Lemma (2.1): Let f be a bounded function on an interval [a, b]. Let P and P’ be
partitions of [a, b], where P’ is a refinement of P that contains just one additional

partition point. Then
L(f,P) < L(f,P") and U(f,P") <U(f,P).

Definition (2.4): (Riemann-Integrable Function) (e ) Jalsill 418 44

Let f be a bounded function on an interval [a, b]. Then we define:

e The lower Riemann integral of f on [a, b] to be ff f =sup L(f,P),
& P

e The upper Riemann integral of f on [a, b] to be ff f =inf U(f,P),
P

Where P denotes partitions of [a, b].

Further, if the lower and upper integrals are equal, we say that f is Riemann-

integrable on [a, b], (f € R[a, b]) or ff f to be their common value; that is

Example (2.5): Prove that the function

Flx) = { 1, 0<x<1, «x rational
0, 0<x<1, «x irrational

is not Riemann integrable on [0,1].

Solution:

Let P = {[xq, x1], [x1, %3], -, [Xi—1, Xi], - » [Xn—1, X ]} be any partition of [0,1].
Then

n n 1
L(f,P)=Zmi6xi=ZO><5xi=O = jf=0
i=1 i=1 0

and
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1

n n n
U(f,P)=ZMi5xi=21><6xi=26xi=1 = f=
i=1 i=1 i=1 0

Since jolf * j:f

= f isnot Riemann integrable on [0,1] (or f & R[0,1]).
Example (2.6): Let f:[—1,1] = R defined as

(2 if x<0
f(x)‘{3 if x>0

Prove that f is Riemann integrable on [—1,1].

Solution:
teep = {12 22 )

We have

Sxy=———(-1)=1-=, fx,=—— (=) ==, 803 =1——.

and

m, = inf {f(x):x € :—1,—%]} =2, M, = sup {f(x):x € [—1,—%]} =2
m, = inf {fG)ix € |-~} =2, My=sup{fe)xe|--]}=3
my = inf {fO):x € [, 1]} =3, My =sup{f:xels,1]}=3

It follows that
L(f,P) =Y} mi6x; = m;6x; + my6x, + m38x;

1 2 1
=2x (A=) +2X=+3x(1--)
=2-24243-2=5--

n n n n

U(f, P) = i3=1 Ml5xl = M16x1 + M26XZ + M35x3
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1 2 1
—2><(1—;)+3x;+3><(1—;)

=2-24243-2=542
n n n n

We get
[, f = sup L(f,P) = sup{4,4.5,4.6666 ,4.75 ,4.8,4.8333, ...,5} = 5
— P

L= inf U(f, P) = inf(6,55,5.3333,5.25,52,5.1666, .. 5} = 5

- L= ffs-

f is Riemann integrable on [—1,1], (or f € R[—1,1]).
Example (2.7): Let f:[—2,2] = R defined as

1 if -2<x<-1
f(x)=43 if -1<x<1
5 if 1<x<2

Prove that f is Riemann integrable on [—2,2].

Solution: Let

R At ETE ACREREE N (EERTE NP

1

22}

n

§x;=—1—-=—(-2)=1—=, 6, =—1+-—(-1-) ==

n)
1 1 2 1 1, _ 2

SX3—1—;-(—14—5)—2—;,69@}—1+Z—(1—Z)—;,

Sxs=2-(1+)=1-=

We have

m, = inf {f(x):x € [—2,—1 - 1]} =1,

n
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m, =inf{f(x):x € :—1 —%,—1 +%]} =1,
fuyxe}4+51—ﬂ}=,

1

fuyxe}—zj+ﬂ}=&

ms = inf {f():x € [1+2,2]} =5,

My =sup{f(x):xe|-2-1-|} =1

n

fuyxe}1—i—1+ﬂ}=3

1

{

{

M, =sup{f(x):x € :—1 +%,1—%]} =3
M, =sup{f(x):x € :1—;,1+%]} =5

M = sup{f(x):x €1 +%,2]} =5
It follows that
L(f,P) = 5, m;6x;
=m,0x; + my&x, + mgdxsz + mydx, + mgxs
1 2 2 2 1
—1><(1—;)+1><; +3X(2_Z)+3XZ+SX(1_Z)
=1-24+246-24245-2-12-2
n n n n n n
U(f,P) = I, M;6x,
= M15X1 + M25x2 + M36X3 + M45X4 + M56X5
1 2 2 2 1
—1><(1—;)+3><; +3X(2_Z)+5XZ+5X(1_Z)
=1-24246-24245-2-1242
n n n n n n

We get
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