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Definition (2.2):  (Lower and Upper Riemann Sums)    

Let  be a bounded function on , and  a partition of  

given by . We denote by  and  the quantities 

  and  . 

Then the corresponding lower and upper Riemann sums for  on  are 

   and   

 

 

-------------------------------------------------------------------------------------------------- 

Example (2.2): Let  , , and let  be a 

partition of . Evaluate  and . 

 

Solution:  

Since  is increasing and continuous.  
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The infimum ( ) of  is the value of  at the left end-point of the subinterval 

and 

The supremum ( ) of  is the value of  at the right end-point of the 

subinterval. 

Hence, 

 ,    ,    , 

 ,    ,    , 

,    ,    . 

It follows that 

  

  

  

  

  

  

-------------------------------------------------------------------------------------------------- 

Example (2.3): Evaluate  and  for the following function and 

standard partition of ,  , , and  

; and determine  and 

, if these exist. 
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Solution: 

Since  is increasing and continuous.  

The infimum ( ) of  is the value of  at the left end-point of the subinterval 

and 

The supremum ( ) of  is the value of  at the right end-point of the 

subinterval. 

Hence, on the th subinterval  in , for , we have  

 ,    ,    , 

It follows that 

  

  

  

  

  

  

It follows that 
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-------------------------------------------------------------------------------------------------- 

Theorem (2.1): For any function bounded on an interval  and any 

partition  of , . 

Proof: 

Let  

Then, we have  

,   ,  

   

 

   

-------------------------------------------------------------------------------------------------- 

Definition (2.3): (Refinement)    

The partition  is a refinement of  if  (that is, if every point of  is a 

point of ). Given two partitions,  and , we say that  is their common 

refinement if . 

-------------------------------------------------------------------------------------------------- 

Example (2.4): The partition  of  is a 

refinement of the partition , since it simply has one 

additional partition point  as compared with . 

-------------------------------------------------------------------------------------------------- 


