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Stokes's Theorem 

 نـــظــــريــــــة ستوكس

 

Theorem: Let 𝑆 be apiece wise smooth oriented surface that is bounded by a 

simple, closed apiece wise smooth curve  C with positive orientation. If the 

components( مركبات( of the vector field  𝐹(𝑥, 𝑦, 𝑧) = 𝑓(𝑥, 𝑦, 𝑧)𝑖 +

𝑔(𝑥, 𝑦, 𝑧)𝑗 + ℎ(𝑥, 𝑦, 𝑧)𝑘  are continuous and have continuous first partial 

derivatives on some open set containing 𝑆  , then     

 

∮ 𝐹. 𝑑𝑅 = ∬ 𝐶𝑢𝑟𝑙 𝐹. 𝑛. 𝑑𝑠

𝑆
𝐶

 

 

Where  𝑅 = 𝑥𝑖 + 𝑦𝑗 + 𝑧𝑘  

           𝑑𝑅 = 𝑑𝑥𝑖 + 𝑑𝑦𝑗 + 𝑑𝑧𝑘  

 

 

 

Example 1: Verify Stokes's theorem for field  𝐹(𝑥, 𝑦) = 𝑦𝑖 − 𝑥𝑗  on the 

hemisphere  𝑧 = √𝑎2 − 𝑥2 − 𝑦2     

  

Solution: 

∮ 𝐹. 𝑑𝑅 = ∬ 𝐶𝑢𝑟𝑙 𝐹. 𝑛. 𝑑𝑠

𝑆
𝐶

 

 𝑥2 + 𝑦2 + 𝑧2 − 𝑎2 = 0 

∬ 𝐶𝑢𝑟𝑙 𝐹. 𝑛. 𝑑𝑠

𝑆

 

𝐶𝑢𝑟𝑙 𝐹 = ∇ × 𝐹 = ||

𝑖 𝑗 𝑘
𝜕

𝜕𝑥

𝜕

𝜕𝑦

𝜕

𝜕𝑧

𝑦 −𝑥 0

|| = (0 − 0)𝑖 − (0 − 0)𝑗 + (−1 − 1)𝑘 = −2𝑘 

∴  𝐶𝑢𝑟𝑙 𝐹 = −2𝑘 

 

𝑛 =
∇𝐹

‖∇𝐹‖
=

2𝑥𝑖+2𝑦𝑗+2𝑧𝑘

√4𝑥2+4𝑦2+4𝑧2
   , 𝑑𝑠 =

√4𝑥2+4𝑦2+4𝑧2

2𝑧
 𝑑𝐴 
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= ∬ −2 𝑘 .
2𝑥𝑖 + 2𝑦𝑗 + 2𝑧𝑘

√4𝑥2 + 4𝑦2 + 4𝑧2
.
√4𝑥2 + 4𝑦2 + 4𝑧2

2𝑧
 𝑑𝐴 ⇒ 

𝑆

 

= ∬
−4𝑧

2𝑧
 𝑑𝐴 ⇒ 

𝑆

𝑊 = −2 ∬  𝑑𝐴 ⇒

𝑆

 

= −2 ∫ ∫ 𝑟𝑑𝑟 𝑑𝜃
𝑎

0

2𝜋

0
   = −2 ∫   

𝑟2

2
]

0

𝑎
2𝜋

0
  𝑑𝜃     = − ∫ 𝑎22𝜋

0
𝑑𝜃 = −2𝑎2𝜋. 

 

 

∮ 𝐹. 𝑑𝑅 =
𝐶

 

∮ (𝑦𝑖 − 𝑥𝑗) . (𝑑𝑥𝑖 + 𝑑𝑦𝑗 + 𝑑𝑧𝑘) = ∮ (𝑦𝑑𝑥 − 𝑥𝑑𝑦) = ∬(−1 − 1)𝑑𝐴

𝑅
𝐶𝐶

 

= −2 ∬ 𝑑𝐴 = −2 ∫ ∫ 𝑟 𝑑𝑟 𝑑𝜃
𝑎

0

2𝜋

0𝑅
= −2 ∫

𝑟2

2
]

0

𝑎
2𝜋

0
𝑑𝜃 = −2𝑎2𝜋. 

 

 

 

Example 2: Verify Stokes's theorem for the field 𝐹 = 𝑥𝑖 + 𝑦𝑗 + 𝑧𝑘  on 

the surface  𝑧 = 𝑥2 + 𝑦2  ,  𝑧 ≤ 1   

 

Solution: 

∮ 𝐹. 𝑑𝑅 = ∬ 𝐶𝑢𝑟𝑙 𝐹. 𝑛. 𝑑𝑠

𝑆
𝐶

 

 𝑧 − 𝑥2 − 𝑦2 = 0 

∬ 𝐶𝑢𝑟𝑙 𝐹. 𝑛. 𝑑𝑠

𝑆

 

𝐶𝑢𝑟𝑙 𝐹 = ∇ × 𝐹 = ||

𝑖 𝑗 𝑘
𝜕

𝜕𝑥

𝜕

𝜕𝑦

𝜕

𝜕𝑧
𝑥 𝑦 𝑧

|| = (0 − 0)𝑖 − (0 − 0)𝑗 + (0 − 0)𝑘 = 0 

∴  𝐶𝑢𝑟𝑙 𝐹 = 0 

 

𝑛 =
∇𝐹

‖∇𝐹‖
=

2𝑥𝑖+2𝑦𝑗+𝑘

√4𝑥2+4𝑦2+1
   , 𝑑𝑠 =

√4𝑥2+4𝑦2+1

1
 𝑑𝐴 
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= ∬ 0 .
2𝑥𝑖 + 2𝑦𝑗 + 2𝑧𝑘

√4𝑥2 + 4𝑦2 + 1
.
√4𝑥2 + 4𝑦2 + 1

1
 𝑑𝐴 = 0 

𝑆

 

 

 

 

∮ 𝐹. 𝑑𝑅 =
𝐶

 

∮ (𝑥𝑖 + 𝑦𝑗 + 𝑧𝑘). (𝑑𝑥𝑖 + 𝑑𝑦𝑗 + 𝑑𝑧𝑘) = ∮ (𝑥𝑑𝑥 + 𝑦𝑑𝑦 + 𝑧𝑑𝑧)
𝐶𝐶

 

∮ (cos 𝜃 𝑑(cos 𝜃) + 𝑠𝑖𝑛𝜃 𝑑(𝑠𝑖𝑛𝜃) + 1𝑑(1)
𝐶

 

 

∫ −𝑐𝑜𝑠𝜃 𝑠𝑖𝑛𝜃 + 𝑠𝑖𝑛𝜃 𝑐𝑜𝑠𝜃 + 0 = 0
2𝜋

0

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 


