v lay,l <M, Vn = §isbounded above

= Shaslub (By Completeness axiom)

Let b = Lu.b(S) and for € > 0, we have b —§< b
Hence b — 2 not upper bound

w 3a, st oay>b —§ and < a,, > is increasing then
a, =a,,Vn>k

= b—§<an, vn>k

= |an—b|<§, Vvn>k

= a,—b

» < a, > 1s convergent

Case (2):

A, = apeq1,Vnand |a,| <M ,Vn

The proof is similar to case (1).

Example (2.5): Monotone sequence which is not convergent.
The sequence < 1,2,3,... >1is

(1) Monotone

(2) Bounded below, not bounded above

(3) Not convergent

Example (2.6): The sequence < 1,1.4,1.41,...>inQ is

(1) Bounded by 2

(2) Convergent to V2

Thus V2 & Q then the sequence is not convergent in Q .

Example (2.7): Sequence bounded not monotone.

The sequence < (—1)" > is

13



(1) Bounded by 1
(2) Not monotone

(3) Not convergent

Definition (2.5): (Cauchy Sequence) (~isS 4aliia

A sequence < a, > of real numbers is called a Cauchy sequence if for every
V € > 0, 3 a positive integer k s.t. |a,, —a,| < e,Vm,n>k.

Theorem (2.3): Every convergent sequence is Cauchy sequence.

Proof:

Let < a,, > be convergent sequence and let a,, — a

Let € > 0 since a,, = a, then I k € N s.t. |an—a0|<§,‘v’n>k

Now,VnmeN, nm>k
lan — am| = lan — ao + ap — an|
< la, — aol + |am — aol
<§+§=e
= la, —ayl<e,Vvnm>k
» < a, > is Cauchy sequence
Theorem (2.4): Every Cauchy sequence is bounded.
Proof: Let < a, > be a Cauchy sequence
Lete=1
dkEN, st. |la, —ap4q1|l <1, Vn>k
~lagl <lapyal +1, Vn
Let M = max{|a;|, la;|, ..., la,|, |ane1] + 13
“la, <M, VneN

~ |ay,| is bounded
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Example (2.8): Not Cauchy sequence but bounded.
The sequence < (—1)™ > is bounded by 1
But < (—1)" > is not Cauchy

Lete=%,let keN
1
lan — ansal = 1(=D" = (D" = 2| =2 >~
» < (=1)™ > not Cauchy sequence.
Definition (2.6): (Nested Sequence) Adadaoll Lajliial)
Let < I, > be a sequence of intervals < I, > is called nested sequence if

L1 C€1,,Vn.

_|_.‘L : = ]

0 : | -
'_
j ™ T j| >
0 |
| E , = >
0 |
| ' >
0
Figure (2.3). A sequence of nested intervals
Example (2.9):

<IL,>=< [O,%] > is nested sequence

Theorem (2.5): (Nested Intervals Theorem) — 4dadaal) ci i) 4, i

Let < I,, > be a nested sequence of closed intervals in R such that |I,| = 0 .
Then N, I, # ® and N, [, contains only one element.

Proof:

Let I, = [a,, b,]

Let S; ={a;,a,,...} and S, = {by,b,,...}

Now,a, < b, ,Vn
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am =a, and b, <b, ,Vm=n
= a, < ay, <b,<b,
S ap<b,,Ym=n
~ every element in S, is upper bound for S;
= §; has L.u.b (By the completeness axiom)
Let y = Lu.b(S;)
Sincea, <y, and y<bh,, Vn
>a,<y<b, ,Vn
>ye€el, ,Vn
~yeENL, = NI, #0
n n
Assume y;,y, € Q Iy, Y1 Y,

Since |I,| >0 = |NIL,]|—-0
n

=S |y =y2l=0 = y1 =y,

~ 1 I, contains only one element
n
Example (2.9): <[, >=< [0, %] >
(1) In41 €I,  nested intervals
1
@) Il =]3| -0
(3) g L, = {0}

Theorem (2.7): If F is an ordered field in which every Cauchy sequence is

convergent, then F is complete.
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