Example (4.14):
(1) A={123}
Vx€EA B(x)3x;(B:(x)NA){x} =0 = A' =90
= A =AUA = {1,2,3}
@) A=Q
= Q'=R
= Q=QUQ'=QUR=R
Definition (4.8): (Exterior Set) 4 il ds sagall
Let (X,d) be a metric space and A C X, the exterior set of A, is defined as:
A¢ = A°
Example (4.15): Let (R, d) be a metric space and A = (1,5]
A = (=0,1]U(5, »)
A = A€ = (=0, 1)U(5, )
Definition (4.9): (Boundary Set) 33l 4 gaxa
Let (X,d) be a metric space and A c X, the boundary set of A, is defined as:
A=A4A-4.
Example (4.16): Let (R, d) be a metric space and A = (0,2)
A’ = (0,2)
A=1[0,2]
AP = A— A" =10,2]-(0,2) ={0,2}
Definition (4.10): Let (X, d) be a metric space. Let < x,, > be a sequence in X.
We say that < x,, > is convergent to X, if

Ve>0,3k€EN s.t. d(x,xy)<e,Vn>k.
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ie. limx, = x, or x, = X,
n—-oo

If no such number x, exists, we say that < x,, > diverges.

Proposition (4.1): If < x,, > is convergent, and x,, = X, then x is unique.
Proof: Assume x, # ypand x, = Xy, X, = Vo

Assume d(xy,vy) =71

Let Bg(xo) and Bg(yo)

Now, Bg(xg)ﬂBg(yo) =0

By definition of convergent Bg(xo) contains almost element of < x,, >
And Bg(}’o) contains almost element of < x,, > C!

Thus, Xo = Yo

= The convergent point is unique

Definition (4.11): Let (X,d) be a metric space. Then the sequence < x,, > is
said to be bounded iff 3 M € R s.t. d(x,,,0) < M,Vn.

Definition (4.12): Let (X, d) be a metric space. The sequence < x,, > is called a
Cauchy sequence (essential sequence) if for every Ve >0, 3 k€N s.t.
d(xX;,, x,) <&, Vmmn>k.

Proposition (4.2): If (X, d) is a metric space, then every convergent sequence is
Cauchy sequence.

Proof:

Let < x,, > be a convergent sequence i.e. X, = X, .
Lete > 0then3 k € N s.t. d(xn, %) <> ,¥Vn >k
Now, d(xp, xpm) < d(xp, Xo) + d(xg, X)
& &
< 2 + 5= &
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= dxX,xm) <e,Vnm>k
« < x, > is Cauchy sequence

Note (4.4): The converse of the above proposition is not true as shown in the

following example.

Example (4.17):
(1) Let X = R/{0}, d is the absolute value the < % > is Cauchy sequence but

not convergent in X.
(2)LetX = Q ,and < x, >={1,1.4,1.41,1.414, ...} > V2 & Q then < x,, > is

Cauchy sequence but not convergent in X.

Theorem (4.4): The Euclidian spaces R* are complete V k .
Proof:

It is enough to prove that it is true for k = 2

Let < z,, > be Cauchy sequence in R?

Let € > 0, assume z,,, = (X, Yin), Where x,,,, Vi, € R
Since < z,, > is Cauchy sequence

dkeNstd(z,,z,) <e,Vmn>k

e/ (tm —x)2+ (U — )2 < ¢

= (tm = X%0)? + O — yn)? <&

2 X, —x0 <€ and |y, —yl<e , Vmn>k
Since < x,,, > and < y,,, > are Cauchy Sequence in R and
Since R is a complete space

= < x,, > and < y,,, > are convergent

Therefore, 3 x4, Y9 € R s.t. x,, = xo and y, = Yo
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ie. 3k € N s.t. |x,;, — x| <§ and |y, — Yol <§ ,Vm>k
Let zy = (%o, Y0)

= (d(zmrzo))z = (xm - XO)Z + (ym - J’O)Z

2 2 2
& & &
<—4+—=—
4 4 2

= d(z,,z0) <e,Vm>k

= <z, > isaconvergent

~ R? is complete metric space.

Definition (4.14): (Contraction Mapping) (<SGl

Let (X, d) be a metric space. A mapping f:X — X is a contraction mapping if
3 constant ¢, with 0 < ¢ < 1, s.t. d(f(x), f(¥)) < cd(x,¥),Vx,y EX .
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Theorem (4.5): (Contraction Mapping Theorem) (5baSi¥) gadail) 4y Jas

Let (X, d) be a complete metric space. Let f: X — X is a contraction mapping,
then 3 unique x such that f(x) = x .

Proof:

Let x, be any point in X, we define a sequence < x,, > in X by

Xn, = f(xp—1),foreachn € N

ie x; = f(x)

X, = f(x1) = f(f(x0)) = £2(x0)
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