Corollary (1.2): Let f be a differentiable function on (a, b) such that f'(x) = 0

for all x € (a, b). Then f is a constant function on (a, b).

Corollary (1.3):Let f and g be differentiable functions on (a, b) such that f' =
g’ on (a,b). Then there exists a constant ¢ such that f(x) = g(x)+c,Vx€
(a, b).

Definition (1.2): Let f be a real-valued function defined on an interval I. We
say

(1) fisincreasingonl,ifx,y € [ and x < y imply f(x) < f(y),

(2) f isstrictly increasingon I, ifx,y € [ and x < y imply f(x) < f(y),

(3) fisdecreasingonl,ifx,y € [ and x < y imply f(x) = f(y),

(4) f isstrictly decreasingon /,if x,y € [ and x < y imply f(x) > f(¥).

Example (1.9): The functions e* on R and v/x on [0, %) are strictly increasing.

The function cos(x) is strictly decreasing on [0, 7].
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Corollary (1.4): Let f be a differentiable function on (a, b). Then
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(1)f is increasing if f'(x) = 0 for all x € (a, b);

(2)f is strictly increasing if f'(x) > 0 for all x € (a, b);

(3)f is decreasing if f'(x) < 0 for all x € (a, b);

(4)f is strictly decreasing if f'(x) < 0 for all x € (a, b).

Corollary (1.5): Suppose that f:[a,b] = R is a continuous function that is
differentiable on (a, b). If f'(x) # 0, for any x € (a, b), then f is injective.
Theorem (1.7): (Intermediate Value Theorem for Derivatives)

Let f be a differentiable function on (a,b). If a<x <y <b, and if
f'(x) < c < f'(y), there exists k € (x,y) such that f'(k) = c.

Applications of Differentiation

Theorem (1.8): (L’Hopital’s Rule)
Let fand g be differentiable on a neighborhood of the point ¢, at which
f(c) = g(c) =0 or £oo. Then

lim £ exists and equals lim ') ,
x—c g(x) x—c g'(x)

provided that this last limit exists.

Example (1.10): Prove that lim €os3%) __ oxists and determine its value.
X—>

T sin(x)—ec0s()

Solution:
Let f(x) = cos(3x) and g(x) = sin(x) — e®°s™)  forx € R
Then f and g are differentiable on R, and

IR
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Now,

. frx) . -3 sin(3x) _ 3 _
x_g gr(x) x_g cos(x)+sin(x).e€os® ~ 0+1(1)

cos(3x)

S0 et ® exist and that its

It follows from L’Hépital’s Rule that the limit of

value is 3.
2
Example (1.11): Prove that lim ——— exists and determine its value.
x—0 cosh(x)—1
Solution:

Let f(x) = x? and g(x) = cosh(x)—1,forx €R
Then f and g are differentiable on R, and
f(0) = g(0) = 0;

. frix) _ . 2x
x>0 9'(X)  x—0 sinh(x)

We have f'(0) = g'(0) = 0;

Now,
S L(CIN _2_
il_T)Yé gr(x) £C—>o cosh(x) 1 2
2
It follows from L’Hopital’s Rule that the limit of wshx(ﬁ exist and that its value

1s 2.

Exercises (1.2) : (Homework)
(1) Determine whether the conclusion of the Mean Value Theorem holds for the
following functions on the specified intervals.
(a)x% on [—1, 2],
(b)sin x on [0, ],
(¢) |x| on [-1, 2],
(d)-on [-1,1],
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()~ on[1,3],
(2) Suppose f is differentiable on R and f(0) = 0, f(1) = 1 and f(2) = 1.
(a) Show f'(x) = % for some x € (0, 2).
(b)Show f'(x) = % for some x € (1,2).
(3) Let f be defined on R, and suppose |f(x) — f(¥)| < (x — y)? forall x,y €
R. Prove f is a constant function.
(4) Show sin x < x for all x = 0. Hint: Show f(x) = x — sin x is increasing on
[0, 00).
Definition (1.3): (Taylor Polynomial) S g Badaia
Let f be n-times differentiable on an open interval containing the point a. Then

the Taylor polynomial of degree n for f at a is the polynomial

"(a) "(a) ™ (a)
Tn(x)zf(a)+f1!a (x—a)+}f 2 (x—a)2+--~+f Yx—-a)"

2! n!

Example (1.12): Determine the Taylor polynomials T; (x), T,(x) and T5(x) for

the function f(x) = sin x at each of the following points:

@Ha=0;

(i) a = g
Solution:
fG0) = sinx. f0) =0 f(3) =1
f'(x) = cos x, £ =1, f'(5) =0
f(x) = —sin x, £(0) = o, f(5)=-1
£ (x) = —cos x, £77(0) = —1, " (5)=o.
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