Definition (2.2): (Lower and Upper Riemann Sums) il g Lladl layy asalaa

Let f be a bounded function on [a, b], and P a partition of [a, b]

given by P = {[x;_1,x;] : 1 < i < n}. We denote by m; and M; the quantities
m; = inf{f(x):x € [x;—1, %]} and M; = sup{f(x):x € [x;_1, x]}.

Then the corresponding lower and upper Riemann sums for f on [a, b] are

L(f; P) = Z?:lml(le and U(f) P) = Z?:l Mlgxl

y=f(x)

Example (2.2): Let f(x) =x , x € [0,1], and let P = {[0,5] [2.2]. |3, 1]} be a
partition of [0,1]. Evaluate L(f, P) and U(f, P).

Solution:

Since f is increasing and continuous.
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The infimum (inf) of f is the value of f at the left end-point of the subinterval

and

The supremum (sup) of f is the value of f at the right end-point of the

subinterval.
Hence,
1 1 1 1
m; =f(0)=0, M1=f(g)=g, 6x1=E—()=E,
1 1 1 1 1 1 3
m=f(5)=5. M=f(3) =3 m=3;-7=1.
1 1 1 1
my=f(3)=3. My=f)=1, Sxz=1-3=1.

It follows that
L(f,P) =Y}  mi6x; = m;6x; + my8x, + m38x;
=0X-+oX—F2x=
5 5 10 2 2
1_ 31

50 4 100

U(f, P) = i3=1 Ml5xl = M15x1 + M25x2 + M36X3

1 1 1 3 1
= X=+-X—+1X-=
5 5 2 10 2
1 3 1 69

Example (2.3): Evaluate L(f,P,) and U(f, B,) for the following function and

standard partition of [0,1], f(x) = x, x € [0,1], and
P, = {[O,ﬂ,[i,ﬂ, . i%,%], - [1 —%, 1]}; and determine T{llrc}o L(f,P,) and

lim U(f, B,), if these exist.
n—oo
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Solution:

Since f is increasing and continuous.

The infimum (inf) of f is the value of f at the left end-point of the subinterval
and

The supremum (sup) of f is the value of f at the right end-point of the

subinterval.

Hence, on the ith subinterval [%,ﬂ in P, for 1 <i <n, we have

m=f(T)=5 =1 () =g m=0mT=s

It follows that

—1
L(f; Pn) = Z?=1 mi6xi = ?=1lT X

1 )
= E{Z;‘Lll — 21 1}

— i{n(n+1) _ Tl} _ n-1

n2

Sir

U(f,B,) = Xz Mi6x; = ¥,

It follows that
lim L(f,P) = lim 2= =2
n—-oo n—ooo 2n
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Theorem (2.1): For any function f bounded on an interval [a,b] and any
partition P of [a, b], L(f,P) < U(f, P).

Proof:

Let P = {[xj_1,x;] : 1 <i<n}

Then, we have

inf{f (x):x € [x;—1, %]} < sup{f(x):x € [x;_1, 11}, VIxiq,x],1<i<n

ﬁmiSMl’

n n
zZmlﬂxi < ZMi5xi
i=1 i=1

~ L(f,P) S U(f,U)

Definition (2.3): (Refinement) i)
The partition P’ is a refinement of P if P’ © P (that is, if every point of P is a
point of P"). Given two partitions, P, and P,, we say that P’ is their common

refinement if P’ = P, U P,.

Example (2.4): The partition P’ = {[0,2], 2.2, 2.3| |5, 1]} of [0.1] is a
refinement of the partition P = {[O, %], E,z], E, 1]}, since it simply has one

additional partition point % as compared with P.
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