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Chapter One
g d sl alaey)
The Real Numbers

Definition (1.1): (Field) J-2-a-)

A field F is a non-empty set together with two binary operations addition “+”
and multiplication “.” satisfying:

(1) (F,+) is an abelian group.

(2) (F,) is an abelian group.

(3) The distribution law: u. (v + w) =w.v+u.w, Vu.v.win F

Example (1.1):

(1) (N,+,.) is not a field
(2) (Z,+,.) isnot a field
3) (Q,+,.) is a field

(4) (R,+,.) is a field

Definition (1.2): (Ordered Field) <=3~ J-3

Any field (F,+,.) which has ordered relation “<” and satisfy:
(1) a<band c<d = a+c<b+d.,Vab,cdE€EF
2 f0<a<band c<d = a.c<b.d

is called ordered field.

Example (1.2):
(1) (Q.*..) is an ordered field
(2) (R,+,.) is an ordered field




Definition (1.3): (Upper Bound) —lsi8
A real number u is called an upper bound of the non-empty set S € R if u >

x,Vx€ES.

Definition (1.4): (Least Upper Bound) lsiisd 3l
A real number x is called the least upper bound (l.u.b) of the S or supremum
of S if x < u, V u upper bound, denoted by

x = sup(S) = L.u.b(S)

upper bounds of S

set S :/ f \_‘
i

supremum = least upper bound

Figure (1.1) Upper and least upper bounds

Example (1.3):
(1) sup[0,4)= sup[0,4]= 4
(2) sup{3,5.8,9,10}= 10

3) sup{%:nEN}=%

4) sup{x? :—1<x<2,xER}=4

Definition (1.5): (Lower Bound) (o~ 238
A real number ( is called a lower bound of the non-empty set S € R if £ < x,

Vx€ESs.

Definition (1.6): (Greatest Lower Bound) (=l 338 i
A real number y is called the greatest lower bound (g.l.b) of the S or infimum

of Sify = ¢,V £ lower bound, denoted by
y =inf(S) = g.1.b(S)



lower bounds of S

/ * \ set S
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infimum = greatest lower bound

Figure (1.2) Lower and greatest lower bounds

Example (1.4):
(1) inf[0,4)=inf[0,4]=0
(2) inf{3,5,8.9,10}=3

n

Q) inf {(_1)n ‘n € N} =—1

@) inf{x? :=-1<x<2,x€R=0

Exercises (1.1): (Homework)

For each subset of R below, determine if it is bounded above, bounded below, or
both. If it is bounded above (below) find the supremum (infimum).

(1) {1,6,15}

(2) [0.8)

(3) {1 + (_111) inE N}

(4) (-2,0)

(5){x?=3x+2=0:x€R}

6){1<|x|<3:x€R}

Definition (1.7): (Equivalnce Property) — s8Silld ol i

Every non-empty subset of R which bounded below has a greatest lower bound.

Definition (1.8): (Completeness Axiom) Jas Ay goay

Every non-empty subset of R which bounded above has a least upper bound.




