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Lemma (2.1): Let  be a bounded function on an interval . Let  and  be 

partitions of , where  is a refinement of  that contains just one additional 

partition point. Then  

    and    . 

-------------------------------------------------------------------------------------------------- 

Definition (2.4): (Riemann-Integrable Function)   

Let  be a bounded function on an interval . Then we define:  

 The lower Riemann integral of  on  to be , 

 The upper Riemann integral of  on  to be , 

Where  denotes partitions of . 

Further, if the lower and upper integrals are equal, we say that  is Riemann-

integrable on , (  or   to be their common value; that is 

 

-------------------------------------------------------------------------------------------------- 

Example (2.5): Prove that the function 

 

is not Riemann integrable on . 

Solution: 

Let  be any partition of . 

Then  

 

and 
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     is not Riemann integrable on   (or ). 

-------------------------------------------------------------------------------------------------- 

Example (2.6): Let  defined as  

 

Prove that  is Riemann integrable on . 

Solution: 

Let   

We have 

 ,   ,  .  

and 

,     

,     

,     

 

It follows that 
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We get 

  

  

 

  is Riemann integrable on ,  (or ). 

-------------------------------------------------------------------------------------------------- 

Example (2.7): Let  defined as  

 

Prove that  is Riemann integrable on . 

Solution: Let 

  

 ,   , 

 , , 

  

We have  

,  
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,     

,    

,     

,    

and 

  

  

  

  

  

It follows that 

  

  

  

  

  

  

  

  

We get 


