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= Jad) alandy)

Let f(x,y) be defined in a region R of the xy-plan. If we think of
y as fixed and x as variable, the derivative of f(x,y) with respect to x is
called the partial derivative with respect to x. This partial derivative is

denoted by Z—i or f, and defined by :

af_ 1 f(x+Ax,y)—f(x,y)
ox - Sx®y) = fim) Ax

If we write z = f(x,y), the partial derivative is also denoted by

9z or
0x Zx

. . . .. . af 0z
Likewise, the partial derivative with respect to y, E or % or z, ,

is the derivative of f(x,y) with respect to y when x is regarded ( yix )
as a constant and defined by :

af - flo,y+Ay) = f(x,y)

Zy = @ = f,(x,y) = AIJI/_)O Ay

Example 1: If z=x2y+ e’
0z

Solution: = 2xy — Y3

%x
z _ .2 2,—xy3
— = x* — 3xy“e

ay y

Example 2: By using the definition of derivative, find f, , f, for the
following:

1- z=f(x,y) = x —y? 2—Z=f(x,y)=§
Solution: 1 the derivative with respectto X is X J Al ABLEAY

7 = fi(y) = Jim LET BN ZJ(07)

x4+ Ax —y% — (x — y?)

= lim
Ax—0 5 Ax 5
x + Ax — —x+
= lim Y Y =lim1l=1
Ax—0 Ax Ax—0

N Zy=1 Al Syl (5 gl <) e
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the derivative with respectto y is

B L x= A - (x—y?)
zy = fy(xy) = lim Ay

x —y? —2yAy — (Ay)* — x + y?

= lim
Ay—-0 Ay
L Ay(2y—-Ay) B
B Aljl/r—I;lO Ay B Algl/rilo —ly—hy=-2y
Zy, = —2y
2.fGy) =%

The derivative with respect to x is
fx+Ax,y) = f(x,y)

fe(xy) = Alalcr—?o Ax
x+Ax x x+Ax —x
RY, Ax 1
= tim—2—% = fim — Y = lim — ==
Ax—0 Ax Ax—0 Ax Ax—-0yAx y
1
e f;C = ;
Now, the derivative with respectto y is
_x X
_ _pm Y TAY Y
zy = fyGoy) = Jim =~
xy —x(y + Ay) A
Xy —Xxy —Xx —X
= lim 0+ Ay)y = lim Y XY Y _ lim ————
Ay—0 Ay Ay-0 yAy(y +Ay)  ay-o0y? + yAy
—X X
S yE+y(0) 2
X
Zy = —}7

Example 3: Find z, and z,, for the following
)z=x-y2 2) z=e¥ , 3) z=xeXY, 4) z=x2sin(xy?)

Solution:1 the derivative as
1.z, =1, z,=-2y
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2. zy =ye* , z,=xe*”

3. z, = x(exzy. 2xy) + eX’y = (2x%y + 1)ex2y,
z, = x3e*’.

4. z, = x*(cos(xy?).y?) + 2x sin(xy?)
o Zy = X2y? cos(xy?) + 2x sin(xy?),

z,, = x? cos(xy?). 2xy
w2y = 2x3y cos(xy?).

Example 4: If z =§ , prove that (xz, + yz, = 0)
Solution: The derivative with respectto x and y are

1 X
Zx:;' Zy=_?
1 X X X
GO+ =5-5=0

T we _ ) ing 2w aw aw
Example 5: If w=f(x,y,z) = xy+yz* + xz, find 2% 3y oz

Solution: The derivative with respectto x, Yy and z are respectively as

ow
azwx=y+z
ow g2
— =w, =Xx+7zZ
oy Y

ow
£=WZ=2yz+x

. ow ow 9
fing &£ 2 ¥

Example 6: If w = f(x,y,z) = zsin(xy? + 2z2), 9%y 50

Solution: The derivative with respectto x, Yy and z are respectively as
Z—: = w, = z cos(xy? + 2z)y? = y?z cos(xy? + 2z),
ow 5 5
E =wy =z cos(xy” + 2z)2xy = 2xyz cos(xy* + 2z)
ow

=w, = z cos(xy? + 2z).2 + sin(xy? + 2z),

oz
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Higher order partial derivatives
Ladad) i el g A Jad) culiidial)

If z= f(x,y), then the four second partial derivatives are

9 10f] 0%f
Ei;léi; ::Eigi'::];x = Zxx

9, [af _ d%f _ _
dy lox _ayax_fxy =

9 [0f7 0%f
@[@] =a_yz=fyy = Zyy

d [0f aZf
_[_ =—=fyx=zyx
dx Loyl 0xdy

Example 1: If  f(x,y) = 3xy + y? + 2x, find the four second partial

0%f 9%*f 9%*f 9%*f

derivatives 1i.e.

ox2 ' dyox 'ay? 'oxoy

Solution:

of
o 3y +

9 [9f] _9*f _
a[a

=5 =
0 af]_ f _,
dy lox]l — oyox

af

@—3x+2y

0 'af'_azf_z
yloyl —ay?

d [Of7 B 0%f _3
ox oyl — oxay

Example 2: If f(x,y) = x* + 2x2%y + 3xy3, find the four second

partial derivatives i.e. fix, fyy: fays fyx

Solution:

fr = 4x3 + 4xy + 3y3

fox = 12x%2 + 4y

fry = 4x +9y?

fy = 2x* + 9xy?

fyy = 18xy

fyx = 4x +9y?
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Exercise 1 : Find the four second partial derivative i.e. fix, f,y, fxy fyx
for the following
1- f(x,y) = x2ye@+y™), 2 -f(x,y) = 5x% + 18xy + x — 2y,
Exercise 2 : If w =ye* + x Inz, show that

1) Wy, =Wy

2)  Wyzy = Wiy = Wygy

: i 9%z 92 92 a3
Exercise 3: If z = xye**”, thenfind — —  —— ~

0x2 '9ydx '9xoy 'oxdyox

Laplace Equation
(Y Alaa)

Definition: A function z = f(x,y) is called Harmonic function
(.88l A ) iff satisfy the Laplace equation.

62f+62f 5
0x2 = 0y?

0

If w=f(x,y,z) be a function of three variables, then the Laplace
equation has the form

92f 0%f o%f
B TR B

Example: Show that the following functions are Harmonic
1. z=eYcosx, 2. z=e*siny

Solution:1. z =eYcosx
we must show this function is satisfy Laplace equation i.e.

0%z 0%z B
0x? 0dy?
0z y 0z _ y
3925 e Vsinx 6)21 = —€ “Cosx
VA
—— = —eYcos x a—Z:e Ycosx
0x2 dy?
0%z 0%z Y
o + 372 =—e Ycosx+eYcosx =0

Its satisfied Laplace equation.
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0z 0z X
Y2 _ xi — = e*cos
5y = ¢ siny a)z, y
0’z °z .
35z = € Sty _6y2 = —e siny
0%z 0%z , ,
e + 32 = e*siny + —e*siny =0

Its satisfied Laplace equation.

Example: if w = eG**%) sin(5z), Prove that it satisfied Laplace
equation
Solution: we must show that
02w N 02w N 02w
0x? dy? 0z?

ow ow .

v _ (Bx+4y) o v _ (3x+4y)

™ 3e sin(52) 2y 4 e sin(5z)
PW _ ge(Br+4y) sin(5z) IW _ 16 eGr+) sin(5z)
0x2 dy2

Z—‘: = 5eB**) cos(52)

92w
0z2

= —25 (¥ 5in(52)

~ 9 eB*¥+4) 5in(52) + 16 eG*+4Y) 5in(5z2) — 25 eBG¥+) 5in(52) = 0
Its satisfied Laplace equation.

Exercise : Show that the following functions are satisfied Laplace
equation
1. f(x,y) =In(4x? + 4y?),
3. flx,y)=x*—y?

2. f(x,y) =e7Y sinx
4. f(x,y) = x*+ y? —2z>

Exercise : If f(x,y) = In(x —y),

1.find the four second partial derivatives
2.provethat f, = f,,
3. Is the above function satisfied Laplace ?



