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Example (3.5): Test the series Yp—q % for convergence or divergence.

1

. . 1. . Inn
Solutions: Since Z;‘{;l; is divergent and — >

Inn .
= 2;‘{;17 diverges

Definition (3.5): (Alternating Series) 4 sbiiall dleddeiial)

)Tl—l

The alternating series ), —;(—1 a,, (a, > 0) is convergent if satisfies

Ani1 < ay,Vnand lima, =0.

n—->oo

(="

Example (3.6): Test the series ) p—; for convergence or divergence.
. . 1.
Solutions: Since Y., — satisfies
Apyq < a,, because — <=, Vn and
n+l — “n» n+1 n’
. .1
lima, = lim - =0.

n—oo n—-oo N

o (D"t
= Y-t

converges

Definition (3.6): (Absolutely Convergent) (#aall &l
A series ).;—;a, is absolutely convergent if the series of absolute values

Y>> . lay,| is convergent.
n=110n g

Example (3.7): The series

o (D" 1 1 1
Inmt = l-mtm ot

is absolutely convergent because

i |

1s a convergent p-series (p = 2)

(=)
n2

o 1 1 1 1
=Zn=1§—1+2—2+3—2+z+"'
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Definition (3.7): (Conditionally Convergent) gl &l
A series ).;—4 a, is called conditionally convergent if it is convergent but not

absolutely convergent.

is convergent, but it is not absolutely convergent because

i |

Which is the harmonic p-series (p = 1) and its divergent.

(-
n

—yo 1_ 1.1 1.
_Zn=1n_1+2+3+4+

Theorem (3.4): If a series Y-, a, is absolutely convergent, then it is

convergent.

Proposition (3.1): (Root Test) il jLid)

Let ):n—; a, be infinite series, a, > 0, V n, then

(i) If lim%/a, =L <1, then };_; a, is convergent.
n—-oo

(i) If lim%/a, =L > 1, or lim%/a, = oo, then Y5°_; a,, is divergent.
n—-oo n—->oo

(iii) If lim %/a,, = 1, the Root Test is inconclusive.
n—-oo

n
Example (3.9): Test the convergence of the series )4 (—22:2)
n
Solution: a, = (22:2)

. . nfan+3\"
lim%/a, = lim ( )
n—-oo n—oo 3n+2

: 2n+3
Thus, the series Y.p—; ( i

n
) converges.
3n+2
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Proposition (3.2): (Ratio Test) sl i)
Let Yo a, be infinite series, a,, > 0, V n, then

() If lim % = L < 1, then Y5°-; a,, is convergent.
n—oo n

a . a . .
=2 =1 > 1,0r lim =2 = oo, then Y5, a,, is divergent.
an n—-oo Qan

(i) If lim
n—-oo

(iii) If lim 2nt1 — 1, the Ratio Test is inconclusive.

n—-oo QAan

3
. . o N
Example (3.10): Test the convergence of the series Yn-; per
. n’
Solution: a,, = per
(n+1)3
lim L = [im 2
n-oc an n—oo n_;
3

n—00 3n+1 3
3 3
. 1/n+1 . 1 1 1
= llm—(—) = llm—(1+—) =-<1
n—oo 3 n n—oo n 3
3

. n- .
Thus, the series Yoy S 18 convergent.

Exercise (3.1): (Homework)
For each of the following series, determine which ones are convergent and

which are divergent.
(1) Xr=, 2231
o (1)"3n
@ T, S5
o 1
(3) Zn=1§
Vn

1+n?

4 Xn=1
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Chapter Four
i yial) i eliadl)
Metric Spaces

Definition (4.1): (Metric Space) il sladll
Let X # @ beasetand d: X X X — R be a function satisfies that:
(H)d(x,y) =20, Vx,yeX, dx,y)=0 e x=y
(2) d(x,y) = d(y,x)
(3) d(x,z) <d(x,y) +d(y,2)
Then d called a metric on X and (X, d) is a metric space.
Example (4.1): Let X =R, d:RXR - R and d(x,y) = |x — y|. Show that
(X, d) is a metric space.
Solution:
(D) dxy)=Ilx—yl[=0
dx,y) =0 @ [x—y|=0 x—y=0 & x=y

2) dix,y) =Ilx =yl =y — x| =d(y,x)
(3) d(x,z) = |x— 2|

Slx=yl+ly -z

=d(x,y) +d(y,2)
=>d(x,z)<dxy)+dy,z), V x,y,Z€R

~ (R,d) is ametric space or (d is a metric on R).

1 * )
Example (4.2): Let X #+ @ be a set and d(x,y) = {0 i _ ; . Show that d is a
metric on X.
Solution:

(1) d(x,y) =20, Vx,yeX
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