f) = f(x0)

"(x0) = lim
f'(x0) Ll S——
i 12 1%l
= [l _—
xX-=x9 X — Xg
B i o o
= lim =—1
xX=x9 X — X
Whenx =0

_f(0) = f(x0)
m

f(xo):xli>0+ X — xg
. x—f(0)
= lim ———=
x-0t x—20
5 x—O_1
_xirg"x—o_
, o ) = (%)
file) = lim ===
_ . XSO
= lim ——
x=0- x—20
_ 5 —x—O_ 1
_xggl‘ x—0 -

~ f 1is not differentiable.

Theorem (1.1): If f is differentiable at x, then f is continuous at x,.
Proof:

We need to prove lim f(x) = f(x,)
X—>Xg
Since f is differentiable

= f,(xo) — xllm F(x)—1(x0)

= k (since exists and finite)
—Xy X—Xo

Now,



Jim £ 0 =) = Jim L =)
O = k.00= 0

lim £G) = f(x0) = 0

= limf() = f(x)

. f is continuous at x,.

Theorem (1.2): (Combination Rules)

Let f and g be defined on an interval I, and x, € I. Then, if f and g are
differentiable at x,, so are

(i) Multiple Rule cf, for ¢ € R, and (cf)'(xy) = c. f'(x0);

(i) Addition Rule f + g, and (f + g)"(xo) = f'(x0) + g'(%0);

(iif) Product Rule fg, and (fg)"(xo) = f(x0). 9" (x0) + f'(x0). g (x0);

(iv) Quotient Rule g, provided that g(x,) # 0 and

£ I _ gxo) ! (xo)—f(x0) g1 (x0)
(g) (%) = 92(x0) '

Proof:

(i) Since we have (cf)(x) = c.f(x),V x € Dy; hence
(cf)(x) — (cf)(x0)

X—XO

(cf) (x0) = lim

N GORIIED),
X—Xg X — Xy
fO) = f(xo) _

=c. lim =c.f'(x
R —— f(xo0)




(ii) Since we have (f £ g)(x) = f(x) £ g(x),V x € Dy; hence
(f £9)x) = (f £ 9) (%)
X — X
_ i f(x) £ g(x) = (f(xo) £ g(x))
= lim

X—Xq X — Xy

_ i L) = f(x0) + lim g(x) —g(xo)

X—Xg X — X X—2Xg X — Xy

(f +9)'(xo) = lim

= f"(x0) £ 9'(x0)
(111) By using definition (1.1), we have
(fg)(x) — (f9)(xo)
X — Xg
_ i FO09CO) = (09 (xa) + f (g (o) = F()g (o)

X—Xg X — Xp

i G —g(xe)) . gxo)(f(x) — f(x0))
= lim + lim

X—Xg X — Xy X—Xg X — X

(f9) (xo) = lim

= f(x0)- g'(x0) + g(x0)- f'(x0)
(iv) By using definition (1.1), we have

l i B i
<§> (xO) = xlg;l;) (g) (xi - Sg) (xO)
f(x) _ f(x0)
= lim gx)  g(x)

X—=Xg X — Xy

[f (x)g(x0) — f(x0)g(x) + f(x0)g(x0) — f(x0)g(x0)1/9(x)g(x0)

= lim
X=X X — Xo
_ o G (F@) ~ £ (o)) = FOx) (9(0) = 9i0))]/9 G ()
X—>Xg X — Xq
glxo)  f(x) — f(xo) f(xe)  g(x) —g(xo)

= lim ) — lim )
009G A% A gaGe)  x-x
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_ g(xo)f'(x0) = f(x0) 9" (x0)
(g(xo))z

Theorem (1.3): (Composition Rule)
Suppose f is differentiable at x, and g is differentiable at f(x,). Then the
composite function g o f is differentiable at x, and

(g ° ) (x0) = g'(f (x0))- f'(x0)
Proof:
(gofx)—(gef)(xo)
X — X

lim g(f() = g(f(x0)) fx) = f(xo)
X=X X — X f(x) = f(x0)
_ lim 9(f (x)) — g(f (xo)) lim f(x) — f(xo)

x=xg  f(X) = f(xg)  Txoxe  x—Xg

= g'(f (x0)). f'(x0)

(92 1) (x0) = lim

Exercises (1.1) (Homework)
(1) For each of the following functions defined on R, give the set of points at
which it is not differentiable
(a)e x|
(b)sin|x]|
() |sin x|
(d) Ix] + [x =1
(e) |x? = 1]
() |x° — 8|



