Xpn = f(xn=1) = f"(x0)

Then

d(xy,x3) = d(f (x), f(x1)) < cd(x0,%1)

= d(xz,x3) = d(f(xﬂ'f(xz)) < cd(xq,x3) < Czd(xo»x1)

= d(Xp, Xn41) < c"d(x0,x1)

We will prove that < x,, > is Cauchy sequence

Now, for any m,n € N withm > n

d(Xp, Xm) < d(Xp, Xpp1) + d(Xpg1, Xny2) + 0+ d oy, Xim)
< c"d(x9,x1) + ¢ d(xg, x1) + -+ ™ d (xg, 1)
< (c™+ ™+ ™2 e+ ™D d (%, x)
Sc"(l+c+c+c++ ™ d (g, x0)
< (R )d (xq, xp)
< c"(Xilr €7 )d (xg, x0)
< (10__1) d(x1, %)

Since0<c<1

> <x,>>0 asn—->ow

= < x, > is Cauchy sequence

Since X is complete

> <x,>-ox,x€X

> f() = f (limx,) = lim f(xa) = lim xnyy = x

To prove the uniqueness, if x and y are two fixed point, then

0.<d(x,y) = d(f(0), f()) < cd(x,y)

Since c < 1, wehave d(x,y) =0 = x =y

Hence, f has a unique fixed point.
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Compactness in Metric Spaces 4 ) cilpladll b Gal sl

Definition (4.15): Let E be a subset in a metric space (X, d)

s
(i) We say that the family {G,} e, is a cover for E iff E C U G-
ke
(ii) We say that the subfamily of {G,}qea (say {Gq,}a,eq 15 @ subcover of E) iff
Ec U G .
a;EA .
. I
(iii) We say that the family {G,},c4 is an open cover of E iff E ¢ U G, and

a€eAN

Gy isanopenset,Va € A. e ,
C5iha ogiia (A slld
(iv) We say that {G,,};=, is an open finite subcover of E iff E c UL, G,
where G, 1s an open set.

Definition (4.16): (Compact Set) doal el ds gainadt)
If E is a subset in (X,d). We say that E is compact iff for every open cover
{Ga}aea of E, 3 a finite subcover of E (say {Gg,}i=1)-

In other word: (F compact) & [(E c U Ga) = (E c UL, Gai)]

a€eN

Proposition (4.3): Every finite subset in a metric space (X, d) is compact.
Proof: Let E = {x;, X3, X3, ..., X, } be a finite v subset in (X, d)
Let {G}qea be an open cover of E

=> Ec UGy » 3Gy, % € Gy, 1 =1,2,..,0n
a€h '

= x; € Ga1 , Xp € Gaz, .. X € Gan
= {x1} € Gy, , {2} © Gg,, ... (X0} € Gy,
= Uiti{x} € UL, Gy,
= E c Ui, Gy,

= {Gg,}i=, is a finite subcover of E.
=

E is compact.
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Example (4.18): Determine whether E = (0,1) is compact or not in (R, d).

Proof: Let {G,},en such that G, = ( 1) be an open cover of E.

> Ec U(—,1)

Let (a4, b1), (ay, by), ..., (ay, by) be a finite subfamily of{( ) 1)}
neN

Put € = min(ay,ay, ..., ay)

= UiZ,(ay, by) = (&,bp)

Letb, =1

= UR,(a;,b) =(g,1)

Now (0,1) ¢ (g,1), forany € >0
= (0,1) ¢ UZ(a;y, by)

There is no finite subcover for E

= F is not compact.

Example (4.19): The set E = {1,

N =
-
[SSEEY
-
NG [

. ,O} is a compact set in (R, d)

Proof: Let {G,},c4 be an open cover of E

= Ec UG,

a€eA

Let0 € Gy, a9 €A
* Gg, 1s an open set, then 3 an open interval (—7,7) S G4,
= 0€(—r7)

By Archimedean property, 3k € Ns.t. 1 < kr = % <r

> l<li<r.Vva>k
n k

= %E(—r,r) ,Vn>k

1
= ;EGaO,Vn>k
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: 1
Let G, be an open set in the cover {Gy}qea S-t. - € Ge,

Now, {Gg,, Gg,, -, Gg, } 18 a finite open cover and contains E .

= F is compact.

Remark (4.2): If X is compact, then we say that (X,d) is a compact metric
space.

Theorem (4.7): Every closed subset of a compact metric space (X,d) is
compact.

Proof: Let E C X be a closed set

Let {G}qea be an open cover of E

= Ec UG,

aeN

Since E closed

= E€ open and

Since EUE® = X

= EUE° c (aleJ[1 G,)UE*

=> XcC agA (GLUE®)

= {G,UE®) }4eq is an open cover of X
Since X is a compact space

= X c Ui, G, UE®

We have E Cc X

= E c Ui, G4 UE®

= E c Ui, G, (because ENEC = @)

= F is compact.
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