dx,y) =0 © x=y

Q) Ifx#+y = dlxy)=1=d(yx)
Ifx=y = d(x,y) =0=d(y,x)

B Ifx=y,y=z = d(x,y)+dy,z)=0+0=0=d(x,2)
Ifx=y,y#z = dxy) +dy,z)=0+1=1=d(x,2)
Ifx#y,y=z = dxy)+dy,z)=1+0=1=d(x,2)
Ifx#y,y#z = dxy)+dy,z)=1+1=2>1=d(x,2)
vd(x,z) <d@x,y)+d(y,z), Vxy,zeX

~ (X,d) is ametric space

Example (4.3): Let X # @ be a set and d(x,y) = |x? — y?|. Determine whether

d is a metric on X or not.

Solution:

(1) dx,y) = x> =y*| =20,V x,y€X
d(x,y) =0  |x2—y%| =0

o x2—y*=0
& x?=y? = x=y or x=—y

~ (X,d) is not a metric space.

Example (4.4): Let X # @ be a set and d(x,y) = |x — 2y|. Determine whether

d is a metric on X or not.

Solution:

(H)d,y)=|x—2y| =20,V x,yeX
dx,y) =0 © |x—2y| =0

< x—2y=0
S x=2y > xFYy
~ (X,d) is not a metric space.
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Example (4.5): Let X = R and d(x,y) = +/|x — y|. Show that (X, d) is a metric
space.

Solution:
(1) d(x,y) =lx—y[ =0
dix,y) =0  J|lx—y|=0 e |[x—y|=0 x—y=0 x=y
2) dx,y) =Ix =yl =/ly —x[ =d(¥,x)
3) d(x,z) = /|x — 2|
=Jlx—y+y—z
<Jlx—yl+ly—7
<VJlx=yl+ly -zl

=d(x,y) +d(y,z)
s d(x,z) <d(x,y)+d(y,z), V x,y,Zz€R

=~ (R,d) is ametric space or (d is a metric on R).

Example (4.6): Let X = R? = {x = (x1,x,):x; ER} and d:R?> X R? >R
1
defined by d(x,y) = [X2,(x; — v;)?]z . Show that (X, d) is a metric space.

(1) d(,y) =/ —y)2+ (, —¥,)2 20, Vx,y€R?

dx,y) =0 & (XZ,(x;—y)?)*=0
< Ziz=1(xi - 3’1')2 =0
@xi—yi=0(:>xi=yi, Vi=12
@) d(xy) = [Z2,(x — y)2]
= [S2,(y; — )%z
= d(y,x)
(3) d(x,2) = [S2,(x; — 2%z

= \/(xl —71)% + (x; — 23)?
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=\/(x1 — Vi + V1 —21)%+ (0 =y, + ¥y, — 2,)?
<V =32+ 01— 202 + (= 72)* + (02— 22)?
=J01 —y)% + Gy — y2)2 +/ (1 — 20)2 + (v, — 2,)?

= (22, — y0)?Jz + [X2 1 (v, — )%z
=d(x,y) +d(y,z), V x,y,z € R?

= (R?d) isametric space

d(x,y)

Example (4.7): Let (X,d) be a metric space and p(x,y) = TPTOIR Show that

(X, p) is a metric space.

d(x,y)

(1) Since d(x,y) > 0 Tratey)

>0 = plx,y)>0

Since d(x,y) =0 © x=y

d(x,y) _ 0 —0
1+d(x,y) 140

(2)Since d(x,y) = d(y, x)

d(x,y) _ d(y,x)
1+d(xy) 1+d(y,x)

= p(x,y) = S x=y

= px,y) = = p(y,x)

(3) We have
d(x,z) <d(x,y) +d(y,z)

1 > 1
d(x,z) — d(xy)+d(y.z)

1 > 1
d(x,z) — d(x,y)+d(y,z)
1+d(x,2) > 1+d(x,y)+d(y,2)
d(x,z) — dxy)+d(y,z)
axz)  _ d(x,y) a(y.z)
1+d(x,z) = 1+d(x,y)+d(y,z) 1+d(x,y)+d(y,z)

dxz) _ _dxy) a(y.z)
1+d(x,z) — 1+d(x,y) 1+d(y.2)

= 1+

= px,2) < p(x,y) +p(y,2)
(X, p) is a metric space



Definition (4.2): Let (X, d) be a metric space and let x, € X, r = 0. Then
(1)B,-(xg) = {x € X:d(x,x,) < r} aset called the ball of center x,, and radius r.
(2)S,(x) = {x € X:d(x,x,) = r}aset called the sphere of center x, and radius r

(3)D,-(xo) = {x € X:d(x,x,) < r}aset called the disk of center x, and radius r.

""""""""""""""""""""""""""""""""""""""""""""" s
Note (4.1): Sometimes we write B, (x,) as N.(x,) and read the neighborhood
(nbh) of a point x, € X, i.e. N.(xy) = {x € X:d(x,x,) < €}.

Definition (4.3): (Interior Set) 43l ds gaxall

Let (X, d) be a metric space and A C X, the point x is an interior point of A iff

Ar >0 s.t. B.(x) € A. The set of all interior points is called interior set of A
and denoted by A°.

Example (4.8): Find the interior set for each of the following sets
(1) A=1{1,23,4},
SinceVx €A,B.(x) A, Vr>0
= A°=0
Q) A={x€ER1<x<3)}
Since B,(3) € A,Vr >0 = 3 not an interior point of A
SinceVx € (1,3) = B (x) €A, r>0
=> A°=(13)
B)A={x€eER-1<x<1}
SinceVxe(—1,1) = B,(x) €A, r>0
> A= (-1,1)
WA ={x€R:0<Lx}
Since B,.(0) € A,Vr >0 = 0 not an interior point of A
SinceVx € (0,0) = B.(x)) €A, r>0
= A° = (0,)
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