connected source the line voltages are equal to the phase voltages; while the amplitudes of phase
currents {lab , Inc @and leain Fig. 10) and the line current ({laa , loe and lcc) are related by:

|ILL|:\(§|[ph| ..{10)
The line current lags the phase currents by 30° for positive sequence systems as indicated in table 1. In Fig.
2, the line and phase current are related by:

!((A = “ab - ".(.'m' ‘r.';}? = ‘Ibr: i I:u‘;; '!i:C = I::u - Ib.-:a'
The verification of the line- and phase- currents relationships s shown in Fig.3 using the phasor diagram.

Fig.3
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Example 2

A negative-sequence balanced three-phase source supplies power to a balanced, three-phase load with an
impedance of 12 + j9 Q/phase. The source voltage in the b-phase is 240.2-50" V. The line impedance is 1 + j1

Q)/phase. Draw the single phase equivalent circuit for the a-phase and use it to find the current in line
current {faa) for each of the following combinations:

a. Y-connected source and Y-connected load
b. Y-connected source and A-connected load
¢. A-connected source and Y-connected load

d.  A-connected source and A-connected load.
Sol.

For negative-sequence supply Vp, = av,,

Vap = % = 2404 — 50 — 120 = 2402 — 170V = 240,190°

a. The per-phase equivalent circuit is shown:

(1+j1)Q2
—
— l'.ﬂ.& a':-
2404(=50-120)( N
=240.£190° ©
@
2402190 2402190 2402190

“T A +jD+ (1249 134,10 1642376
los = 14.6£152.4°A

b. B4 constructing the SLD we converter the load to it’s Y-equivalent

z
ZY=?A=4+_;'311

(141)Q '—‘

)
240 £(-50-120)( “
=240.£190°

240 -170

lgg = —————=137.482151.34
U+ (E+)3)
The per-phase equivalent of a line voltage is determined by:

|Vph| = %; 2V = £(V, + 30°) for negative sequence voltages. The SLD is as shown:

{ (141)Q2
o
e
138.6.2210°

o5(el+v)

C.

— o5lel+z1) —
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138.6£210

“ = 1642376
Iga = 845£172.4°A
// what is the supply phase current la 2//

d. //We connect the source of (¢ ) to load of (b)//

(141)Q

—_—

/__“\

faa
s
138.6.2210°

2 (ElMH+p)

_ 13862210 _
= ‘m = 21.65£171.3A

laa

// A great deal of simplification is achieved by the SLD approach. In order to

appreciate this, try to analyze the civcuit using the basic circuit methods; my attempt
is shown below:

Related Book Problems 15-35

. __________________________________________________________________________________________|
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¢. Power Calculations in Three-Phase Systems
Note : ALL Voltages and Curent indicated in the following material is in RMS which is equivalent (for
sine wave to the peak /(v2); unless indicated otherwise.
The power asssocited to any element in the three-phase circuit (source, line or load ) can be calculated
using the SLD which represents one phase {or more preciesly one phase of the Y-Y connected equivalent
circuit). As the three-phase system power is 3 (the power in the SLD). And since the quantities shown
the in SLD are the per-phase quantities:

S39 =3 %514 =3 X [Vpnlen]

Similarly:
Pyg =3% [mepn cos @]; and
Qa9 = 3 X [Vyplpp sin @]
Recall that :
For Y-connection For A-connection

V, = V3V,and I = I, Vy = Vynand I = V31,
For any connection :

Sap = V3 x V.
P3@ - \ﬁ X [VLIL cOos m]
Qag = V3 X[V, 1, sing]

The three above equations are specially important when we have no information about the load and
source and determining the power by line voltage and current information (or measurements).

Example3: The frequency of the supply in the circuit shown in below is 60Hz. Find for the three-phase
system:
a) The load power, P.
b) The power dissipated in the line resistor
¢) The supply apparent, average and rective power
d) The capacitace of a three delta connected capacitors to be introduced at the load side
{points A,B, and C) to make the source power factor =1.

100/0°V
a 10 4
1000 2 I
1 21000
0020V o 02HE
n 9 4{3
100Q = :
1 <_=:\:0.3H
100/120°V 10 02H =

Sol.
-determine the inductive reatctance:
XL =2nflL=24r =754
-determine the Y-equivalent impedance of the load
100+ j754 .
v = — = (33.3+25.13)0

From the SLD:
10040

[rm — m = 1.8966 —j1.388}1 = 2352 - 36.2°4
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a)

b)
<)

d)

As Xcis the Y equivalent of the actual A connected capacitors; we find the actual capacitive reactance:

10020 laa

| U(ET szl+EE €€)

L 0 0 0 0B | -l
Now the load power can be determined using more than one method, as shown:

First method: Proaa = 3(,n)?R = 3(|1.8966 — j1.388])233.33 = 552.4W
Second Method: Proaa = 3Vpnlyn €08 @ = 3(LynZ; )lpn cos @
25.23
Proad = 3(18966 — j1.388)%(33.3 + j25.13) costan~" (33 33)
P.l.aad = 5524W
//obviously the first method is simpler//

P, =3 % ((235%) = 1) = 16572W

Ssuppty = 3Vpnlpp = 3= 100 = 2.35 =705VA

Pappty = 3Vpnlpn cos @ = 705 cos 36.2 = 568.9W
Qsuppty = 3Vpnlpn 5in @ = 7055in36.2 = 416.38VAR

First determine the capacitive reactace that appears in the SLD X¢

-Since the supply power factor is 1; the equivalent imedance seen by the supply has imajinary

component impedance =0.
(33.33 +j25.13) x (—jX,:)] B

fm BN |0

Where jX=j(25.13-Xc)
[(33.33 +/25.13) X (—jX,) (3333 - jX)| _

T @33+ @33N
Im{(25.13X, — j33.33X,) X (3333 — )] = 0

0

[(=25.13XX, — 33.332X,)] = 0
33.332

X=_ﬁ= —44‘2

X =—442- 2513 = -69.330

Zﬁ = 3Z}r
Xca = 3(—j69.33) = —j2080

= T20me208 ~ \27oHF
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Chapter 3
Power Measurements in Three-Phase Circuits

The wattmeter is the basic power measurement instrument. In practical three-phase system it is required to
consider unbalance. The famous power measurement method that uses two wattmeter and valid for
balanced and unbalanced systems is presented in this lecture.

a. The wattmeter

In AC circuits, power measurement is accomplished through the use of a wattmeter that contains two
separate coils. One of these coils is the current coil; the second coil is the potential (or voltage) coil. The
value indicated by the wattmeter indicates the product of the current through its current coil and the
voltage across its voltage coil. Fig. 1 shows the schematic diagram of the wattmeter.
In our discussion we will assume that the current coil has zero impedance and the voltage coil has infinite
impedance.
In Fig. 1, one side of each coil is marked by (+); this indicates that the wattmeter is a polarity-sensitive
device. If a positive current is entering that (+) side of the current coil and the voltage of the (+) side of the
voltage coil is (+) with respect to the other side then the power is positive, or being transferred to the load
side. Note the following:

e The wattmeter measures the average power (P). (Not the instantaneous power).

« Reversing the connection of one coil reverses the polarity of the power being measured. While

revering both coils does not change the power polarity.

LOAD
Potential
coil

Fig.1

b. Power measurements in three phase systems.
To measure the power drawn by a three-phase load we will discuss the straightforward method first. We
place one wattmeter in each of the three phases and add the results. The connections for a Y- and A-
connected loads are shown in Fig.2.

The method is theoretically correct but not practical. One main reason is because the three phase loads
have only three lines contacts and other contacts are not accessible.

The connection shown in fig. 3 uses the line currents and it establishes a common point (x) as a common
voltage coil side for the three wattmeters. There are two possibilities:
- Either the system is balanced (the supply voltages and the load are balanced). In this case the point x
has the same potential as the neutral and the voltage of each voltage coil is the phase voltage. The
power indicated by the three wattmeters is equal.

Lect.#9: Balanced Three-phase systems: power measurements Page 1



Fig. 3
- orthere is a unbalance that makes a voltage difference between points (N and x). In this case the
power measured:

1 T
P= Pﬁ +PB + P{_- = ?Ju (Uﬁ.xiaA + stibg + chf:rc)df

The three voltages “seen” by the wattemeters are:
Upx = Vo T Vix
Vgy = Vg + Vx
vex = Ven + Ve
Substitutes to determine P

17 17
P= $J (Vawlian + Vanipp + Venicc)dt +?J’ Upin (b + lpp + fo)dt
0 0

Since this three-phase load has only three wires:
i':m‘l'fbs‘l'icc:')
And

17 . . .
P= Fj (Vantaa + Venipe + Venlec)dt = Pyg
1]

Example 1:
A three-phase supply has a positive sequence and a line voltage of 100V. The load is unbalanced impedances
which are A-connected. The three impedances are as follows:

ZﬁB = _J'lﬂﬂ, ZBC :J'1D.ﬂ, and ZCA =100

Determine the average power dissipated by the load and the measurement of the three wattmeters which
are connected as shown in Fig. 3, to show that the wattmeters measure the load in the unbalanced load.

R E
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sol.
Vip = 100205
Vge = 1002 — 120° and

Vea = 100£120°,

100£0°
‘(AB =m =10£90 )
I U
T2 T
1002 — 240°
= "qozor - 104 — 240°,

The average power dissipated in the load is the resistive part power (Zc) only and it equals:
P = |I;4|?R; = 1000W
The line currents:
Toa = Lig — Iy = 10£90° — 10£ — 240° = 5.1764.15
Iyg = Ige — Iip = 10£ = 210° = 10£90° = 10£ — 150
loe = Ioq— Ipe = 104 — 240° — 102 — 210° = 51764245

Now determine the equivalent phase voltages

100

Viw =—=2—30
Y]
100

Voy =—2 — 150
BN \g
100

Vey =—=290
L

The three measured powers:

100
Py = 51764 x —cos(—30 — 15) = 211.5W
A V}g ( )

100

Pp=10x
. V3

cos(—150 — (=150)) = 577w

100
P. = 51764 x —c0s(90 — 45) = 211.5W
¢ 7 ( )

Py =P+ P+ P,
The example shows that the sum of the three wattmeters powers is equivalent to the actual power

dissipated in this unbalanced load.

R E
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¢. The two wattemeter method.

It is shown that point x, in Fig. 3; could be at any voltage and the three wattmeters will still measure the
three phase power for balanced or unbalanced system. If we place point x at any one of the three lines (say
line B as shown in Fig. 4), the wattmeter at that line sees zero voltage and measures zero power. Therefore,
this wattmeter is removed and the remaining two wattmeters measure the voltage of the balanced or
unbalanced three-phase load.

Fig. 4
In balanced systems let’s look at the two wattmeter measurements, W1 and W2 according to Fig. 4
Py = |Vap|llqal cos 8y, = VI cost,
Py = |Viegl|lee| cos 6, =V, 1, cos @,
The load impedance: Zg = |Zy|£65; from the phasor diagram in Fig. 5:
0y = 0+ 30°

And
By = 0y —30°

Fig. 5
Now consider the sum of the two measures:
Py + P, = V1, (cos(30 + fg) +cos(30 — 64))

R E
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Py + P, = VI (cos 30 cos B —sin 30 sin 8 + cos 30 cos fg +sin 30 sin 8,

Py + P, =2V, 1; cos 30 cos By

P, + P, = V3V, I, cos By = Py

)

Additionally we can obtain information about the phase angle and, hence, the power factor and reactive

power as follows:
Py, — P, = V1, (cos(30 + thg) —cos(30 — Oy))
Py — P, =V, I (sin6y)
From the above, we can determine the impedance angle as:

tan 8. sin 9@ Pz - P1
n = =
? " cos by P +P,

Example 2:

Refer to Fig.4; Calculate the reading of the two wattmeters and show that the sum of the two measures

equals to the power delivered to the load if the load phase voltage is 120V and Zy = 8 + j6Q. Determine
also the impedance angle angle, the reactive power and the apparent power using the P, and P>

Sol.
(@) Z = 1023687V, = 120v3Vand [, = = = 124
P, = 120v3 x 12 x cos(36.87 + 30) = 979.75W
P, = 120v3 X 12 X cos(36.87 — 30) = 2476.25W
Pyy = 312R =3 X122 x 8 = 3456W = P, + P,
Also...

PmPy_ 2(14965)

=3 =
g ‘FPZ TP, 3456

# = tan~1(0.75) = 36.87°
The reactive power, ¢ = §siné = $sin # = Ptan@ = 3456 = 0.75 = 2592VAR

" P 3456
The apparent power,§ = — = —

o0 - o - 432074

Practice: Repeat Example 2 for the following values of Z:

(a) Z, =8—j6Q.
(b) Zy =5+ j5v3Q.
(¢) Zy=102-75Q.

Related book problems: form 15 to 44

Lect.#9: Balanced Three-phase systems: power measurements
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Chapter 4
Magnetically-Coupled Circuits

The phenomenon described by mutual inductance is defined, and quantized. Circuits with magnetic coupling
analysis is presented in this lecture. The energy stored in magnetically coupled coils is defined.

The following lectures present the most common device based on magnetic coupling: the transformer.
a. Definition of Mutual Inductance

Recall the inductance from its physical basis, refer to Fig.1

Fig. 1

Based of Amperes Law, the current carrying conductor (or coil) produces a magnetic flux proportional to the
MMF (magneto-motive force) or the Ampere-turns.

M
¢—§—&9 i

Where R and § represent the magnetic flux path reluctance and permanence respectively. This parameter
is determined by the characteristics of magnetic flux path such as length, cross-section area and the medium
permeability (u).

According to Faraday’s law, the voltage induced in a coil subjected to a time varying magnetic flux is given
by:

—_ 2

_dA_dN¢ _dNxgpNi " di
i e TR ST

. di s _ . - 5
Since: v = Lﬁ, the circuit inductance can be related to the circuit magnetic characteristics by: [ = gNZ.

Since L relates the voltage and current of the same coil, we will call it in this chapter “the self- inductance”. In
contrast, we will study the mutual inductance which (in a similar way) relates the voltage induced in one coil
by the current of another coil.

Fig. 2 shows a current carrying coil with inductance Liand there is another coil L2 within the magnetic field of
Ls. The total flux of the coil Ly is denoted by ¢y This flux ¢ is divided to two parts:

e daisthe partof ¢ which is intersecting the windings of coil L, (both Liand L) and
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¢ ¢uisthe part of ¢ which is intersecting the windings of coil Ly only.

Fig. 2

Again apply Faraday’s law for the two-coil case shown in Fig.2 (assuming a time-varying current)

d!‘] dN]¢| zdil dl‘.]
nEg Ty PN shg
And
v =ﬁ= dNy oy =N d§221¢24
2T dt T
dg, N, i di di
vy = Nz%= 5‘321N1N2d_;= Mz'd_t}

Where M2 is the inductance that relates the voltage induced in coil 2 to the current of coil 1.

Since Mx depends on: the permanence of the magnetic flux path between the two coils and the product of
the number of turns of the two coils, it must be true that:

1i, : :
Ifv; = Mu% then My = M,y £ M the mutual inductance between the two coils.
Dot Convention

It is important to relate the polarity of the induced voltage to the direction of the current in magnetically
coupled coils. For this purpose, the dot (¢) marking has been introduced.

In dot convention a e sign is placed at one end of each of the two coils which are mutually coupled. We
determine the sign of the mutual voltage as follows:
If di/dt of current entering the dotted terminal of one coil is positive it produces a positive voltage at
the dotted terminal with respect to the undotted terminal of second coil.
Thus, in Fig. 3. iz enters the dotted terminal of Ly, vz is sensed positively at the dotted terminal of Lz, and
v, = M di;/dt. The voltage equations are also indicated in Fig. 3.
For AC circuits (sinusoidal supply) the two voltage equations can be expressed more easily in vector
notation:

Lect.#10: Magnetically-coupled Circuits Page 2



V1 = ijifi +}0)Mfz
V, = joMI, + joLyl,

_dy diz. E o | W 2

Ul—LIE‘l'ME,
UZZME‘I'LHE | L'g é‘f‘i )
o 0

Fig. 3

Example 1: Determine the voltage v, in the circuit shown below

10
M=9H
MV~

L]
v =10cos 10tV QIH |0(]H®4mﬂ !

o

[

Sol.
o // write the two loop equations to determine iz and i, //
Vy=L(1+10=1)-L(j10%x9)  //from loop 1; where w=10 and the

curvent [ s leaving the dot therefore the second term has a negative sign//
0= —1,(j10 9) + I, (400 + /10 = 100)
LG9
27 (400 + j1000)

) L(90)
V, = 1,1+ j10) —m;

_ 8100
q= (1 +’10+400+;‘1000)

I, =L = 2,063, - 385°
= i
_ 206323855 G90) oo
27400+ j1000) '
V, = 68962 —16.7°

---Book Practice 13.2 and 13.3

The coupling coefficient: {Definition)
L= N12591
Ly =No"g,
-'521 Lzz= NN 10,
_ LiLy = Ny"Ny™ (911 + 220) (922 + 912)
Since: 2., = 93,
LiL, = N2N,2p, 2 (& + 1) (@ + 1)
12 12
LiL, = M? (&+ 1) (%+ 1)
21 12
g11and 2, will be zeros if the two coils are ideally tied magnetically in such a way that 100% of the flux of

both coils is a mutual flux. In this case the coupling coefficient (k) said to be =1.i.e.
When k=1:
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M(k=1)=[I,L,

M=kJ/LLwhere0 <k <1

Or in general

b. Energy stored magnetically-coupled coils

To determine the energy stored in two magnetically coupled coils, refer to Fig. 4. In this figure we consider

the twao coils (coill and coil 2) of self-inductances L1 and L2 and mutual inductance M. Initially the system

carries no current and therefore stores no energy.

The synchronized graphs in Fig.4 show the voltages, currents powers and accumulative energy of the system

drawn in a way consistent with the basic equations indicated in Fig. 3. Fig. 4 shows that:

o During t1: a constant voltage is applied to coil 1, while coil 2 is open-circuited. The current of coil 1

increases linearly. The power absorbed by coil 1 is the triangular shape and the energy transferred to
the coils is given by:

i i
W, = f p(0) +p (D) dt = f v, (01, () + vy (£)iy(2) dt
0 0
1 3
W= [ 2ty x0d .a"s
i1 —f 1 Iy vy (t) t= 2L,

0
Since iy, () =1, = V;—:‘
Wy = %Llflz
Now assume that the current of coil 1 is marinated at /; after t1.
After the above described event:

e During t2: a constant voltage is applied to coil 2, while coil 1 current is held constant. The current of
coil 2 increases linearly. The power absorbed by coil 2 is the triangular shape and the energy
transferred to the coil is (by similarity to the above derivation)= %!,2122. During the same time
another amount of energy is absorbed by the magnetically-coupled coils. This energy is equivalent to
the area of the rectangular p; during t; and equivalent to M/, I,. This second amount of energy is
supplied by the circuit of £, which is maintaining /; constant as suggested earlier.

So we can see that the total energy stored in the two magnetically-coupled coils is:

1,1,
W:ELlfl +EL2I2 +M1{112

Example 2: Two magnetically-coupled coils with t1=0.4 H, L2=2.5H, k = 0.6, and i1 = 4i> =20 cos (500t - 20°) mA.
Determine v1{0} and the total energy stored in the system at t = 0.

Sol.
In order to determine the value of w1, we need to include the contributions from both the self-inductance of coil 1 and
the mutual inductance;

M = kT,L, = 0.6V04 X 25 = 0.6H

di,

mn

v, (0) = 0.4[20 x 500(=sin(500(0) — 20)] + n_ﬁi [20 % 500(-sin(500(0) — 20)|mV
v,(0) = 5.5 x sin(20) = 1.8811V

i (0
i1 (0) = 20 cos(~20) = 18.7%4m4; i,(0) = ;,g )

1 z 1 2
W(0) = 304(18.794 x 10 & +525(4698x 10 3" 4 0.6 X 18.794 x 4.698 x 1076
W(0) = 0.1512m]

diy
v = '{‘l I +M

= 4.698md
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--- Book Practice 13.4 P504.
---covered Text Book Exercises 1-t0-29

AT R
] [
- -
i1 VN
r'";l |
'S L 2 g
\ ]
gl
Y
&
=3
A D e =
& MdizfdtI
—— -
-,
b t1
ls
v/l
V2
&
=3
&
Mdiy, dtI a
-~
'R
]
v/ls
I P
P1=vily
Lai’/t 1;Mdi /dt
1'1',! 1 T Mdi,/ .
- - o
¥ t1 - »-
t2
P2=Vaiz T
Laiy’/ta
|
n wit)
0.5L,1,% &
[} L] -

Fig.4
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16. Consider the circuit of Fig. 13.46. The two sources are ig; = 2 cos f mA and
ip=15sintmA.If M, =2 H. M, =0H. and M; = 10 H, calculate vs(1).

0A

0 G

N FIGURE 13.46

Sol.
Iy = 2£0° I, = 152 — 90°
w = 1rad/sec
Vag = WXLy + LjXM; + LjXM,
Vag = 2j20 + 1,j0 + 0jXM;
Vo = j40 = 4020°

vy = 40 cos(t +90)mV

Lect.#10: Magnetically-coupled Circuits Page 6
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21. Note that there is no mutual coupling between the 5 H and 6 H inductors in the
circuit of Fig. 13.50. (a) Write a set of equations in terms of I (jw). Ly(jw),
and I3(jw). (b) Find I3(jo) if @ = 2 rad/s.

40 4H
AN —————TT
SV }ZH
— G
5H * 6H
= OH
000y () 60
L
-
N FIGURE 13.50

10020° = j10(}, — L) + j6, + 6(1, — I3)

10020° = 1,(6 + j10) — 1,(j4) — 1,(6)

(1)

0 =41, +j8L, +j6(, — L) + j4(ly — L) + J12(1, — I;) — j41, + j10(, = I,) — j6l,

Rewrite in matrix form

0=1(=j4) + (4 + j10) + I;(—j8)

(2

0= 6 — 1) + j12(1y — L) + j4l, + 51,

0= =6, + L, (~j8) + (11 + j12)

0
11 [ 6.067-j954
H = ['6.115 - j4.178
3

2.521—j3.51

100£0°1 |(6+j10)  —j¢ -6 kL
o |=| -4 @+j) -8 ||k
-6 -8 1+j12) b,

11.31£ — 57.55°
7414 - 34.34°
4324 - 54.31°

1

(3)

A4

Lect.#10: Magnetically-coupled Circuits
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Magnetically-Coupled Circuits: Linear Transformer

Two magnetically coupled coils form a transformer. The transformer circuits have two features: first they are
analyzed as ac circuits and second the analysis focus on the effect of the transform on the load and the
supply.

1. The Linear Transformer

The transform has two magnetically coupled coils one is connected to the supply and the other to the load.
In the circuit shown in Fig. 1, the coil connected to the supply side (usually known as the primary side) has a
resistance R1 and self-inductance L1. The second coil connected to the load is known as the secondary side
has a resistance R2 and self-inductance L2. The impedance Zs represent the internal impedance of the supply
and M is the mutual inductance between Ly and L.

The following analysis aims to determine the effect of the transformer compared to the case of connecting
the load directly to the supply. The analysis start by determining the currents l; and |, using the circuit
parameters.

Zg ."N"
! 5 R1 R2 : 5
Vs@ L foly oL, é 4
b

Fig. 1
Reflected Impedance:
To determine |1 and |, write the loop equations:
Vo = L, (Zs4R, + jwl,) — joMl, (1)
0=—joMl + L(R; + jul, + Z;) =(2)

To simplify manipulation, denote: (Zg+R; + jwl, )by Z;, and (R, + jwl, + Z;) by Z,,. Equation (2) gives:

Substitute into (1):

Giving:

L=c——"——Y
Y 017+ 0?M2 S
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And

_joM JjoM

L="—h=c"7—5—V
2T T T ZyyZpy + wPME Y

. .V
Now the impedance seen by the voltage source is I—‘
1

wiM?
=2 '|'Z—22

The impedance of the circuit seen at the source terminals:

Zub = ZL - Zs

wM?

Zap =R jwly + ————
ab 1@ 1+(R2 +jwly +Z))

The last term of the above equation is defined as the “reflated impedance” as it represents the image of the
secondary circuit seen at the primary side.

wiM?
Ly L ——eeee
! (R, + jwl, + Z;)

Example 1: The parameters of a linear transformer are:

R Ry (D) L (H) Lp(H) k
200 100 9 4 0.5
This transformer is used to connect a 300V, 400rad/sec source with internal impedance of {500+]100)Q to a

load consists of series 8001 resistor and 1uF capacitor. // the supply voltage should be taken as

rms and at angle =zero; as it has not been indicated otherwise//

(a) Draw the equivalent circuit in frequency domain // in frequency domain (unlike time
domain) implies to write the reactance as impedance and represent ac

quantities as vectors// \

{b) Calculate the self-impedance of the primary side

(c) Calculate the self-impedance of the secondary side

(d) Calculate the impedance reflected into the primary winding.

(e) Calculate the impedance seen looking at the primary terminals of the transformer.

(f) Calculate the primary current.

(g) Calculate the secondary current.

(h) Calculate the voltage at the load terminals.

(i) Calculate the power delivered to load.

(i) Determine the percentage of the power delivered to the load to the power received by the
transformer.
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Sol.

L, ()

9

joLl(Q) | LH) [ joL(Q) P MH) | jeM(Q) | C(F) j1/eC
13600 4 11600 05 3 1200 1n —j2500

The equivalent circuit:

a ® ®
— VAW My My
100 100 200 100 g, 8000
300<0® I 3600 j 1600 l2 2500 m—
b

the self-impedance of the primary side :
Zyy =100 4 200 + (100 + 3600) = (300 + j3700)0
the self-impedance of the secondary side

Zp, = 100+ 800 + j(1600 — 2500) = (900 — j900)1
the impedance reflected into the primary winding.

- w?M? (1200
" (Ry +jwly +Z;) T (900 — j900)

= (800 + j800)

the impedance seen looking at the primary terminals of the transformer.
Z,; =200+ j3600 + 800 + j800 = (1000 + j4400)01
the primary current.
I 30020

_ 5 _ _ .
ls =757 = Tso0+ 4500 - 20 ~/o0mA

the secondary current.

CjeM . j1200 - (80+160)
b=7—h =G0 900y 20 /60 =——3

I; = 59.63263.43mA

the voltage at the load terminals.

(80 + j160) = 10~ « (800 — j2500)
3

V,=hLZ, =

V, = 156,54 — 8.82°V

the power delivered to load.
P, = |L|*R, = (0.05963)% x 800 = 2.844W
the percentage of the power delivered to the load to the power received by the transformer.
Py = [ (Ry +Ry) = 4W

Magnetically-coupled Circuits Page3



Po 2.844
%m == X 100% = 71.1%

b. T and IT model

It is convenient to represent the magnetically-coupled coils by a basic inductor elements removing the
mutual inductance. T and IT.models have been derived as equivalent circuit for the two mutual inductors in
linear transformer. This section shows how to develop these model.

The T-Model:

Consider the linear transformer shown in Fig. 2; where the lower terminal of the two sides is connected to
form a three-point arrangement. Refer to the T-equivalent model shown in Fig. 3. For both circuits the
following equations are applicable:

I di, M di,
v ] g —  —
T dt
Vo =M—+L,—
G dt 7 dt
I !’:
C = M = O
+ o | x| w +
L, L, 5
0 E & 0
Fig. 2
W L-M L,-M %
o A1I » 411k O
1 M 2
< . O
Fig. 3

If one of the dots of the coils in Fig. 2, is changed to the other coil side, the effect of this on the equation
voltages can be seen as if M has been replaced by (—M) then the three elements in of the equivalent
circuit in Fig. 3 become (L;+M), (~M) and (LA+M).

Example 2:
Find 11 and 12 in the circuit shown using T-model.

50002 100

20002 10062 80002

300<0

-I_ 12500
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Sol.
(a) Considering the dots positions:
XLy — XM = 3600 - 1200 = 2400

XL, — XM = 1600 — 1200 = 400
XM = 1200

Now redraw the circuit with the T-model

si 199 a0q 2400 400 1000 80002

tmt
—J

j2500

Now write the eguation of the middle note currents in terms of V.

v-300 v v,
700 + 2500 | j1200 T 9002100

Gives
V=136-j8=136242—-337°
Then
300-V
Y = m = 63254 =71.57"mA
And

[2 = m = 59.63£63.43°mA

Practice: Repeat Example2 with the polarity dot on the secondary side moved to the lower terminal.

The [T-model:

We can derive the IT- model of the coils shown in Fig 2 using the voltage equations:

di; di,
v =L E + ME
di; diy
Uy = ME + LZE

The following derivation is based on solving the equations for dil/dt and dig/dt and then regarding the

resulting expressions as a pair of node-voltage equations; as follows:
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ol
diy vy L _ L e — M .
dz'|i; :f T Ll -M2T L, -M2T®

2

Ly v
ﬁ_ M Uy _ M o L-]_ 5
dt_|L1 M| ™ LiL,—M2?' LL,-M2?

M L

By multiplying both sides of the above eguations by dt the then integrating

i, =i,(0) + Lz r d M r dx

L =1 e — VX — w—— .
1 Lil,— M2 J, * Lil,—M® [, 2

[

[, = i,(0) L rd+ b f d
Iy =1y LiLZ—MZ le X LiLz—Mz OUZ X

Now regard v, and v,as two node equations of the circuit shown in Fig. 4

I LB 2
o — ® 2113 -
+ +
“ iy(0) (D Ly ch Q 0
o + )
Fig. 4
1t 1t
i1=£1(0)+L—ALvidx +g L(vl—vz)dx
1 1y [t 1 rt
11=I1(0)+(E+L—B)f vvix—Ej vzdx
0 0
And

1t 1 t
i2=i2(l])+—j vy dx +— J’(uz—vl)dx
Le Jo Ly )y

(4

= (0) —— d+1+1)£ d
12—12()—LBJ;UI X (Ls I Luz X

By comparing to the above equations:

Lyl — M?

Ly 7

_Lle_MZ
AT L-M
L _LILZ_Mz
€L -M

R E
Page 6
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Evidently in ac steady-state analysis, the initial current sources become zero; moreover we could have
been used the Y-A equations to obtain the equivalent madel //without so much hustle &//. But

the I1-model that has been derived is more general indeed. It shows the effect of initial current which is
necessary if the circuit transient model is required.

Example 3:

39. With respect to the network shown in Fig. 13.63, derive an expression for
Z(jw) if M, and M; are set to their respective maximum values.

o
M,
L] ﬁ L]
IH§ ESH
33{{
1 jw) —=
M,
¥ wl e §|Q
ZSOmHg 500 mH
L]
o 2
B FIGURE 13.63

Sol.

Mymax = V1#5=5H

We replace the first transformer by the IT equivalent model and the second by T model

R E
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LiL, — M?
m = =0
Ayl -M? LB1
LCI - L,—M - U
LAl Lc1
L Ly+M= 1+ !
'x2 1 4 \/E -
=L, +M= 1+ :
Ly, =Ly =3 : N
loo=—M=——
= V8 Lx2 Ly2
The equivalent inductance of the 10

two transformer branch =
Leq = (sz\\Lyz) + Ly

V81 ke
Leq = W = 0.1616H

Z(jw) = (juleq)\(1+ j3w)

2(o) = —3Le,?w2 + jwleq
14j(3 4 L)
. —048480? + jw0.1616
200) =5 1610
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