2
ff=SwLUP)
=2 P
= sup{8,10,10.6666,11,11.2,11.3333,...,12} = 12

2
ff=h#UUf)
-2 P

= inf{16,14,13.3333,13,12.8,12.6666, ..., 12} = 12

[s-L- L7

f is Riemann integrable on [—2,2], (or f € R[—2,2]).

Example (2.8): Let f:[0,1] - R defined as f(x) = x?, prove that f is Riemann
integrable on [0,1].

Solution:

tee, = {log]. [52L [5l - [5 sl - [t =21

Sx;==,V i=123.,n

and

= inf {f():x € [==,-]} Dy i=123 ..,n

n2

P2

M; —sup{f(x) xe[l ! l]} . vi=123,...n

n?’

It follows that
L(f,B,) = X, m;6x; = my6x, + my8x, + mgéxs + - + mn5xn

2 2
=2 x l+—>< +—>< ~ 4. +(n D

n2

2
=0+ 444 @D
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= < (124224324 -+ (n - 1)?)
= 6—7113(n(n+ D2n+ 1) — n?)
=6—1113(2n3 +2n% +n)

N ENC YN S DU S S
_6n3n (2+n+n2) _6(2 n+n2

U(f, Pn) = ?=1 Ml6xl = M16X1 + M26XZ + M36X3 + -+ Mn6xn

12><1
nz n

2 2 2
i I B
n n n n n n
12 22 32 n2
Sttt
=~ (12422432 4 - +n?)
1
—ﬁn(n+1)(2n+1)
=6—i3(2n3+3n2+n)
=1 3 3434y 1 3.1
—6n3n(2+n+n2) 6(2+n+n2)
We get
1 .
Jo £=sup L(f, B) = lim L(f, Fy)

= tim{fe+1+D) =3

Jo £ = inf U(F,B) = lim U(F,By)

=tm{f@+ T+ D) =3

n—0oo

- o= L=l

f is Riemann integrable on [0,1], (or f € R[0,1]).
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Exercises (2.1): (Homework)
(1)Find the upper and lower Riemann integrals for f(x) = x3 on the interval
[0,b].

5 if x<1

3 0f x>1° Is f Riemann

(2)Let f:[0,2] > R defined as f(x) = {

integrable on [0,2].

Basic Properties of Riemann Integration

Theorem (2.2): Let f be a bounded function on an interval [a, b]. Then:
(a) The lower Riemann integral ff f and the upper Riemann integral f: f both
exist;

OINEINE
Proof:
(a) Since f is bounded on [a, b],
= 3 some number M such that |f(x)| < M on [a, b]
= f(x) <M, for x € [a,D]
= f(x) <M, for x € [x;_1, x;i], VP ={[x;_1, x;]: 1 <i <n}of]a,b]
We have
m; = inf f(x) <M

[xi—1, xi]

n n
i=1 i=1

M ZSxi = M(b—a)
Since L(f,P) < M(b—a)

34



= sup L(f,P) exist
P
f; f exist

By the same way we can prove the existence of f: f.
(b) From Theorem (2.1), we have
L(f,P) = U(f,P)
= sup L(f,P) < inf U(f,P)
P P

Theorem (2.3): (Riemann’s Criterion for Integrability)
Let f be a bounded function on an interval [a, b]. Then f is Riemann integrable

on [a, b] if and only if for each positive number ¢, there is a partition P of [a, b]
for which U(f,P) — L(f,P) < e.

Theorem (2.4): Let f be a bounded function on [a, b]. If f continuous on [a, b].
Then f is Riemann integrable on [a, b].

Proof:

Since f is continuous on closed interval [a, b]

= f is uniformly continuous on [a, b].

£
2(b—-a)

=>Ve>0, > (0,3 6 > 0 such that

x=yl<s = fO-fOI<;5-m YxyElab] (D)

Now, let P = {[x;_4, x;]}i=, be a partition of [a, b] with mesh [|P|| < §. Then
We have

lx = y| <% — x4 (for each i, V x,y € [x;_1,x;])
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