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Example of Stokes's Theorem 

 

Example 3: Use Stokes's theorem to find the work performed (الشغل المنجز) 

by the vector field  𝐹(𝑥, 𝑦, 𝑧) = 𝑥2𝑖 + 4𝑥𝑦3𝑗 + 𝑦2𝑥 𝑘  on a particle that 

traverses (تقطع ) the rectangular C in the plane  𝑧 = 𝑦  and the lies  𝑥 = 1  &   

𝑦 = 3.   

 

Solution: 

 

∬ 𝐶𝑢𝑟𝑙 𝐹. 𝑛. 𝑑𝑠

𝑆

 

𝐶𝑢𝑟𝑙 𝐹 = ∇ × 𝐹 = ||

𝑖 𝑗 𝑘
𝜕

𝜕𝑥

𝜕

𝜕𝑦

𝜕

𝜕𝑧

𝑥2 4𝑥𝑦3 𝑦2𝑥

|| = (2𝑥𝑦 − 0)𝑖 − (𝑦2 − 0)𝑗 + (4𝑦3 − 0)𝑘 

 

∴   𝐶𝑢𝑟𝑙 𝐹 = 2𝑥𝑦 𝑖 − 𝑦2𝑗 +  4𝑦3𝑘 

 

𝑛 =
∇𝐹

‖∇𝐹‖
=

0 + (−1)𝑗 + 1𝑘

√0 + 1 + 1
=

−𝑗 + 𝑘

√2
 

 

𝑑𝑠 = √𝑓𝑥
2 + 𝑓𝑦

2 + 1  𝑑𝐴  ⇒    𝑑𝑠 = √02 + 12 + 1  𝑑𝐴    ⇒ 𝑑𝑠 = √2 𝑑𝐴    

= ∬(2𝑥𝑦 𝑖 − 𝑦2𝑗 + 4𝑦3𝑘).
−𝑗 + 𝑘

√2
. √2 𝑑𝐴   = ∬(𝑦2 + 4𝑦3) 𝑑𝐴 =

𝑆𝑆

 

= ∫ ∫(𝑦2 + 4𝑦3) 𝑑𝑦 𝑑𝑥

3

0

1

0

 = ∫   
𝑦3

3

1

0

+ 𝑦4]
0

3
  𝑑𝑥 
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Example 4: Use Stokes's theorem to find the work performed (الشغل المنجز) 

by the vector field  𝐹(𝑥, 𝑦, 𝑧) = −𝑦𝑖 + 𝑥2𝑗 + 𝑧2 𝑘  on a particle that 

traverses (يقطع ) along C, where  C is occur (يحدث) by the intersection between 

the cylinder 𝑥2 + 𝑦2 = 4   and the plane  𝑥 + 𝑧 = 3  .   

 

Solution: 

∬ 𝐶𝑢𝑟𝑙 𝐹. 𝑛. 𝑑𝑠

𝑆

 

𝐶𝑢𝑟𝑙 𝐹 = ∇ × 𝐹 = ||

𝑖 𝑗 𝑘
𝜕

𝜕𝑥

𝜕

𝜕𝑦

𝜕

𝜕𝑧

−𝑦 𝑥2 𝑧2

|| = (0 − 0)𝑖 − (0 − 0)𝑗 + (2𝑥 + 1)𝑘 = 

∴   𝐶𝑢𝑟𝑙 𝐹 = (2𝑥 + 1)𝑘 
 

𝑛 =
∇𝐹

‖∇𝐹‖
=

1𝑖+(0)𝑗+1𝑘

√1+0+1
=

𝑖+𝑘

√2
   , 𝑑𝑠 = √2 𝑑𝐴 

= ∬(2𝑥 + 1)𝑘.
𝑖 + 𝑘

√2
. √2 𝑑𝐴 = ∬ 2𝑥 − 1 𝑑𝐴

𝑆𝑆

= ∫ ∫ 2𝑥 + 1 𝑑𝑦 𝑑𝑥

√4−𝑥2

0

2

0

 

   = ∫   
𝑦3

3

1

0

+ 𝑦4]
0

3
  𝑑𝑥 
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Example 5: Verify Stokes's theorem for field  𝐹(𝑥, 𝑦) = 𝑧𝑖 + 𝑥𝑗 + 𝑦𝑘  

on the hemisphere  𝑧 = 1 − 𝑥2 − 𝑦2     

  

Solution: 

∮ 𝐹. 𝑑𝑅 = ∬ 𝐶𝑢𝑟𝑙 𝐹. 𝑛. 𝑑𝑠

𝑆
𝐶

 

𝑧 + 𝑥2 + 𝑦2 − 1 = 0 

∬ 𝐶𝑢𝑟𝑙 𝐹. 𝑛. 𝑑𝑠

𝑆

 

𝐶𝑢𝑟𝑙 𝐹 = ∇ × 𝐹 = ||

𝑖 𝑗 𝑘
𝜕

𝜕𝑥

𝜕

𝜕𝑦

𝜕

𝜕𝑧
𝑧 𝑥 𝑦

|| = (1 − 0)𝑖 − (0 − 1)𝑗 + (1 − 0)𝑘 = 

∴  𝐶𝑢𝑟𝑙 𝐹 = 𝑖 + 𝑗 + 𝑘 

 

𝑛 =
∇𝐹

‖∇𝐹‖
=

2𝑥𝑖+2𝑦𝑗+1𝑘

√4𝑥2+4𝑦2+1
   , 𝑑𝑠 =

√4𝑥2+4𝑦2+1

1
 𝑑𝐴 

 

∬(𝑖 + 𝑗 + 𝑘) .
2𝑥𝑖 + 2𝑦𝑗 + 𝑘

√4𝑥2 + 4𝑦2 + 1
. √4𝑥2 + 4𝑦2 + 1 𝑑𝐴 

𝑆

 

= ∬(2𝑥 + 2𝑦 + 1) 𝑑𝐴 

𝑆

= ∫ ∫ (2𝑟𝑐𝑜𝑠𝜃
1

0

2𝜋

0

+ 2 𝑟𝑠𝑖𝑛𝜃 + 1) 𝑟𝑑𝑟 𝑑𝜃 

 

∫ ∫ (2𝑟2𝑐𝑜𝑠𝜃
1

0

2𝜋

0

+ 2 𝑟2𝑠𝑖𝑛𝜃 + 𝑟)𝑑𝑟 𝑑𝜃 = ∫
2𝑟3

3
𝑐𝑜𝑠𝜃

2𝜋

0

+
2𝑟3

3
𝑠𝑖𝑛𝜃 +

𝑟2

2
]

0

1

𝑑𝜃 

 

∫
2

3
𝑐𝑜𝑠𝜃

2𝜋

0

+
2

3
𝑠𝑖𝑛𝜃 +

1

2
] 𝑑𝜃 =

2

3
𝑠𝑖𝑛𝜃 −

2

3
 𝑐𝑜𝑠𝜃 +

1

2
𝜃]

0

2𝜋

= 0 −
2

3
+ 𝜋 − [0 − 1 + 0] 

 

. 
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∮ 𝐹. 𝑑𝑅 =
𝐶

 

∮ (𝑦𝑖 − 𝑥𝑗) . (𝑑𝑥𝑖 + 𝑑𝑦𝑗 + 𝑑𝑧𝑘) = ∮ (𝑦𝑑𝑥 − 𝑥𝑑𝑦) = ∬(−1 − 1)𝑑𝐴

𝑅
𝐶𝐶

 

= −2 ∬ 𝑑𝐴 = −2 ∫ ∫ 𝑟 𝑑𝑟 𝑑𝜃
𝑎

0

2𝜋

0𝑅
= −2 ∫

𝑟2

2
]

0

𝑎
2𝜋

0
𝑑𝜃 = −2𝑎2𝜋. 

 

 

 

 


