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Triple integrals         التكاملات الثلاثية 

 

Definition: Let 𝐷  be the region defined by the inequalities  𝑎 ≤ 𝑥 ≤ 𝑏  
 ℎ1(𝑥) ≤ 𝑦 ≤ ℎ2(𝑥),    𝑔1(𝑥, 𝑦) ≤ 𝑧 ≤ 𝑔2(𝑥, 𝑦). If 𝑓(𝑥, 𝑦, 𝑧) is 

continuous function of three variables, then the triple integral is 

 

𝑉 =∭𝑓(𝑥,𝑦, 𝑧)𝑑𝑉 =
𝐷

∫ ∫ ∫ 𝑑𝑧 𝑑𝑦𝑑𝑥
𝑔2(𝑥,𝑦)

   𝑔1(𝑥,𝑦)

ℎ2(𝑥)

ℎ1(𝑥)

𝑏

𝑎
 

 

Definition: The volume of a closed, bounded region  𝐷   in space is 

𝑉 =∭𝑑𝑉
𝐷

 

 

 

Example 1: Find the value of triple integral for the function 

 𝑓(𝑥, 𝑦, 𝑧) = 2𝑥𝑦𝑧  and  bounded  by surface   𝑧 = 2 −
1

2
𝑥2  and the 

planes  𝑧 = 0,     𝑦 = 𝑥,    𝑦 = 0. 
 

Solution: 

𝑉 =∭2𝑥𝑦𝑧 𝑑𝑉
𝐷

= ∫ ∫ ∫ 2𝑥𝑦𝑧  𝑑𝑧 𝑑𝑦𝑑𝑥
2−
1
2
𝑥2

0

𝑋

0

2

0
 

= ∫∫𝑥𝑦𝑧2]
0

2−
1
2
𝑥2
dy dx

𝑥

0

2

0

= ∫∫𝑥𝑦(2−
1
2
𝑥2)2dy dx =

𝑥

0

2

0

∫∫𝑥𝑦 [4− 2𝑥2 +
1
4
𝑥4] dydx =

𝑥

0

2

0

 

∫∫[4𝑥𝑦− 2𝑥3𝑦 +
1
4
𝑥5𝑦] dydx = ∫ (2𝑥𝑦2−𝑥3𝑦2 +

1
8
𝑥5𝑦2)]

0

𝑥

𝑑𝑥

2

0

𝑥

0

2

0

 

= ∫[2𝑥3 −𝑥5 +
1
8
𝑥7] 𝑑𝑥 =

2

0

𝑥4

2
−
𝑥6

6
+
1
64
𝑥8]

0

2

= 8−
64
6
+
256
64

=
4
3
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Example 2: Use triple integral to find the volume in the first octant 

of the region that bounded by two surfaces  𝑥2 )الثمن(  + 4𝑦2 = 4𝑧  and   

 𝑥2 + 4𝑦2 = 48 − 8𝑧  . 
 

Solution: 

𝑉 =∭𝑑𝑉
𝐷

= ∫ ∫ ∫   𝑑𝑧 𝑑𝑥𝑑𝑦

48−𝑥2−4𝑦2

8

𝑥2+4𝑦2

4

2√4−𝑦2

0

2

0
 

= ∫ ∫ 𝑧]
𝑥2+4𝑦2

4

48−𝑥2+4𝑦2

8 dx dy = ∫ ∫
3
8
(16 − x2 − 4y2)dx dy

2√4−𝑦2

0

2

0

2√4−𝑦2

0

2

0

 

 

 

Example 3 Use triple integral to find the volume in the first octant  )الثمن(

 of the region that bounded by the surface  2𝑧 = 4 − 𝑥2 − 𝑦2  and the 

plane xy.  

   

Solution: 

𝑉 =∭𝑑𝑉
𝐷

= ∫ ∫ ∫   𝑑𝑧 𝑑𝑦𝑑𝑥

4−𝑥2−𝑦2

2

0

√4−𝑥2

0

2

0
 

 

 

 

Example 4: Let 𝐷  be the solid region that bounded above sphere     

𝑥2   )الكرة( + 𝑦2 + 𝑧2 = 1  and below  𝑧2 = 𝑥2 + 𝑦2,  find the value  

𝑉 =∭ 𝑧𝑑𝑉
𝐷

  . 

 

Solution: 

𝑉 =∭𝑧 𝑑𝑉
𝐷

= ∫ ∫ ∫   𝑧 𝑑𝑧 𝑑𝑦𝑑𝑥
√1−𝑥2−𝑦2

√𝑥2+𝑦2

√1
2
 −𝑥2

−√
1
2
 −𝑥2

√2
2

−
√2
2
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Example 5:  Use triple integral to find the volume the solid within the 

 cylinder  𝑥2 + 𝑦2 = 9  and between the planes   𝑧 = 1  and 𝑥 + 𝑧 = 5 . 

Solution: 

𝑉 =∬ ∫ 𝑑𝑧 𝑑𝐴 = ∫ ∫ ∫ 𝑑𝑧 𝑑𝑥𝑑𝑦
5−𝑥

1

√9−𝑦2

−√9−𝑦2

3

−3

5−𝑥

1𝑅
 

= ∫ ∫ 𝑧]1
5−𝑥dx dy = ∫ ∫ (4 − 𝑥)dx dy = 4∫ ∫ (4 − 𝑥)dx dy =

√9−𝑦2

0

3

0

√9−𝑦2

−√9−𝑦2

3

−3

√9−𝑦2

−√9−𝑦2

3

−3

 

= 4∫(4𝑥 −
𝑥2

2
)]
0

√9−𝑦2

𝑑𝑦

3

0

= 4∫(4√9 − 𝑦2 −
9 − 𝑦2

2
)𝑑𝑦

3

0

 

 

 

Example 6:  Use triple integral to find the volume of the solid enclosed 

between the xy- plane and  3𝑧 = 9 − 𝑥2 − 𝑦2.   

 

Solution: 

∬ ∫ 𝑑𝑧 𝑑𝐴 =

9−𝑥2−𝑦2

3

0𝑅

= ∫ ∫ 𝑧]
0

9−𝑥2−𝑦2

3 dx dy =

√9−𝑦2

−√9−𝑦2

3

−3

 

1

3
∫ ∫ (9− 𝑥2−𝑦2)dx dy

√9−𝑦2

−√9−𝑦2

3

−3

=
4

3
∫ ∫ (9− 𝑥2 −𝑦2)dx dy =

√9−𝑦2

0

3

0

 

We can use polar coordinates  

=
4

3
∫∫(9 − 𝑟2)rdr dθ =

3

0

𝜋
2

0

−
2

3
∫(9 − 𝑟2)2]0

3dθ

𝜋
2

0

= (27)∫ dθ = (27)

𝜋
2

0

 θ]0

𝜋
2

=
𝟐𝟕

𝟐
𝜋 

 

 

 

 

 

 

 

 



Advanced Calculus (2) 

4 
 

 

Example 7:  Use triple integral to find the volume bounded above 

surfaces  

𝑧 = 8 − 𝑥2 − 𝑦2  and below  𝑧 = 𝑥2 + 3𝑦2   . 
 

Solution: 

8 − 𝑥2 − 𝑦2 = 𝑥2 + 3𝑦2 ⇛  4𝑦2 = 8 − 2𝑥2 ⇛  2𝑦2 = 4 − 𝑥2 ⇛  𝑦 = ±√
4−𝑥2

2
 

∫ ∫ ∫ 𝑑𝑧
8−𝑥2−𝑦2

𝑥2+3𝑦2
 dy dx = ∫ ∫  𝑧]

𝑥2+3𝑦2
8−𝑥2−𝑦2

 dy dx 

√4−𝑥
2

2

−√
4−𝑥2

2

2

−2

√4−𝑥
2

2

−√
4−𝑥2

2

2

−2

 

= ∫ ∫ 8 − 𝑥2 − 𝑦2 − (𝑥2 + 3𝑦2) dy dx 
√4−𝑥

2

2

−√
4−𝑥2

2

2

−2
 = ∫ ∫ (8 − 2𝑥2 + 4𝑦2)dy dx 

√4−𝑥
2

2

−√
4−𝑥2

2

2

−2
 

= ∫(8𝑦 − 2𝑥2𝑦 +
4𝑦3

3
)]
−√
4−𝑥2

2

√4−𝑥
2

2

𝑑𝑥

2

−2

 

= ∫

(

 8√
4 − 𝑥2

2
− 2𝑥2√

4 − 𝑥2

2
+
4(√

4 − 𝑥2

2
)3

3

)

 

2

−2

−

(

 −8√
4 − 𝑥2

2
+ 2𝑥2√

4 − 𝑥2

2
−
4(√

4 − 𝑥2

2
)3

3

)

 𝑑𝑥 = 

∫

(

 
 
16√

4 − 𝑥2

2
− 4𝑥2√

4 − 𝑥2

2
+
8√
4 − 𝑥2

2

3

3

)

 
 
𝑑𝑥 =

2

−2

 

∫

(

 
 
16√

4 − 𝑥2

2
− 4𝑥2√

4 − 𝑥2

2
+
8√
4 − 𝑥2

2

3

3

)

 
 
𝑑𝑥 =

2

−2

4√2

3
∫(4 − 𝑥))

3
2𝑑𝑥 = 8√2𝜋

2

−2

 

 

 

 
 
 
 
 



Advanced Calculus (2) 

5 
 

Example: Find the mass of triangular with vertices          
(0,0), (0,3), (2,3) , and the density at (𝑥, 𝑦) is 𝛿(𝑥, 𝑦) = 2𝑥 + 𝑦 

 

Solution:    

𝑴 = ∬ 𝛿(𝑥, 𝑦)𝒅𝑨
𝑹

 

𝑴 = ∫ ∫(2𝑥 + 𝑦)𝒅𝒚𝒅𝒙

3  

3
2
𝑥

= ∫𝟐𝒙𝒚 +
𝒚𝟐

𝟐
|
3
2
𝑥

𝟑

 𝒅𝒙

𝟐

𝟎

𝟐

𝟎

 

= ∫ (𝟔𝒙 +
𝟗

𝟐

𝟐

𝟎
− [𝟐𝒙 (

3

2
𝑥) +

9

4
𝑥2

2
])𝒅𝒙 = ∫ (𝟔𝒙 +

𝟗

𝟐

𝟐

𝟎
− [𝟑𝒙𝟐 +

9

8
𝑥2])𝒅𝒙       

∫ (𝟔𝒙 +
𝟗

𝟐

𝟐

𝟎
− [

24

8
𝒙𝟐 +

9

8
𝑥2])𝒅𝒙 = ∫ (𝟔𝒙 +

𝟗

𝟐

𝟐

𝟎
−
33

8
𝒙𝟐)𝒅𝒙 = 𝟑𝒙𝟐 +

𝟗

𝟐
𝒙 −

33

8(3)
𝒙𝟑|

𝟎

𝟐

    

       12 + 9 −
33

8(3)
8 = 12 + 9 − 11 = 10        

Reversing:  

    

𝑴 = ∫∫ (2𝑥 + 𝑦)𝒅𝒙𝒅𝒚

2
3
 y 

0

= ∫𝒙𝟐 + 𝒙𝒚|
0

2
3
 y
 𝒅𝒚

𝟑

𝟎

𝟑

𝟎

 

= ∫ (
4

9
 y2 +

2

3
 y2

𝟑

𝟎
)𝒅𝒚 = ∫ (

4

9
 y2 +

6

9
 y2

𝟑

𝟎
)𝒅𝒚 =∫ (

10

9
 y2

𝟑

𝟎
)𝒅𝒚            

=
10

9(3)
 y3|

𝟎

𝟑

=
10

9(3)
 27 = 10    

 

 

 

 

 

 

 

 

 

x 

y 

1 2 

1 

2 

(2,3) 3 

x 

y 

1 2 

1 

2 

(2,3) 3 


