(2) Use the definition of derivative to calculate the derivatives of the following
functions at the indicated points
@f(x)=x3atx=2;
b)glx) =x+2atx=a;

(c)f(x) =x%cosxatx =0;
(dr(x) =

A3)
(a) Let h(x) =+/x for x > 0. Use the definition of derivative to prove

3x+4

atx =1.

h'(x) = %forx > 0.

(b) Let f(x) = 3{/? for x € R and use the definition of derivative to prove

f'(0) =5

(4) Let f(x) =x sm( )forx #0and f(0) =0

(a) Use the definition to show f is differentiable at x = 0 and f'(0) = 0.

(¢) Show f' is not continuous at x = 0.

Theorem (1.4): (Local Extremum Theorem) or (Fermat’s Principle)

Let f:(a,b) > R be a function and suppose that f has a local extremum
(maximum or minimum) at a point x, € (a, b). If f is differentiable at x,, then
f'(xo) = 0.

Proof: Let f has local maximum at x, € (a, b)

Then 3 € > 0, such that

X =xol <& = f(x) <f(x), Vx € (a,b)

= f() = f(x) <0



Since |x — x| > 0
either x > x,

= x_x0>0 = f(x)_f(XO)SO

X=X
= f(xp)<0 (1)
Orx < x,

> x—x<0 = %ﬁx") >0

=>f(x)=0 (2)
From (1) and (2), we have

f'(xo) =0

Theorem (1.5): (Rolle’s Theorem)

Suppose that f:[a, b] = R is continuous function that is also differentiable on
(a,b).If f(a) = f(b), then there exists ¢ € (a, b) such that f'(c) = 0.

Proof: If f is constant function on [a, b]

= f'(x) =0, Vx€(ab);

= ¢ may be any point in (a, b).

If f is non-constant function on [a, b], then

either maximum or minimum (or both) of f on [a, b] is different from the value
f(a) = f(b).

Since one of the extrema exists at some point ¢ € (a, b), then by Theorem (1.4)
f'(c)=0.

Example (1.7): Verify that the conditions of Rolle’s Theorem are satisfied by the
function f(x) = 3x* — 2x3 — 2x% + 2x , x € [—1,1], and determine a value of ¢

in (—1,1) for which f'(c) = 0.



Solution:

Since f is a polynomial function

= f is continuous on [—1,1] and differentiable on (—1,1).
Also,

f(-=1) =3(-D*=2(-1)3=-2(-1D*+2(-1) =1
fOH=3D*=-2(1)*-2(1)?*+2(1) =1

= fD=f1)=1

= f satisfies the conditions of Rolle’s Theorem on [—1,1].
Now,

f'(x) =12x3 —6x? —4x + 2

-12(et =) (-3

We have the points — % , % and% in (—1,1). Any of these number will serve for

Theorem (1.6): (Mean Value Theorem)
Suppose that f:[a, b] = R is a continuous function that is also differentiable on

f(b)—f(a)

(a, b). Then there exists ¢ € (a, b) such that f'(c) = -

Figure (1)
Proof:

Let L(x) be the linear function through (a, f(a)) and (b, f (b)),
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L) = @) + LT @ g

Consider the function g(x) = f(x) — L(x).

Since f and L are continuous and differentiable on [a, b]
= g is continuous and differentiable on [a, b]
Moreover, g(a) = g(b) = 0.

So by Rolle’s Theorem, there is ¢ € (a, b) such that

0=g'(c) = f'(c) - F5L2

f(b)-f(a)
> [l ="

Remark (1.1): Rolle’s Theorem is the special case of the Mean Value Theorem
where f(a) = f(b).

Example (1.8): Verify that the conditions of Mean Value Theorem are satistied
by the function f(x) = x> — 6x + 4 , x € [—1,1], and find the value of ¢ that
satisfied the conclusion of the theorem.

Solution:

Since f is a polynomial function

= f is continuous on [—1,1] and differentiable on (—1,1).

-~ f satisfies the conditions of Mean Value Theorem on [—1,1].

We have

f@=fED=CD?-6(-D+4=11
f)=fD=M1?*-6(1)+4=-1

Now,

f(b)-f(a)
f'(e) =L@
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