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Basic Concepts: Alphabets, Strings, and Language
Alphabet: A finite and nonempty set of symbols denoted by X. The elements of an alphabet are
letters, but sometimes are named also symbols.

e.g.,
o={}
Y={a,b,...., z}
>={0, 1}
>={s,.... ,=,'}

¥={1,2,3, ..., 9}
N dall e Y) e sana

>={0, 1, 01}
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Strings (words): is a finite ordered sequence of symbols from a given Alphabet. Note that
repetitions are allowed. The words (strings) u = a1z ... am and v = bsbz ... bn are equal (i.e., u = v),

ifm=nandaj=bhi,i=12, .. n.

Some Important Notations

¢ (Empty String): is a special string its length is 0, some text denoted empty string with ().

" All strings composed from the alphabet = with length >= 0.

>*: All strings composed from the alphabet £ with length > 0.
e.g., Letx={0,1}
{0, 1} is all strings over (all strings composed from) {0,1}
{0, 1} ={¢, 0, 1, 00, 01, 10, 11, 000, 001, 010, 011, 100, 101, 110, 111, 0000,

{0, 1}* ={0, 1, 00, 01, 10, 11, 000, 001, 010, 011, 100, 101, 110, 111, 0000,........

% : all strings over X with length i.
e.g.,: Suppose X ={a, b, c}

Zo={e}

Y1={a, b, c}

¥>={a, b, c}» = {aa, ab, ac, ba, bb, bc, ca, cb, cc, ...... }
Y3={a,b}s = {aaa, aab, aba, abb, baa, bab, bba, bbb, ...... }

Y=3UIiUXU
=1 UX U

...... UXhUZ2Zha1 U
V) En V) En+1 V)

Length of string |s|: The length of a string is the number of symbols in the string, with repetitions counted.

e.g., |al is 1, |ab| is 2, |aba] is 3, |¢| is 0.

String Operations

Concatenation: The concatenation (or product) of the wordsu =aia>...amand v =bibz ... bn

is the word uv = aaz . . . ambibz . . . bn. |uv| = |u|+|v].
e.g., if X ={a, b}, x =aba, y = bbb
then,
Xy = ababbb
yx = bbbaba
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The reversal (or mirror image) of the word u = @18z ... an is U™ = @nan1 ... a1. The reversal of u
sometimes is denoted by u® or ~ u. It is clear that u™! = u and (uv)*=vtu?.

Word v is a prefix of the word u if there exists a word z such that u = vz. If z = ¢ then v is a proper
prefix of u.
e.g.,
v = ababbbaa
Prefix of the string v is: {g, a, ab, aba, abab, ababb, ababbb, ababbba, ababbbaa}

Similarly, v is a suffix of u if there exists a word x such that u = xv. The proper suffix can also be
defined.
e.g.,
v = ababbbaa
Suffix of the string v is: {&, a, aa, baa, bbaa, bbbaa, abbbaa, babbbaa, ababbbaa}

Word v is a subword of the word u if there are words p and g such that u = pvg. If pg#ethenvis
a proper subword.
e.g.,
v = ababbbaa
Subwords from the string v are: {babb, bab, abb, ab, baa, ...... }

Language: A subset L of £” is called a language over the alphabet X. Sometimes this is called a
formal language because the words are here considered without any meanings. Note that @ is the
empty language while {¢} is a language which contains the empty word.
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Operations on Languages

If .. L.,, Lo are languages over X we define the following operations
® UTELOTL
Lyl ={ueX*|ue L, or ue L},
e intersection
LyMmnls={ueX*|ue L, and uwe La} ,
o difference
IhZW N Le={ueX|use L, and u & La} ,
e complement
L=%*"\L,
o multiplication
IhWio={uv|ue li.ve La},
e power
L9 = f=1, L™ = Lm»=lf, if n>1,
e iferation or star operation
-
L= | Jri=r°uLurL?u---UL'U---
. i=0
® EITTOTr
.=t = {u—l | w e L} .
We will use also t}ll’;l(thITIL}Il L+
L*=|Jr=LuL?u---uLiu-.. .
=1
The union. product and iteration are called regular operations.
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Specifying languages

Languages can be specified in several ways. For example, a language can be specified using:
1) the enumeration of its words; 2) a property, such that all words of the language have this
property, but other words have not; 3) Regular Expression; and 4) a grammar.

Specifying languages by enumeration of their words (listing their elements)
For example, the following are languages:

Li={¢ O, 1},

Lo = {a, aa, aaa, ab, ba, aba}.
Even if we cannot enumerate the elements of an infinite set, infinite languages can be specified by
enumeration if after enumerating the first some elements we can continue the enumeration using
a rule. The following is such a language:

Ls = {¢, ab, aabb, aaabbb, aaaabbbb, ......}.

Specifying languages by properties
The following sets are languages:
Ly={a"b"\n=0,1,2,...},
Ls={uuuex},
Le = {u € {a, b}"| |ula = |uls},
e.g., baba, aabb, bbaa,
Where |u]a denotes the number of letters a in word u, and |u|, the number of letters b.

Regular Expressions dakiiall julail)

A regular expression is a formula, and the corresponding language is a language over X. For
example, if = = {a, b}, then a", b*, a"+b" are regular expressions over X, which represent,
respectively languages {a}", {b}", {a}" u {b}".
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Definition: Define recursively a regular expression over X and the language it represents:
e (@ isaregular expression representing the empty language. e.g., L(4) = g = {}
Al ARl aaay (oA alatidd) puadll g8 @

e ¢is aregular expression representing language {¢}. €.9., L(g) = {¢}
Ae ) Al Sl ‘;_"J\ aalll dasy Lﬁﬂ\ i) el s g

e Ifa€ZX, thenaisaregular expression representing language {a}. e.g., L(a) = {a}
3 lo daliiie 431 {a) de sanall ()5S Mxie T &) Gog a e Caja g S 1
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e If X, y are regular expressions representing languages X and Y, respectively, then (x+y),
(xy), (x") are regular expressions representing languages XUY, XY and X" respectively.

3 XY _uadlly (L(Y) 5 L(X) ol glaia) sy alatie jomd sa X+Y el G Glalaiia () paas X, Y 1S 1)

(Ragtie e LSS jauall g B )SS) alitie jaed g6 X5 L(Y) 5 L(X) ol ilad aaay alitia s

Properties of regular expressions

X+y = y+X
(xy)z = X(yz)
(x+y)+z = x+(y+z)
X(y+z) = Xxy+xz
(xty) = (xX+y)
(x) = X

XX = xx
xX+e = X

Regular Expression: Examples
Consider £ = {0,1} and w € X, Find RE for each of the following languages:
1- {w| w contains a single 1}

Answer: 0°10" e.g., 0010, 100, 01, 1, 0000100000, ......
2- {w| w has at least single 1}

Answer: (0+1)1(0+1)" e.g., 01010, 1, 10,01 10,001, 111111111, .....
3- {w| w contains the string 001 as a substring}.

Answer: (0+1)°001(0+1)" e.g., 100101, 0001, 460, 1010010, 646464, .....
4- {w| every 0 in w is followed by at least single 1}

Answer: 1°(011%)" e.g.,, 1101101111, 111, ¢, 01, 0040, .....
5- {w| w is a string of even length}

Answer: ((0+1)(0+1))" e.g., 01, 1001, 11, 1100, 0000, 1111, .....
6- {w| the length of w is a multiple of three}

Answer: ((0+1)(0+1)(0+1))* e.g., HW

7- {w| w starts and ends with the same symbol}.
Answer: (0(0+1)°0)+(1(0+1)"1)+0+1  e.g., HW

HW. Does the string dabc € L(abc+d”) or it € L(ab"c+d)"?
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