INVERSE LAPLACE TRANSFORMS
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Find the inverse Laplace transform of the following functions by the method of partial
fractions (Q No 1-12) :
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2.14. SOLUTION OF DIFFERENTIAL EQUATIONS BY USING LAPLACE
TRANSFORMATION

We know that a differential equation with initial conditions is solved by first finding the
general solution of the given equation and then finding the values of the arbitrary constants
by using the given initial conditions. By using Laplace transformations, we find the required
solution without first finding the general solution of the given equation.

ILLUSTRATIVE EXAMPLES

Example 1. Solve the following equations :

d?y

@) o +y =6 cos 2t, where y'(0) = 1, y(0) = 3.
t
. d%y dy . dy
(i) —=+22L -3y =sint, wherey = — =0, when t = 0.
dt? ar YT
dy
(i1i) (D? + m?) y = a cos nt, wherey =0 = i when t = 0.
d’y ,d’y dy dy _, d’

(lv) —=+2—2L -2 _2y =0, wherey=1, — =2, —= =2 att = 0.
3 a® dr Y dt dt®
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Sol. () We have
2

d’y
— +y =6 cos 2t.
dt*

= y”+y =6 cos 2t

Taking Laplace Transform, we have
L(y”) + L(y) = 6L(cos 2¢)

2 , _ S
= [s*L(y) —s . y(0) —y’(0)] + L(y) =6 —32 T @)
- 2y 5. 8-145 =2 (Putting 7 = L(y))
s“+4
= (s2+1)y=826i4+3s+1
_ 6s 3s 1
= y =

+ +
2+D%+4) s2+1 s?+1
Taking inverse Laplace transform, we have
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S S
= . = F G
2+D(2+4)  s2+1 s2+4 () GGs),
where F(s) = 32‘11 and G(s) = .

L1(F(s)) = Lt ( 23 J = cos t = flt), say
s+

and L(G(s)) = L [ - 4) - % sin 2t = g(t), say
S +

By convolution theorem,

L-U(F(s) G(s)) = f % g = j; £(T) g(t - T) dT
t 1 1t .
= J. (cosT) (— sin 2(¢ — T)) dT = —J. 2sin (2t — 2T) cos T AT
0 2 4 Jo

= l J.t(sin 2t -T)+sin (2t -3T))dT
4 Jo

__ cos (2t - T) _ cos (2t - 3T) !
-1 -3
cost  cos 2t}
3 3

0

cos t —cos 2t +

Bk R R AR
r 1

écost—écos2t:| 1
3 3 = 3 [cos t — cos 2¢]
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s 1
-1 _ —1 T
Also, L (32 N 1) =cost and L (32 N 1) =sint

1
1) = y=6.g(cost—cos2t)+3cost+sint

or y=5cost+sint-2 cos 2t.
(it) We have

d’y . dy

_+2_—3 =s'nt.

dt? d YT
= ¥y’ +2y' —3y=sint

Taking Laplace transform, we have
L{y”) + 2L(y") — 3L(y) = L(sin t)

1
= [s?L(y) — 5 . y(0) — y'(0)] + 2[sL(y) — y(0)] — 8L(y) = 21
1
2__ — Vv — —_ v =
= sy —5.0-0+2[sy — 0] — 3y 211
2 — Vv =
= (s2+25-3) ¥y 211
= y =

2+ D(s>+25-3)  (s>+D(s+3)(s—1)
Taking inverse Laplace transform, we have

1
=L_1
Y [(s2+1)(s+3)(s—1)J
1 As+B C D
= + +
(2+D(s+3)(s-1 s2+1 s+3 s-1
Multiplying by (s? + 1) (s + 3) (s — 1), we get

Let

1=(As+B)(s+3)(s—1)+C2+1)(s—1)+D(s2+ 1) (s + 3) (D
1
s=-3 = 1=0+¢(10) (-4 +0 = C:_E
s=1 = 1=0+0+D(2)#) = D=%
Comparing the coefficients of s® and constant terms in (1), we get
0=A+C+D ..(2)
1=-3B-C+3D ..(3)
1 1 1
2 = A=—C—D=4—O—§=—1—0
(3) 3B=-1-C+3D=-1 i+§— 3. B= 1
= ST EY T T T8 T s T
11 1
1 10° 5, 40 . 8

(>+D(s+3)(s-1  s2+1  s+3 -1
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Y 10 (32 +1j 5 (32 +1] 40 (s+3 8 s—-1

. 1
=-——cost-—sint—-— +—e
10 5 40 8
(iii) We have (D% + m2) y = a cos nt.
= y” + m2y = a cos nt

Taking Laplace transform, we have
L(y”) + m2L(y) = a L(cos nt)

s
= [?L(y) — s . y(0) =y’ (0)] + m?*L(y) =a . 5
s“+n
= 25 —5.0 -0+ m2y = —5——
s“+n
as
N 2 4 m2) v =
(S m ) y 32 +n2
- _ as
Y= (s> + m?) (s® +n?)
s
= ]-_,_1 --.(1)
y=e [(s2+m2)(52+n2)j
s s 1 s
= . =F(s) G here F(s) = ———
2 +mH%2+n?)  s2+m? s?+n? (6 Gls), where Fls) s + m?
d G(s) 1
an = .
AP

LY(F(s)) = L1 [ﬁ] = cos mt = f{t), say

and L1(G(s)) = L1 ( 2) = % sin nt = g(t), say

s2+n

By convolution theorem,

t
L(F(s) G(s)) = f+ g = Jo £(T) gt - T) dT
‘ 1
= I cosmT.— sinn(t-T)dT
0 n
1 ¢t
= —J- 2sin (nt — nT) cos mT dT
2n Jo

- if [sin (nf + (m — n) T) + sin (nf — (m + n) T)] dT
2n Jo
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(iv) We have

=

1) =
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_1[ cost+(m-mT) cosnt—(m+n)T)]
2n | m-n —(m+n) 0
_i _cosmt+cosnt+cosmt_cosnt
21| m-n m-n m+n m+n
1 1 1 1 1
= — — cos mt + — cos nt
2n_ m+n m-n m-n m+n
1] 2n cosmt+2n cos nt 1 ( ; "
. = cos nt — cos m
2n_ m? —n? m? —n? m? —n?
a
y = —3 5 (cos nt — cos mt).
m° -n

Ly oy _dy

de? dt?  dt
yl//+ 2y”_yl_ 2y = 0

2y =0.

Taking Laplace transform, we have
Liy™”) + 2L(y") - L(y") = 2L(y) = 0
[s°L(y) — 52 . y(0) — s . y’(0) — y"(0)] + 2[s’L(y) — s . y(0) — »"(0)]

=

U

- [sL(y) = y(0)] - 2L(y) = 0

(°y —821-52-2)+2(s%y —5.1-2)—(sy —1)-2y =0
3y —s2-25-2+282y —2s—4—-sy +1-2y =0

(3+2s2-5—-2)y =s2+4s+5

_ s2+4s+5 _ s2+4s+5
Y s2+2s2-5-2 S2(s+2)-(s+2)
_ s2+4s+5
Y T G-Ds+D(s+2)
1+4+5 1-4+5 4-8+5

" 5-120 C26:00 T C)CDG+2)

5.1 1 11
T 8's-1 s+1 4 s+2

y:éL_l ) L
3 s—-1 s+1 3 s+ 2
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Solve the following differential equations :
2

dy ,

W +y = t, where y(0) = 1, y'(0) = — 2.

d? d

?%} +4 d_jtj + 3y = e, where y(0) = y’(0) = 1.
2

((ii_;c + ((ii—j = 2, where x(0) = 3, x’(0) = 1.
t

y” =3y + 2y = 4t + e*, where y(0) = 1, y’(0) = — 1.

d3y dzy dy
—a 3 — + 3 - - = 20t = / = 7 = —
e a2 ar Y t%et, where y(0) = 1, ¥’(0) = 0, y”(0) 2.

(D* + 2D% + 1) y = 0, where y(0) = 0, ¥'(0) = 1, y”(0) = 2, y"”(0) = — 3.

d’y dy _ o
SX LB 249 wh =4, y(0)=—2.
w2 where y(0) = 4, y’(0)
Answers
_ 4+ 1 _
y=t—-3sint +cost 2.y=—§e 3t+zet+—tet
4 4 2
1 1
x=2t+e?+2 4.y=2t+3+§€3t—§€t—292t
° 12
y=eét %—?—t+1 6.y =t(sint + cos t)

y=%t3+2e*t+2_






