Proposition (4.4): Let (X, d) be a metric space then every compact set is closed.
Proof: Let A € X be a compact subset

Suppose x,y €E Xst. x €A,y €A and

d(x,y) =rs.t. Bg(x)ﬂBg(y) =Q0,VyeA

Since A is compact
= 3 finitely many points in 4

1L.e. Y1,Y2, -, Yp IN A
st. A € Bri(y1)UBr2(y,)U ...UBr(y,) = G4
2 2 2

Let G, = Bri(x)NBr2(x)N ... NBra(x)

We have G,NG, =0

= G, C AC

= Xx is an interior point of A€

= AC is an open set

= A is closed set

Corollary (4.1): If F is a closed set and K is a compact set, then FNK is a
compact set.

Proof: Since K is a compact set

= K isaclosed set

Since F and K are closed sets

= FNK isaclosedsetand FNK c K
= FNK is a compact set

Proposition (4.5): Let (X,d) be a metric space then every compact set is
bounded.

Proof: Let E be a compact set in X and x, € X

Put B, ={x € X : d(x,x,) <n},Vn €N, B, is an open set.

Letx € E,thendn €N s.t.d(x,x) <n
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= x €B,

= E c UB,
n

= {B, :n € N} is an open cover for E

But E is a compact set,then 3k € Ns.t. E € UX_, B,
B;€B, S B; C -

Then UXK_, B, = By

= ECSB

= E is bounded.

Theorem (4.8): (Heine — Borel Theorem) dJius: - (ol 4 ks
A subset of R 1s compact iff it is closed and bounded.
Proof: Let E € R be a compact set

By Propositions (4.4) and (4.5),

= FE is closed and bounded set

Now, let E be a closed and bounded set in R

Since E is bounded

=> AMER ,st. |[x| <M ,Vx€EE

> E c[-M,M]

Since [—M, M] is closed interval in R

= [—M, M] is compact

Since E is closed

= FE is compact
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Connectedness in Metric Spaces o el clplad) bday i)

Definition (4.17): (Separation) Juail)

Let (X,d) be a metric space. We say that the set E is separable in (X,d), if
there is two open sets 4, B such that

(1) AAB#0

(il) ANB =0

(i) E € AUB

Example (4.20): The set E = {0,2} is separable set in (R, d)

Since3 A = (—1,1) and B = (1,3) satisfy

(HA,B#=0

2)ANB =(—-1,1)N(1,3) =0

3)E ={0,2} c (-1,1)U(1,3) = AUB

Definition (4.18): (Connectedness) -l i

Let (X,d) be a metric space. We say that a subset E is connected if there does
not exist a separation for E in (X, d).

Example (4.21): The set E = [0,2] is connected set in (R, d), since there does
not exist a separation for [0,2] in (R, d).

Proposition (4.6): A metric space (X,d) is connected if and only if the only

clopen subsets of X are the empty set.
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Chapter Five
;L) 1)) i )
Continuity

Definition (5.1): (Continuous Function) 5 aiuall 414l
Let (X,dy) and (Y, dy) be metric spaces. A function f: X — Y is continuous at
Xo € X if
Ve>0,36>0,8=258(gx) st ifdy(x,x) <8 = dy(f(x),f(x)) < &.
i.e. In terms of open balls, f(Bs(x)) € B:(f (x0))
Example (5.1): Let (R, d) be usual metric space then every constant function is
continuous.
Proof:
We have d(x,y) =|x—y|, Vx,y €ER
Let f: (R,d) — (R, d) defined by
f(x)=c,V x €R,c is constant
Let €>0,36>0,s.t d(x,x) =|x—2x0| <6
= d(f (), f(x)) = If (x) = f (%)l
=lc—c|=0<e¢
wd(f(), f(xe)) <e
= f is continuous function
Example (5.2): Prove that every identity function is continuous.
Proof:
Let (R, d) be uusual metric space
Let f: (R,d) — (R, d) defined by
f(x)=x,¥YV x€R
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