Hence

@ 700 = f(@+5 2 (x - a)
=) +L2x-0)

=O+%(x—0)=x

1,00 = £(@) + 52 (x — @) + 722 (x - a)?

IO IIO
= fO+E2 - 0) + L2 (x - 0)?
1 0
=O+—(x—0)+z(x—0)2 =X
f! () r'""(a)
3! (

—a)?+ x—a)d

T3(0) = f(a) + 22

= O +EP - o>+”°)< - 02 + =2 - 0y?

x3

=O+§(x—0)+z(x—0)2+_3—!(x—0)3=x—?

@) T, = f(@) + 22 (x - a)

=1 @)+ -3

—1+2 (x—§)=1

f”(a) (x _ a)z

T,(x0) = f(@) + 22 (x - a) + 2

= @)+ (1) L oy
+ 2

(v
=) e =Y
)

(

a) f—(f)(x—a)2+f3—!m)(x—a)3

T30 = f(@) + 22 (x -

O R e ()
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Theorem (1.9): (Taylor’s Theorem)
Let f be (n + 1)-times differentiable on an open interval containing the points a
and x. Then

F™(a)

n!

f)=fa)+f'(@)(x—a) @ (x—a)?+ -+

= (x—a)*+ R,(x)

(n+1)
Where R, (x) = il C)

e (x — a)™?!, and c is some point between a and x.

Corollary (1.6): (Remainder Estimate)

Let f be (n + 1)-times differentiable on an open interval containing the points a

and x. If |f™*D(c)| < M, for all ¢ between a and x, then
f) = T(x) + Rp (%)
Where

|R ()| <

_ n+1
=+ 1) |x = al

Example (1.13): By applying the Remainder Estimate to the function

f(x) = sin x, with a = 0 and n = 3, calculate sin(0.1) to four decimal places.

Solution:

f(x) =sinx, f(0) =0,
f'(x) = cos x, f1(0) =1,
f"(x) = —sinx, f(0) =0,
f"(x) = ~cos x, () = -1,

Hence the Taylor polynomial of degree 3 for f at 0 is

17



3
T3(x) = x—x?

Now,
Ir®©|
IR3(0.)] = L= 0.1 - 03+
_|sinc|
0.1)*
o <01
1
SgX(OOOOl) = 0.0416 X 107* < 0.5 x 107>
Now,
sin(0.1) = T5(0.1) + R5(0.1)
0.001 .
(Ol—T)+(05x10 )
= 0.0998333 ...+ (0.5 x 107°) = 0.0998
Hence

sin(0.1) = 0.0998 (to four decimal places).

Example (1.14): By applying the Remainder Estimate to the function f(x) = e”*,

with a = 0, calculate e to three decimal places.

Solution:

The Taylor polynomial of degree n for f at 0 is
T,) = f@ + 52— a) + 5D (x — )2 4+ L2 (- gy

= f O+ L2~ 0) + 22 (x — 02 4 - + LD (x — 0y

=1 4—x+—x2 4"
1! 2! n!
Now,

|f(n+1)(c)|

(n+1)! [1-o™*

IR,(D] =

18



le€|

TSI
< ﬁ , forall ce€(0,1)

To calculate e to three decimal places, we must choose n so that
3
(n+1)!

Since 7! = 5,040 and 8! = 40,320, we may safely choose n =7

<2x107% = (n+1)!> 15,000

It follows that
e =~T,(1) +R;(1)
1 1 1 1 1 1 1 3
=l+otot gttt taty
=14+1+0.5+0.16 + 0.0416 + 0.0083 + 0.00138 + 0.000198412 ...
+0.000074404 ...
= 2.7182818....

Hence, e = 2.718 (to three decimal places).

Example (1.15): Calculate the Taylor polynomial T5(x) for f(x) = x_Jlrz at 1.
Show that T5(x) approximates f(x) with an error less than 5 X 1073 on the
interval [1,2].

Solution: Here

FO) ==, F =5
f’(X)=—ﬁ, f'(1)=—%;
F@O =gy D=
0= =,
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