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Double Integrals in Polar Coordinates
dudadl) lflaayly Al cdtalesl)
In Cartesian Coordinates (S Sl ldlaayl): dA = dx dy = dy dx
In Polar Coordinates (Aukill ililaylh ). dA = rdrd6 = rdo dr

Prefer to use integrals in polar coordinates when we have polar region,
also, if we have (x? + y?), then used polar coordinates.

X =71cosO, y=rsinf
x% 4+ y2 = 2
(r cos0)? + (r sinB)? = r?cos?0 + r?sin?0

= r2(cos?0 + sin?0) = r?

Example 1: Evaluate the double integral by using the polar Coordinates
[, 1 +x2+y?)2dA , where 0<r<1, 0<6<2n
Solution:
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LA +r)irdrde =< [ 5| do == [ "[(2)2 — (1)2]d6
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Example 2: [ J, 7 e (x? + y?)? dy dx
Solution: -1<x<1 and

y=0 y=v1l—-x2 = y2=1-x2 = x%24+y2=1
fon folr cosO (r?)% r drde =

Tl g o (m 71 1 ,m 1. .
Jo J, m®cos@drde = [ c0567]0 d® == [ cos6 d6 =-sinb]f =0
y
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[1— 1
Example 3: fol Js ! yz(xz + y2)s dx dy
Solution: 0<y<1 and x=0 x=,/1—-y%2 = x2=
1-y2 = x*+y?=1

fOEfOl (r?)z rdrd6 =

Example 4: f f " dy dx

Solution: -1<x<1 and y:(),y:\/l_x_z 5> 2=
1-x2 = x*+y?=1
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Example 5: f f (x + y?) dx dy

Solution: —1§y§1,x=i 1—y2 = x2+y2=1

fozn fol r? rdrdf = fozn fol r3 drde =

27 41 27 2 q
dG—— = —1
[ w04 .

X

51



Advanced Caleulug Aadal) Cilfilaayl Al sl / jdie galal) 5 palaal)

Example 6: [ [/ = dy dx
Solution: 0<x<2 ,y=0 y=V4d—x2 = x2+y2=4

T 2 T 272
[2f2 rdrde =2 %]Ode rY

L T +>
2[zd0 =2 62 =n /

Example 7: x2-|1-y2 dA, bounded (32x><) by x2+y%2 =1 &

x2 +y2 = 4 in the first quardant (Js¥) =)

Solution:
T 21 T 21 z =
e/, = rdrdé = [2 [/ - drdeé = JLnr]ide = [?[Ln2 — Ln1] d6 =
ud Z n
fOz Ln2 dO = Ln2 6](2) = E Ln2 /\y
Or
T Vs
2 2 2 2 T
1 1 21 12
jj—zrdederj—deder—e] dr
J r J J r 17 Jo > X
1 2
fznld _nL ]Z—EL 5
27 r=-Lnrfi =7 Ln

Example 8: Evaluate the double integral by using the polar Coordinates
& Cartesian Coordinates for x? +y% =1 4o
1

Solution: In Polar Coordinates: /%X*:\\]
A=4f [>rdodr =4[ r6]2dr < >
=27 [(rdr=2 i k
= nfor r= n;] =T
A

/1 '
A
L]+
or ° 7%
1w 1 ‘
A=2[ [ rdedr =2 [re]fdr \
A

\

1
= anolr dr = anz—z] =7
0
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or
A= [ [T rdedr = ['r 03 dr

1 r211
=2m [ rdr= Zn?]o =7
In Cartesian Coordinates

x2+y?=1 = y*=1-x*> y=+Vv1—x2

1 1
4] f dy j 1—x2 dx
0 0 0

Let x =sin®@ = dx = cos6 db,

Substitute in above integral we have

1 1
1
4f\/1 — sin?%0 cosH db = 4[«00529 cosO do = 4.[ cos?0 do
0 0
0

1 1
1+ cos26 1 co0s20
4j—d9:4J[—+ ]d6—26] + sin20]}
2 2 2
0 0

= 2+ sin2
or

1-y? 1

1
4[ f dxdy=4f 1—y? dx
0 0

0

Let y=sin8 = dy = cos0d6,

Example 9: Use polar coordinates to evaluate | f dA where R is that part
of annulus(3dsl) 4 < x? + y? < 9 lying in the first quadrant and below the line
y=X. N y

Solution: [f, % Y dA = I§ f23 ;Zsm 0 dr do
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E]
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3 oy
_[j tan’0 rdrd8=j.?] tan?0 do
0 2 - 0 2
4
5[[ 20— 1]d6 = 2 [tan6 — 0]} = - [ “]
5 | [sec = 5 [tan =353
0
Or
n n n
3 3 3 3 3 7
jj tan’0 rdedr=JJr tanzededr=jJr [ sec?0 — 1] d0O dr
20 20 20
3 31 r2|3 5[1 T
_ r[tan® — 6] dr—f2 [_2_2] dr—[———] 7, = \/___Z]

Example 10: fol fy“z_yzx dx dy

Solution: 0 <y <1, x=y, x=,2—-y%2 = x*+y?=2

V2 4 3 JZ
j r? cosO dr do =J cosO ?] do
0 0 0

O\%I:

2V2 - N2 . oo 221
Tfo‘*cosed9=7[3m9] =T(\/_) S Ay
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