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Matrices

b gl



Matrix algebra has at least two advantages:

*Reduces complicated systems of equations to simple
expressions

«Adaptable to systematic method of mathematical treatment
and well suited to computers

Definition:

A matrix is a set or group of numbers arranged in a square or
rectangular array enclosed by two brackets

4 2 a b

1 -1 oy g o c d







Properties:

A specified number of rows and a specified number of
columns

*Two numbers (rows x columns) describe the dimensions
or size of the matrix.

Examples:
3x3 matrix 1 2 4 _

2X4 matrix 4 -1 5 s [1 —1]
S o _0 0 3 2

1x2 matrix \ i >




A matrix is denoted by a bold capital letter and the elements
within the matrix are denoted by lower case letters

e.g. matrix [A] with elements a;;

afl.l a12 ad; a'in

Amxn: IJ
Qy, Ay A By,

M M M M

aml a‘m 2 1] mn

| goes from 1 to m

j goes from 1ton



TYPES OF MATRICES «ié shaal &5

1. Column matrix 2sexd) 48 siaa:

The number of rows may be any integer but the number of
columns is always 1

1 NN (] _a11_
4 1 Ay,
5 -3 M

B _aml




2. Row matrix —ixall 48 siaq:

Any number of columns but only one row

116/ [0 35 2]

&, a, asA  a]



3. Rectangular matrix ildaicall 48 giadl):

Contains more than one element and number of rows Is not
equal to the number of columns

1 (T . -
Y 11100
. . 20330
_76_

M =N



4. Square matrix da sl 43 shad);
The number of rows is equal to the number of columns

(a square matrix A has an order of m)

‘1miri 101 1
30 9 9 0

6 6 1

The principal or main diagonal of a square matrix is composed of all
elements a;; for which 1=



5. Diagonal matrix 4 kil 43 siadl):

A square matrix where all the elements are zero except those on
the main diagonal

1 0 0 3 0 0 O
0 2 0 0 3 0 O
0 0 1 0 0 5 0

§ . 0 0 0 9

i.e.a; =0 foralli#j i ¢

a; # 0 for some or all i = j



6. Unit or Identity matrix — | 4awldll o 3as g1} 43 giuaa:

A diagonal matrix with ones on the main diagonal

i.e.a; =0 forall i #]

1
0
0
0

0
1
0
0

0
0
1
0

0

0
0
1

a;; = 1 for some or all i = j

J




7. Null (zero) matrix — O 4 iall 43 giaal

All elements In the matrix are zero

0 0 0 0
0 0 0 O
0

A 0 0 0

aij =0 For all i,



EQUALITY OF MATRICES &ésaal) b 8) slual

Two matrices are said to be equal only when all
corresponding elements are equal

Therefore their size or dimensions are equal as well

| - =]

or np -
NN O
w O O
or npn -
N O
w O O




Some properties of equality:
If A=B,thenB=Aforall Aand B
iff A=B,and B=C,then A=Cforall A,Band C




ADDITION AND SUBTRACTION OF MATRICES <ld ghuaal) 2 7 skl g aanll

The sum or difference of two matrices, A and B of the same
size yields a matrix C of the same size

C; =a; + bij

Matrices of different sizes cannot be added or subtracted



147 2487 8 10"
A+B=|3+9 4+10 12 14
W+1l 6+12)

3= 2 I



Commutative Law:
A+B=B+A

Assoclative Law:
A+(B+C)=(A+B)+C=A+B+C

7 3 -1][1 5 6] [8 8 5
2 -5 6| |-4 -2 3| |-2 -7 9

%3 2X3 2X3



A+0=0+A=A

A + (-A) = 0 (where —A Is the matrix composed of —g;; as elements)

6 4 2| [1 2 0] [5 2 2]
3 2 71110 8| |2 2 -1




SCALAR MULTIPLICATION OF MATRIX 4dsias b culi i

Matrices can be multiplied by a scalar (constant or single
element)

Let k be a scalar quantity; then

KA = AK
Ex. If k=4 and 3 -1
2 1
A=
2 -3
_4 1_




(3 <4t [E =1 12

A0 4 8
4 x = x4 =

2 -3| |2 -3 8

4 1| |4 L] |16
Properties:

k (A+B)=KkA+KkB

« (k+g)A=KA +gA

« K(AB) = (kA)B = A(k)B
* K(gA) = (kg)A

-4
4
-12




MULTIPLICATION OF MATRICES <l siaal) oy

The product of two matrices is another matrix

Two matrices A and B must be conformable for multiplication to
be possible

I.e. the number of columns of A must equal the number of rows
of B

Example.
A x B = C
(1x3) (3x1) (1x1)



B x A = Notpossible!
(2x1) (4x2)

A x B = Not possible!
(6x2) (6x3)

Example
A X B = C
(2x3) (3x2) (2x2)



(&, x
(&, x
(8, %
(8, %

B 3 :)11 b12 B
CTRRR - PINC T ol B | S
C)21 22 |
_a‘21 a‘22 a‘23_ b _C21
» 031 32 _|

0,) + (8, xbyy) + (a3 xbs;) = ¢4

D12) + (a12 s bzz) + (a13 2 b32) —
0,1) + (8, xB,;) + (8,3 xD3,) =Cyy
01,) + (8,, XDy, ) + (8,3 xD3,) =€y

Successive multiplication of row 1 of A with column j of

B —

row by column multiplication




1 2 3 2 2_ (Ix4)+(2x6)+(3x5) (Ax8)+(2x2)+(3x3)
42 7)., | (4x4)+(2x6) +(7Tx5) (4x8)+(2x2)+(7x3)
(31 21
|63 57
Remember also:
A=A
1 0] (31 21 31 21

0 1||63 57| |63 57



Assuming that matrices A, B and C are conformable for
the operations indicated, the following are true:

Al=1A=A

A(BC) = (AB)C = ABC - (associative law)
A(B+C) = AB + AC - (first distributive law)
(A+B)C = AC + BC - (second distributive law)

SR ¥ [P

Caution!

1. AB not generally equal to BA, BA may not be conformable
2. If AB =0, neither A nor B necessarily =0

3. If AB =AC, B not necessarily = C



AB not generally equal to BA, BA may not be conformable

o\ 2
Tv=

_5 O_

S
S =

_O 2_

1 2|3 4] [3 8]
TS = —

5 0/0 2| |15 20

'3 4|1 2] [23 6]
ST = —

0 2|5 0| |10 O




If AB = 0, neither A nor B necessarily =0

1 1§ 2 3 0 O




TRANSPOSE OF A MATRIX 48siwaall ga

If : ¢
2

A —
2X3 5 3 1

Then transpose of A, denoted AT is:

2 5
A'=14 3
71

aij ~ aji For all i and j



To transpose:
Interchange rows and columns

The dimensions of AT are the reverse of the dimensions of A

2
A= 2 X3

3X2

>,

|l
N AN
~ W O




Properties of transposed matrices:
1. (A+B)T=AT+ BT

2. (AB)T=BTAT

3. (KA)T = KAT

4. (AT =A



|

1. (A+B)T=AT+ BT

73 Pl 6
2 -5 G}F W L —
7 2 PRy =

3 —-5|+|5 -2
-1 6] |6 3

8 8

g1

8 -2
8 —7
5 9

5

}_.

8 -2
8 —7
5> 9




(AB)' =
=BT AT




SYMMETRIC MATRIX 4asi sl 43 giuaall

A Square matrix Is symmetric if it is equal to its
transpose:

A=AT

B
0 d

|
d_

a
_b



When the original matrix Is square, transposition does not
affect the elements of the main diagonal

S
_C d_

ol
The identity matrix, I, a diagonal matrix D, and a scalar matrix, K,
are equal to their transpose since the diagonal is unaffected.



INVERSE OF A MATRIX  4dsiwaall (ugSaa g i glia

Consider a scalar k. The inverse is the reciprocal or division of 1
by the scalar.

Example:
k=7 theinverse of korkl=1/k=1/7

Division of matrices is not defined since there may be AB = AC
while B # C

Instead matrix inversion Is used.

The inverse of a square matrix, A, If it exists, Is the unigue matrix
Al where:

AAl =A1A=



Because:

el
A=

L 1_
a1 ~h

_—2 3_
EEndt | SR |
-2 32 1|
3 11 -1
2 1)=2/3 ¢




Properties of the inverse:

(AB) ' =B*A™
(A1)t =A
(A")" =(AT)
N\ i -1
Yrots

A square matrix that has an inverse is called a nonsingular matrix
A matrix that does not have an inverse Is called a singular matrix
Square matrices have inverses except when the determinant is zero

When the determinant of a matrix is zero the matrix is singular



DETERMINANT OF A MATRIX 48siaall a2aa

To compute the inverse of a matrix, the determinant is required

Each square matrix A has a unit scalar value called the
determinant of A, denoted by det A or |A]

e —

1 2
If A=

6 5
then ‘A‘:; 2




If A =[A]Isasingle element (1x1), then the determinant is
defined as the value of the element

Then |A| =det A = a,,

If A Is (n X n), its determinant may be defined In terms of order
(n-1) or less.



- . n
; b, § (PN,
A= d,; 4y, dy

_3-31 a32 ass_
Each element In A has a minor

Delete first row and column from A .

The determinant of the remaining 2 x 2 submatrix is the minor
of a,,

a'22 a‘23

my, =
d;, ds;




Therefore the minor of a,, Is:

m12

a'21
a‘31

And the minor for a,, IS:

m13

a‘21
a31




COFACTORS i) yalf Jaf sl

The cofactor C;; of an element a;; Is defined as:

Cij — (_1)I+J m;

When the sum of a row number i and column j is even, ¢; = m; and
when i+] Is odd, ¢;; =-m;

Cll(i =1 J=1)= (_1)1+1 m,, =—+m,
C,(1=1J=2)= (_1)1+2 My, =—=My,

Ci3(1=1 J=3)= (_1)1+3 Mz = +My;



DETERMINANTS CONTINUED

The determinant of an n x n matrix A can now be defined as
\A\ =detA=a,c,+a,c,+K +a,c,.

The determinant of A is therefore the sum of the products of the
elements of the first row of A and their corresponding cofactors.

(It i1s possible to define |A| in terms of any other row or column
but for simplicity, the first row only is used)



Therefore the 2 X 2 matrix :

dy; dyp
_a21 a22_

A =

Has cofactors :
Cp =My = ‘azz‘ = dy,

And:
C,=—My = ‘a21‘ = —dy

And the determinant of A Is:

‘A‘ = &1Cy1 T A,6, = a3,a,, — a8,



Example 1:

ol

a1
_1 2_
A=R)(2)-O)@) =5




For a 3 X 3 matrix:

d; Qy, dy3
A= d,; dy, ady
Ay dgy g3
The cofactors of the first row are:
ad,, QdAyj
Ci1 = = a,,d33 — A,3as,
A, Agzj
ad,; Ay,
Co =— ~ _(a21a33 — a23a31)
Aj,; Az
a,; a,,
Ciz = = Ay 83, —aA,,as;
dj;; dg,




The determinant of a matrix A is:
‘A‘ = &40y T80 = 1Ay, — Ay,
Which by substituting for the cofactors in this case Is:

‘A‘ — a11(a~225‘33 - azsasz) s a12 (a21a33 - a23a31) b a13(a21332 j a22a31)



Example 2:

1
A= 0
et

O N O
R W -

‘A‘ > a11(3-225‘33 'y azsasz) 3 a12 (a21a33 - a23a31) + a13(a21332 i a22a31)

A= (1)(2-0)— (0)(0+3) + (1)(0+2) = 4



ADJOINT MATRIX 4 al) 48 siaal)

A cofactor matrix C of a matrix A Is the square matrix of the same
order as A in which each element a;; is replaced by its cofactor c;; .

Example:

If V=

12
__3 4_

4 3
-2 1

The cofactor Cof Ais AC =




The adjoint matrix of A, denoted by adj A, is the transpose of its
cofactor matrix

adj(A) = ACT
It can be shown that:
A(adj A) = (adjA) A= |A| |

Example: 1 2
A=
__3 4_
A= (0)(4)-(2)(-3) =10
Gy =AcT |4 T2
adj(A) = "3 1







USING THE ADJOINT MATRIX IN MATRIX INVERSION

Since
AA1l = A1A=|

and
A(adj A) = (adjA) A= |A| |

then



Example

| Bl B\

) §l 2374
ai_ 1[4 -2]_[04 -02
~10|3 1] |03 0.1

To check AALl = ALTA=|

ani_| 1 204 -02
|-3 4|03 01
aip_|04 —02]1 2
|03 01 |-3 4

|




Example 2

o IR AN
A=|2 1 0
1 [ 2

The determinant of A IS
Al = (3)(-1-0)-(-1)(-2-0)+(1)(4-1) = -2

The elements of the cofactor matrix are
C1 = +(_1)’ Ci, = _(_2)’ Ci3 = "‘(3)’

C,, =—(-1), C,, =+(—4), C,3 =—(7),
Gy = +(-1), Csp = —(=2), Cy3 = +(9),



The cofactor matrix is therefore

SO

and

A—l

o1l 2

AC=|1 -4

108 2

Nl
adj(A)= ACT =| 2
3

1

_adi(m) 1|,
A -2

N
. 7

(R
—4 2
-7 5

—4 2

gk

05 —05 05°
~1.0 20 -10
_15 35 -25




The result can be checked using
A A YA

The determinant of a matrix must not be zero for the inverse to
exist as there will not be a solution

Nonsingular matrices have non-zero determinants

Singular matrices have zero determinants



Matrix Inversion

Simple 2 x 2 case



Simple 2 x 2 case

Let
5 h and
A —

C

Since 1t 1s known that
AAl=]|

then




Simple 2 x 2 case

£

It can simply be shown that
\Al=ad -bc



Simple 2 x 2 case

So that for a 2 x 2 matrix the inverse can be constructed

In a simple fashion as

A—l

*Exchange elements of main diagonal

W X
Yy <

d b
A A
—C a
A A

*Change sign in elements off main diagonal

Divide resulting matrix by the determinant




Simple 2 x 2 case

Example

A —

1

Al=_—
10

i

1 -3

Check Inverse
Al A=I

11 1
10

N2

-3

-0.1
0.4

0.3
—0.2




Matrices and Linear Equations

Linear Equations



Linear Equations

Linear equations are common and important for survey
problems

Matrices can be used to express these linear equations and
aid in the computation of unknown values

Example

n equations in n unknowns, the a; are numerical coefficients,
the b; are constants and the x; are unknowns

a, X +a,X, +A +a, X =Db
a, X, +a,X, +A +a, X =D,
M

a. X +a. X, +A +a X =Db

n



Linear Equations

The equations may be expressed in the form

AX =B
where
a; a,A &, X
M M M | M |
_anl anlA ann | _Xn _|
NXnN n X 1

Number of unknowns = number of equations = n

UHCT

<

O




Linear Equations

If the determinant is nonzero, the equation can be solved to produce
n numerical values for x that satisfy all the simultaneous equations

To solve, premultiply both sides of the equation by A= which exists
because |A| £ 0

Al1AX=A1B
Now since
AlA=1I
We get
J X=A1lB

So If the inverse of the coefficient matrix Is found, the unknowns,
X would be determined



Linear Equations

Example

X, — Xy + X =2

2% +X, =1

X, +2X, —X; =3

The equations can be expressed as

3 -1 1
2 1 0
1 2 -1




Linear Equations

When A is computed the equation becomes

X=A"B=

Therefore

05 -05 05 |2

-1.0 20
-15 35
X, =2,

X, =—=3,
Xg =—1

-1.0

-25] 3




Linear Equations

The values for the unknowns should be checked by substitution
back into the initial equations

X, =2, X, — X, +X; =2
X, = —3, 2% +X, =1
X, =—7 X, +2X, —X; =3

3% (2) = (=3) + (-7) =2
2% (2)+(=3) =1
(2) + 2% (=3) = (~7) =3



Differential J«<alaill

adlall A oY) Asidial)

'éﬂﬂdmaz\ﬁﬂ:dh@ y:f(x)t_uls \J}

X Jiteall juriall o jLad) oried LA 134
e A dkail) Jie Al Cay 25 dskata b
Abatill 5 x el b ey Clad) ) saa
o Ax s x + Ax b L e 0B
b x il il gy i 3l el
Gy g A6 Aadll Y oY) Aagll (pe alls)
sl il 8 52l ) sl Ade







YA

ChangeinyY | €======

Change in X Y

Cnange in X

Slope =

>
X


https://www.almrsal.com/post/837138/%d9%85%d8%b4%d8%aa%d9%82%d8%a7%d8%aa-%d8%a7%d9%84%d8%b1%d9%8a%d8%a7%d8%b6%d9%8a%d8%a7%d8%aa
https://www.almrsal.com/post/837138/%d9%85%d8%b4%d8%aa%d9%82%d8%a7%d8%aa-%d8%a7%d9%84%d8%b1%d9%8a%d8%a7%d8%b6%d9%8a%d8%a7%d8%aa



https://www.almrsal.com/post/837138/%d8%a7%d9%85%d8%ab%d9%84%d8%a9-%d8%b9%d9%84%d9%89-%d8%a7%d9%84%d9%85%d8%b4%d8%aa%d9%82%d8%a7%d8%aa
https://www.almrsal.com/post/837138/%d8%a7%d9%85%d8%ab%d9%84%d8%a9-%d8%b9%d9%84%d9%89-%d8%a7%d9%84%d9%85%d8%b4%d8%aa%d9%82%d8%a7%d8%aa

Laa lall liaaa (riad Lea Hlali Joiedl paiall x  x + Ax el
y , y+4dy
o Allall Al dedll culS 13l
y=f(x)
10 5SS B paiall Lgiadd )l8
y+ Ay =f (x + Ax)
X 2 Ax 330 U dasy yallall 4 3ab 3 e Jeast ~ Hlallyg
soAy =f(x+Ax)—f (x)

5 5l ) Al (y) 3 (8 AN (8 Zaalal) ) Jame o e SaY
Ay il Cas dawill as 55 (x, (x + Ax))

AX rol 22385 yidl) s3a 8 Ay eyl ilia

Ay  f(X+Ax)—f(x)
AX AX




Ladie @l g Ax e Loayf aaias % Al b Ax e adiad Ay of dus g

Ladie aamm@wuﬁjﬁ\))@\é\ajjy Ay u\ﬁ)&mﬂ\é\ﬁx Jes
(y) o f< (x)J—UJU— Bl eded Sy sauall W Ax s

:Df s\ Dy 9

AX

/()= fim Yo jym JTXEA)ZTK)

AX —>0AX Ax —>0 AX




x>0lais Y = A/ Xall N0 ddal) aasl  1(1) e

1- y+ Ay =+/X+ AX

2 — .'.Ayzx/x+Ax—\/§

3_ Ay_\/x+Ax—\/§
AX AX
xn an) oyl o Lghls (Sag
X—a

Ay (X+AX)? —x*
T AX (X + AX) — X




A . X+ AX)’2 — X2
y im (X + AX)

4—  |im —=
AX—0 AX  (X+AX)—>X (X+ AX) — X
= E X%_l c— E X_%
2 2
| (SO 188
dx 2

; d ;
et ol ¢ Aaa o YAl 4y dealy L) i an & slina gl g el of ey

p A
adlie o Alay (s (g TS g 5ml 5 Bam g o i) Comy ol (JSS  Al



The velocity : 4= %

s=1(t)

Logmuild (Saall (il Linesl Laa g el oo™ 1" ¢ diladl " s" o ¢ua
Jiad"t" a5l (8 4l s A8 A8l a1 e Adaal 8 vl Aoy Sla) o sthaall
“ e " aa gall anall

s = f(t)

D el A aead] 568t AL G G

s+ As = f (t + At)

At re 5 58l 46 fds e

[+ Al

(Lo a8 ddliua Jati) 28 sl ) 65
As = (t+ At) — f ()



Cro ) Al ddlisal) 123 Jaxa <» Average velocity Ao siall Aoyl ol o i

v _As_ ft+An—f(0)
At At

um&uﬂ\&ﬂ\%@@twj\mw\kﬂ\gﬁj

et AL—>0
Ve fim 23_ fjm JEA0-T1)
At—>0 At At—0 At
O i ARiEA) Cay i e
ds
AR EH

dt



D Al A8Mall ady dua HY) Apdlall 0 s Jadlall anal) o) Caa

im &\ /%
s = — gt
29

ds

N = —
dt



---S—|—AS=%g(t—|—At)2

. AS = % gt + At)~ o gt~®
1 1
As Eg(t—l—At)z —Egtz
AT AT
= [(t +— At)®" —t=]
o5 CENTd Iim =2 i
dt AT—>0 (t +— At) — t




s Jualdill Al i) 681

The fundamental laws of differentiation

(Do (s sbn i ke (gf Jualisl) x Adasi (sl e T jin (s sl AL A1) dsiia 1 Y

Ax 3350 4l (g x ) ) Laga y s imy 138 ¢ i lata ¢ Gy = ¢ il 3
Ay et g ¢ jiuall 4y slua Ay 820 3 () S5 x (B
= _0

AX

D (5 g aliag X saa (5 piiee e uaiy = ¢ Al ) e 12a

ﬂ: lim ﬂ:o

dx AX—0 AX
d

S.—(c)=0
dX( )



ﬁj\gjhduj\a_\;y@ﬁaddcnu,p y:Xn allall dsiia l,).ﬂ.f\
(S

jy 9 %" =n(om

oY) Al sl lea b Blad) oY) @l ghaal) aladiuly elly L) (Say



Cull [)a8a ¢ dua y = c. f(x) M‘Jjﬂgﬂgjbdmbm LGl

dy d o d
o= lefel=c o f(x)

saclall sl L) (S g Jualilll Aadle 7 HlA daas Sy il Jaladll ) (&
Aol 3 oalaally ) Al alagl Lea b Gsalall a9 <l shasl) aladiul,

cliidal ULl £ sanall g gbas J)gall (3a 35030 230 £ gana ABLdia rlad)
-S| ) gal)
X + AX y = u(x) + v(x) + w(x)

) el dic(x) _urciall i 3 i & Jualiill 446 J) gall apen Ol
10552 (



y+Ay = (U+ AU) + (V+ AV) + (W + AW)
S.AY = AU+ AV + AW
Ay  Au AV Aw

TAX . AX AX AX

Y jim Y
dx AX—>0 AX
i AU ) AV ) AW
= Im —+ IIm —+ IIm —

AX—>0 AX AX—>0 Ax AX—>0 AX
. dy du dv dw

- dx dx dx dx




+43)Al) AR aa gl - (4) Jlia
3 2
y=12x" - 6x +5x +9

EIX=12><3X2—6><2X+5><1+O

dx
=36x°—-12X+5
Al A8iéa aa gl (5) JYa
3
— —2 —2\/;4‘7
X
— +0
d f)
6 1



s Oalla Qs Juala AR Ll

o1 oo Aidia B Ay g pune AL ALY 4 AN ABida B Ly puaa ) A
s O

v A0 f(t+At)— f(t)

& At

red LaS A g foabeal) cpa A Y Alidiad) Al < gl aci I3 cLdY
Ol padi .

y =uv
~Y+AYy = (U+ Au)(V+ AV)
Ay = (U+ Au)(V+ Av) —uv
= UAV + VAU + AUAV
dy _ im Ay L AV i AU ) AV
dx AXx—>0AXx Ax—0 Ax AXx—>0 Ax Ax—0 AX



0 Bke Oalll ikl (A padl iy AY o s Y Ul

im Au. lim 2Y
AX—>0 AX—>0 AX

O AL g 8 paliena g Jualdill 4148 431 u=f(x) sy
im Au=0 , Iim &=y¢00
—0 AX—0 AX  dx

e Jaady shuall liglua (198 paY1 aal) 138 old iy

dy dv du
— =u v
dx dx dx




d\jﬂ‘wﬁjm&l{: diuﬂdmhdmwubomuul\blmﬁuuy\ \JA)
y=U.V.W J) g2 &8 O e Jhala Lual 1S 1318
O 2238 (VW) (o U @pin JealaS (paill) o jlall Jiias (Say 4l

dy du d
— = ——(vw u.— (vw
dx dx( )+ dx( )



mqjmqm@g_\)@dmbd‘auﬂhbzmﬁuhd}ag\L:.;SA.‘" 3 4y ylall 03gn g
R y=u,u, ... u, osh ) J) gl

dy du,

_ 2
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