10t Lecture

Theorem (3.2): Let (X, 7) be a topological space. If X = A/B (i.e. X is separable
set). Then A, B are both open and closed distinct subsets of X.
Proof:

We have X = A/B

= A, B# @, ANB =0, Also

(ANBU(BNA) =0

= ANB=0 A BNA=10

If ANB =@

= AN(BUd(B)) =0

= (ANB)U(AUd(B)) =0

But ANd(B) = ¢

= No point of A is a limit point of B

= limit points of B all in B

= d(B) € B = B isclosed

= B¢isopen = Aisopen

Also if BNA =0

= all pointsof Aare in A

= A s closed

= A is open

= B open
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Theorem (3.4): If C is connected in (X,7) and C € E c C. Then E is connected
in (X, 7).

Proof:

Assume (if possible) E is not connected

> E=A/B, AB+0®

Now C is connected in E = A/B

= (CcAor (CcB

fCcA=CcA=CNBcANB =0

= CNB=0¢ (1)
BcENANEc(C = Bcc(C
= CNB=B (2)

From (1) and (2) we get

B =@ = Contradiction

= E is connected.

Theorem (3.5): A topological space (X, t) is connected iff the only open and
closed sets in X are @, X.

Proof:

Suppose that (X, T) is connected.

Assume that 3 A = @ and A < X is both open and closed
= B = A° is both open and closed

Wehave A, B+ 0,ANB=0,AUB =X

Also (ANB)U(ANB) = ¢

= X = A/B = Contradiction

Hence the only open closed sets in X are @, X

Conversely: Suppose that @, X are the only open closed in X
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We need to prove that X is connected
Assume that X is not connected

= X=A/B

= both A and B are open and closed
= Contradiction

~ (X, 1) is connected.
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