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Example (4.14):  

(1)   

         

  

(2)    

     

  

------------------------------------------------------------------------------------------------- 

Definition (4.8):  (Exterior Set)        

Let  be a metric space and , the exterior set of , is defined as: 

. 

------------------------------------------------------------------------------------------------- 

Example (4.15): Let  be a metric space and  

  

  

------------------------------------------------------------------------------------------------- 

Definition (4.9):  (Boundary Set)        

Let  be a metric space and , the boundary set of , is defined as: 

. 

------------------------------------------------------------------------------------------------- 

Example (4.16): Let  be a metric space and  

  

  

  

------------------------------------------------------------------------------------------------- 

Definition (4.10): Let  be a metric space. Let  be a sequence in . 

We say that  is convergent to  if   

. 
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i.e.   or   

If no such number  exists, we say that  diverges. 

------------------------------------------------------------------------------------------------- 

Proposition (4.1): If  is convergent, and  then  is unique. 

Proof:  Assume  and    ,     

Assume  

 

By definition of convergent  contains almost element of  

And  contains almost element of    C!  

Thus,  

  The convergent point is unique 

------------------------------------------------------------------------------------------------- 

Definition (4.11): Let  be a metric space. Then the sequence  is 

said to be bounded iff   s.t.  . 

------------------------------------------------------------------------------------------------- 

Definition (4.12): Let  be a metric space. The sequence  is called a 

Cauchy sequence (essential sequence) if for every ,   s.t. 

, . 

------------------------------------------------------------------------------------------------- 

Proposition (4.2): If  is a metric space, then every convergent sequence is 

Cauchy sequence. 

Proof:  

Let  be a convergent sequence i.e.  .  

Let  then  s.t.  

Now,  

  



35 
 

   ,  

   is Cauchy sequence 

------------------------------------------------------------------------------------------------- 

Note (4.4): The converse of the above proposition is not true as shown in the 

following example. 

------------------------------------------------------------------------------------------------- 

Example (4.17):  

(1)  Let  ,  is the absolute value the  is Cauchy sequence but 

not convergent in . 

(2) Let  , and   then  is 

Cauchy sequence but not convergent in . 

------------------------------------------------------------------------------------------------- 

Definition (4.13): A space is complete if every Cauchy sequence is convergent. 

------------------------------------------------------------------------------------------------- 

Theorem (4.4): The Euclidian spaces   are complete  .  

Proof:  

It is enough to prove that it is true for  

Let  be Cauchy sequence in   

Let  , assume , where   

Since  is Cauchy sequence  

  s.t.  ,  

i.e.   

    

     and   ,    

Since   and  are Cauchy Sequence in  and 

Since  is a complete space 

    and  are convergent  

Therefore,  s.t.    and   
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i.e.  s.t.   and   ,   

Let  

   

  

 ,    

     is a convergent  

    is complete metric space. 

------------------------------------------------------------------------------------------------- 

Definition (4.14): (Contraction Mapping)   

Let  be a metric space. A mapping  is a contraction mapping if 

constant , with , s.t. ,  .  

 
Figure (4.1).  is a contraction mapping 

------------------------------------------------------------------------------------------------- 

Theorem (4.5):  (Contraction Mapping Theorem)   

Let  be a complete metric space. Let  is a contraction mapping, 

then unique  such that  . 

Proof: 

Let  be any point in , we define a sequence  in  by  

 , for each  

i.e.  

  


