1
ol

Fourier Transforms

5.1. INTRODUCTION

Fourier* transforms play an important part in the theory of many branches of science. The
use of Fourier transforms is indispensible in solving the problems in the field of mathematics,
physics and engineering. Many types of integrals and differential equations can be solved by
using Fourier transforms.

5.2. FOURIER’S INTEGRAL THEOREM

Statement. Let f be a real valued function of the real variable x such that f(x) and f1x) are
Dlecewise continuous in every finite interval and the integral of |f(x) | from — eoto oo exists. Then
f(x) can be expressed as

flx) =J:(A(s) cos sx + B(s) sin sx) ds, where

A(s) = iJ.mf(v) cossvdv and B(s) = iJ‘mf(v) sin sv dv,
TC J—oo T J—o

At a point where f(x) is discontinuous the value of the integral on the right side equals
the average of left hand limit and right hand limit of f(x) at that point.

Note. The proof of this theorem is beyond the scope of this book.

The integral J.M(A(s) cos sx + B(s) sin sx) ds is called the Fourier integral expression of the
0

function fx).
Theorem. Prove that the Fourier integral expression of a function f(x) is same as the

integral 2i7tJ: [J: F) ==V dv) ds.
Proof. The Fourier integral expression of flx) is :

flx) = j:(A(s) cos sx + B(s) sin sx) ds, where

A(s) = 1 Jm fWcossv dv and B(s) = 1 Jm f(v) sin sv dv
T J— T J—o

* Baron Baptiste Joseph Fourier (1768-1830) French physicist and mathematician lived and
taught in Paris. Fourier was appointed as Perfect of Isere by Nepoleon in 1802. He never married.
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flx) = JN)o lJm f(v) cos sv dv | cos sx + ljm f(v) sin sv dv |sin sx | ds
0 \\ TC V- T J—oo

= 1 Jm (Jm f(v)[cos sv cos sx + sin sv sin sx] dv] ds
tJo \Jw

1 oo oo
= Jo U—“’ f () cos (sv — sx) dv] ds

flx) = lJmUm f(v) cos s(x —v)dv]ds (1)
Jo \J—-
The function f{v) cos s(x — v) is an even function of s.

The function Jm [ () cos s(x —v) dv is also an even function of s.

—oo

(*» The integration is not w.r.t. s)

1 oo oo
1) = flv)= %Lo (J.w f(v) cos s(x —v)dv)ds ...(2)

( If ¢(x) is an even function of x then Jm o(x)dx = ZJW o(x) dx]
o 0
The function f{v) sin s(x — v) is an odd function of s.

The function Jm f ) sin s(x — v) dv is also an odd function of s.
Jm (Jm f () sin s(x — v) dvj ds =0
1= (= o
- 0= j mu_m £(v) sin s(x — v) dv) ds (3)
Adding (2) and 7’ times (3), we get
fx)+1.0= 1 Jm (Jm f () (cos s(x —v) + i sin s(x — v)) dvj ds
21 Joo\ I
_ i . is(x —v) *
= flx) = o J._mU_m fe dv) ds*.

The result holds.

5.3. FOURIER TRANSFORM AND ITS INVERSE

Let f be a real valued function of the real variable x such that fix) and f ’(x) are piecewise
continuous in every finite interval and the integral of |flx)| exists from — e to co.

The integral Jm f(x) e7* dx is called the Fourier transform of the function fix) and

we write this as F(f{x)) or as f (s).

*Why this step. We have used the Euler formula :
e™ = cos x + i sin x.
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Thus, E(S) = F(f(x)) = Jm £(x) e 5% dx.

By Fourier integral expression of flx), we have

— i ” is(x —v)
) = 5= Um e dvj ds.

1 m « —isv isx
= flx) = o J‘_w(J‘_w fe dv) e ds
1 =
) — 1Sx .
= fix) = o L f(s) e ds

12
The function 2—_[ f(s) e ds i.e., flx) is called the inverse Fourier transform of
T J—co

the function f(s) and we write F(f(s)) = F"(F(fx)) = flx).
1 . . o . 1~ = . .
The constants 1 and — preceding the integrals J f(x) e dx and —J f(s)e™ ds
21 —oo AT Vo

could be replaced by any constants whose product is QL In our discussion, we shall stick to
T

the above choice.
Remark 1. The Fourier transform of a function will in general be a complex-valued function.

Remark 2. In finding the Fourier transform of a function, we may require the following ‘general
rule of integration by parts’ :

- - ”. _n”
J.uvdx—uvl u'v, +u"vy —u” v, + ...... ,
where dashes denote the successive differentiation and suffixes denote the successive integration.

5.4. SHIFTING PROPERTY OF FOURIER TRANSFORMS

Theorem L. If the Fourier transform of the function f(x) is f(s) then prove that the Fourier
transform of the function f(x — a) is e f(s).

Proof. We have
F(R) = f(9)= [ f(@)e™ dx.
Ffle—a) = [ fe-a)e™ da
Let t=x-a. . di=dx
Fiw-a) = [ foe™ @ de=[" roe™ e ar
—cios [T f@ e dt = e fs).

Theorem II. If the Fourier transform of the function flx) is f (s) then prove that the

Fourier transform of the function €% f(x) is f(s — a).
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Proof. We have F(flx)) = f(s)= J'w £lx) e dax.

Fle f) = [ (@ flx)e ™ du=] fx)e ™" dx
- f(s—a).

5.5. MODULATION PROPERTY OF FOURIER TRANSFORMS

Theorem. If the Fourier transform of the function f(x) is f(s) then prove that the Fourier

transform of the function f(x) cos ax is éf (s—a)+ é f (s+a).
Proof. We have F(fix)) = f(s)= J - £(x) e dx.

F(flx) cos ax) = r (F(x) cos ax) e ™% dx

= rw (—e o ]e‘i“ dx

- %JZ f(x)eiax e—isx dx _I_%J.:o f(x)e—iax e—isx dx

=1 [ reeemor ax +1r flx)e T % dx
2J 2

f(s—a)+%f_(s+a),

N | =

5.6. CONVOLUTION THEOREM

The convolution theorem is used to find the inverse Fourier transform of the product of two
functions with known inverse Fourier transforms of the factors of the product. This theorem is
also used in solving partial differential equations.

The convolution of the functions flx) and g(x) is defined by the integral r’ fw) glx —u) du
and denoted by f * g.

(F*g)@ = | fa gtx-w du (D
Let v=x-u. .. dv=-du

1) =  (Fro) = j T flx—v) gv) ( dv)
=— r" 2) fx—v) dv

= [ s f@-vdv=| g f-wdu
(Replacing v by u)
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= (g * fx)
o fvg=g*f.
Convolution Theorem. Let f(x) and g(x) be functions such that their Fourier
transforms exist. Prove that

F(f = g) = F(f) F(g).
Proof. It can be proved mathematically that the Fourier transform of the convolution
of fand g (i.e., f * g) exists.

By definition, F(f=*g)= Jm (Fg)(x)e ™ dx

= j (Ii f@Ww) glx —uw) du) e dx

_ _[:o f(w) [ _[:o g(x —u) e dx) du

(By changing the order of integration)
Let v=x—-u .. dv=dx

fo [ aewe s dr = [ gwe Y av
Ffeg= [ fw ( [~ gw ey dvj du
- rw Ui g(v) e ¢ dv) du
= rw eUZ g(v) e dv) du

_ UZ F(u) e~ du) ( f; g(v) e dv)

= F(f) F(g)
F(f = g) = F(f) F(g).

WORKING RULES FOR SOLVING PROBLEMS

Rulel. IfA(s) = %J._m flv)cossvdv and B(s) = %J‘j f(v) sin sv dv then
fix) = J': (A(s) cos sx + B(s) sin sx) ds.

1 = - is(x — v
Rule IL. f(x) = %L U_m frv) ==V dv) ds.
Rule IIL. The Fourier transform of the function f(x) is given by :
fis) = Fife) = | fl) e™ dx.
Rule IV. The inverse Fourier transform of the function g(s) is given by

1 (= :
1 - = isx
Fl(g(s) = - L g(s) € ds.
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Rule V. F1(f(s) = fix).
Rule VL. (i) F(fx) = fls) = F(f(x - ) = eiss f(s)
(i) F(fx) = fls) = Flei™ f(x) = f(s—a).

Rule VIL.  F(f(x) = f8) = F(f(x) cos ax) = é fls—a)+ éf(s +a).

Rule VIIL (i) (f * g)(x) = r fw) g(x —w) du
(i) F(f+g) =F(f) F(g).

ILLUSTRATIVE EXAMPLES

Example 1. Find the Fourier transform of the function

_JA, ifO<x<a
fx) = {0, otherwise *
Sol. F(fx)) = r Fx) e dx

= J‘_Ow F(x) e dx + I:f(x) e 5% a4 J':f(x) o
= J.O 0.e7™ dx + J.ake_m dx + J.x() P
e X )

—isx |@

=0+ KJ-aniisx dx +0 = k[e

—is
0

iv .

] — I_(e—lsa _ 1).
s

Example 2. Find the Fourier transform of the function

fx) = {ex, if—a<x<a‘

0, otherwise

Sol. F(flx)) = ji Fx) e d
_ L F(x) e dx + _[“a £(x) e da + r F(x) e dax
= J__: 0.7 dx + fa e* e dx + J: 0.e7" dx

=0+ J-a 171 gy + 0

pllmis) a 1 . .
- [e(l —is)a _ e (1- 1s)a].
1-is
Example 3. Find the Fourier transform of the function
5x, if 0<x<3
) =19 , otherwise "

- 1-is |

Sol. F(flx)) = r f(x) e dx



FOURIER TRANSFORMS 105

[ e des [Fe des [ pre de

0 3

0 . 3 . ) .
= J 0.e7" dx +J. 5xe™"* dx +J 0.e7 dx
e 0 3

3 .
=0+5 | x.e™dx +0
01 I

. 3 . . —isx

—isx 3 —isx 51 ) e
=5!xe, -1 dx]=—[3e‘3‘3—0]+._- :

— 18 0 — 18 S S — 1S

0 0
15ie™%* 5
- e + —- [e—3ls _ 1]
S S

) ) 5 .
= D [3is e 4 % 1] = — [e¥ (3is + 1) - 11.
S S

Example 4. Find the Fourier transform of the function
_Jxe™, if x>0
f(x)‘{ 0, ifx<0
Sol. F(fx)) = j T flx) e da
0 . oo 4
= j £(x) e dx + j £(x) e di
o 0
_ J.O 0 —isxd +J.°c -x —isx dx = 0+ J‘wx.e—(l+is)x dx
0. Xt xe.e X o

I II
e—(1+is)x e—(1+is)x
—|x. — 1. —
-(1+1is) (-(1+1is))

o

0
_ 1 x T 1 )
1+is e*(cossx +isin sx) o (1+1is)? " e*(cos sx + i sin sx) 0
1 . x . 1 0
=— —| lim —. lim — -
1+is|x>=e* xowcossx+isinsx e°(cosO+isin0)
1 . 1 1
- ——| lim — — - —
(1+is)*|x—>=e*(cossx +isinsx) e (cosO0+isin0)
1
e 0-0-— -1
1+is (1+1is)
v Tim = lim 2 = lim L =0
x> e xoe (%) xow ¥
1
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Example 5. Find the Fourier transform of the function

-1, if —-a<x<0
fl)=11, if O<x<a.
0, otherwise

Sol. F(fx)) = j T flx) e dx

= J__: Flx) e dx + J._Oa Fx) e dx + J:f(x) e % e 4 J.:f(x)e*isx dx
- .[__: 0.7 di + J_Oa ~l.e™ dx+ J.Oal. e dx + J:O e dx
coren. | e
)

+0

+

—18
0

—-a

4 . i .
=——(1- elsa) + _(e—Lsa _ 1)
S S

(=1 +e8 e8¢ _ 1) = é (2cos sa — 2)

D |~

i
= — (cos sa-1).
s

Example 6. Find the Fourier transform of the function
1- L2 , If O<t<a
a
fit) = 1+£, if —a<t<0,
a

0, otherwise

Sol. F(f(t)) = r £(t) et dt

= j £(8) et di + jo £(8) e di + _[ @ e dt + r £(8) e dt
oo —a 0 a

= J:l 0.e7® dt + J._Oa(1+ 2) e st dp + J.Oa (1_ é) e st di + J': 0.e7% dt

. . 0 . . a
—ist 1 —1ist —ist —ist
—0+ (1+1).e A - (1_3); . —(—lj. e +0
a) —is a (—is) » a) —is a) (—is)? .
1 1 ) 1 1 )
=-—1-0+—F5 1-e*-—(0-1)-— (e"*-1)
is as is as
1 < , 1 1 ., as
= (1-e@s—gias y 1)= ——_ (2—-2cosas) = — .4 sin? —
as? as? as? 2
4 . g as

5 sin® —,
as 2





