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Double Integrals in Polar Coordinates 

 التكاملات الثنائية بالإحداثيات القطبية

In Cartesian Coordinates (بالإحداثيات الديكارتي ):  dA = dx dy = dy dx 

In Polar Coordinates (بالإحداثيات القطبية ):  dA = 𝑟 dr dθ = r dθ dr 

Prefer to use integrals in polar coordinates when we have polar region, 

also, if we have (x2 + y2), then used polar coordinates.  

  x = 𝑟 𝑐𝑜𝑠θ ,   y = r sinθ 

        x2 + y2 = r2 

(𝑟 𝑐𝑜𝑠θ )2 + (𝑟 𝑠𝑖𝑛θ )2 ⇛ r2𝑐𝑜𝑠2θ + r2𝑠𝑖𝑛2θ 

= r2(𝑐𝑜𝑠2θ + 𝑠𝑖𝑛2θ) = r2 

Example 1: Evaluate the double integral by using the polar Coordinates 

∬ (1 + x2 + y2)
3

2 𝑑𝐴
𝑅

  ,   where     0 ≤ 𝑟 ≤ 1  ,   0 ≤ 𝜃 ≤ 2𝜋 

Solution: 

  ∫ ∫ (1 + r2)
3

2 𝑟 dr dθ =
1

2
∫

(1+r2)
5
2

5

2

]
0

1

dθ =
2𝜋

0

1

0

2𝜋

0

1

5
∫ [(2)

5

2 − (1)
5

2]dθ
2𝜋

0
 

 
1

5
(2)

5

2
 θ]

0

2𝜋 

−
1

5
θ]

0

2𝜋 
=

2

5
(2)

5

2
 𝜋 −

2

5
𝜋  

Example 2:  ∫ ∫ 𝑥(𝑥2 + 𝑦2)2 𝑑𝑦 𝑑𝑥
√1−𝑥2

0

1

−1
  

Solution:        −1 ≤ 𝑥 ≤ 1      and  

    𝑦 = 0,   𝑦 = √1 − 𝑥2    ⇛     𝑦2 = 1 − 𝑥2      ⇛      x2 + y2 = 1 

∫ ∫ 𝑟 𝑐𝑜𝑠θ (r2)2 𝑟 dr dθ =
1

0

𝜋

0

∫ ∫  𝑟6 𝑐𝑜𝑠θ dr dθ =  ∫ 𝑐𝑜𝑠θ
𝑟7

7
]
0

1

dθ
𝜋

0

1

0

𝜋

0
 =

1

7
∫ 𝑐𝑜𝑠θ dθ =

1

7
𝑠𝑖𝑛θ]0

𝜋 = 0
𝜋

0
       

         

              

x

ء

1

-1 𝜋 1

y

ء
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Example 3:  ∫ ∫ (𝑥2 + 𝑦2)
1

3  𝑑𝑥 𝑑𝑦
√1−𝑦2

0

1

0
  

Solution:        0 ≤ 𝑦 ≤ 1      and      𝑥 = 0,   𝑥 = √1 − 𝑦2    ⇛     𝑥2 =

1 − 𝑦2      ⇛      x2 + y2 = 1 

∫ ∫  (r2)
1

3  𝑟 dr dθ =
1

0

𝜋

2
0

 

∫∫  𝑟
2
3 𝑟 dr dθ = ∫∫  𝑟

5
3 dr dθ =  ∫  

𝑟
8
3

8
3

]

0

1

dθ

𝜋
2

0

1

0

𝜋
2

0

 

1

0

𝜋
2

0

 

  
3

8
∫  dθ =

3

8
  θ]0

𝜋

2 =
3

16
𝜋

𝜋

2
0

 

 

Example 4:  ∫ ∫   𝑑𝑦 𝑑𝑥
√1−𝑥2

0

1

−1
  

Solution:        −1 ≤ 𝑥 ≤ 1      and      𝑦 = 0,   𝑦 = √1 − 𝑥2    ⇛     𝑦2 =

1 − 𝑥2      ⇛      x2 + y2 = 1 

∫∫   𝑟 dr dθ = ∫  
𝑟2

2
]
0

1

dθ
𝜋

0

1

0

𝜋

0

 

= 
1

2
∫  dθ

𝜋

0

=
1

2
 θ]

0

𝜋

=
1

2
𝜋 

 

Example 5:  ∫ ∫  (𝑥2 + 𝑦2) 𝑑𝑥 𝑑𝑦
√1−𝑦2

−√1−𝑦2
1

−1
  

Solution:  −1 ≤ 𝑦 ≤ 1 , 𝑥 = ±√1 − 𝑦2    ⇛       x2 + y2 = 1 

∫ ∫   𝑟2  rdr dθ = ∫ ∫   𝑟3  dr dθ =
1

0

2𝜋

0

1

0

2𝜋

0
 

∫  
𝑟4

4
]
0

1

dθ
2𝜋

0

= 
1

4
∫  dθ

2𝜋

0

=
1

4
 θ]

0

2𝜋

=
1

2
𝜋 

 

1
x

y

1

x

ء

1

-1 𝜋 1

y

ء

1

1
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Example 6:  ∫ ∫   𝑑𝑦 𝑑𝑥
√4−𝑥2

0

2

0
  

Solution:        0 ≤ 𝑥 ≤ 2     ,𝑦 = 0,   𝑦 = √4 − 𝑥2   ⇛      x2 + y2 = 4 

∫ ∫   𝑟 dr dθ =
2

0

𝜋

2
0

∫  
𝑟2

2
]
0

2

dθ
𝜋

2
0

 

  2∫  dθ = 2  θ]0

𝜋

2 = 𝜋
𝜋

2
0

 

 

 

Example 7: ∬
1

𝑥2+𝑦2
 𝑑𝐴

𝑅
, bounded (محددة) by   𝑥2 + 𝑦2 = 1    & 

𝑥2 + 𝑦2 = 4   in the first quardant (الربع الاول )  

Solution: 

∫ ∫  
1

𝑟2
 r dr dθ = ∫ ∫  

1

𝑟
 dr dθ =  ∫ 𝐿𝑛𝑟]1

2dθ =
𝜋

2
0

2

1

𝜋

2
0

2

1

𝜋

2
0

∫ [𝐿𝑛2 − 𝐿𝑛1] dθ =
𝜋

2
0

∫ 𝐿𝑛2  dθ = 𝐿𝑛2 θ]0

𝜋

2 =
𝜋

2

𝜋

2
0

 𝐿𝑛2  

Or 

∫∫  
1

𝑟2
 r dθ dr = ∫∫  

1

𝑟
 dθdr =  ∫

1

𝑟
 θ]

0

𝜋
2
dr

2

1

𝜋
2

0

2

1

𝜋
2

0

2

1

 

∫
𝜋

2

1

𝑟
 dr =

𝜋

2
 Ln r]1

2 =
𝜋

2
 Ln 2

2

1

 

 

Example 8: Evaluate the double integral by using the polar Coordinates 

& Cartesian Coordinates for   x2 + y2 = 1 

Solution: In Polar Coordinates: 

  𝐴 = 𝟒∫ ∫  𝑟 dθ dr 
𝜋

2
0

1

0
 = 𝟒∫ 𝑟 θ]0

𝜋

2dr
1

0
 

      = 2𝜋∫ 𝑟 dr = 2𝜋
𝑟2

2
]
0

1
1

0
= 𝜋 

or  

 𝐴 = 𝟐∫ ∫  𝑟 dθ dr 
𝜋

0

1

0
 = 𝟐∫ 𝑟 θ]0

𝜋dr
1

0
 

      = 2𝜋∫ 𝑟 dr = 2𝜋
𝑟2

2
]
0

1
1

0
= 𝜋 

1 2
x

y

1

1

1

1

2
x

y

2
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or  

𝐴 = ∫ ∫  𝑟 dθ dr 
2𝜋

0

1

0
 = ∫ 𝑟 θ]0

2𝜋dr
1

0
 

      = 2𝜋∫ 𝑟 dr = 2𝜋
𝑟2

2
]
0

1
1

0
= 𝜋 

In Cartesian Coordinates 

𝑥2 + 𝑦2 = 1    ⇛     𝑦2 = 1 − 𝑥2 ⇛    𝑦 = √1 − 𝑥2     

4∫ ∫  𝑑𝑦 𝑑𝑥

√1−𝑥2

0

1

0

= 4∫√1 − 𝑥2  𝑑𝑥

1

0

 

Let   𝑥 = 𝑠𝑖𝑛θ   ⇛     𝑑𝑥 = 𝑐𝑜𝑠θ dθ,   

Substitute in above integral  we have 

4∫
√1 − 𝑠𝑖𝑛2θ  𝑐𝑜𝑠θ dθ = 4∫√𝑐𝑜𝑠2θ  𝑐𝑜𝑠θ dθ

1

0

= 4∫   𝑐𝑜𝑠2θ dθ

1

0

1

0

 

4∫   
1 + 𝑐𝑜𝑠2θ

2
 dθ

1

0

= 4∫ [
1

2
+  

𝑐𝑜𝑠2θ

2
]  dθ = 2θ]0

1

1

0

+ 𝑠𝑖𝑛2θ]0
1

= 2 + 𝑠𝑖𝑛2 

or 

4∫ ∫  𝑑𝑥𝑑𝑦 

√1−𝑦2

0

1

0

= 4∫√1 − 𝑦2  𝑑𝑥

1

0

 

Let   𝑦 = 𝑠𝑖𝑛θ   ⇛     𝑑𝑦 = 𝑐𝑜𝑠θ dθ,   

Example 9: Use polar coordinates to evaluate ∬
𝐲𝟐

𝐱𝟐 𝐑
 𝐝𝐀, where R is that part 

of annulus(الحلقة) 𝟒 ≤ 𝐱𝟐 + 𝐲𝟐 ≤ 𝟗 lying in the first quadrant and below the line 

y=x. 

Solution: ∬
𝐲𝟐

𝐱𝟐 𝐑
 𝐝𝐀 = ∫ ∫  

r2𝑠𝑖𝑛2θ

r2𝑐𝑜𝑠2θ
  𝑟𝑑𝑟 𝑑θ

3
2

π

4

0
 

1
x

y

1

1
x

y

1

1

1

2 3
x

y

θ= π 4 
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∫∫  𝑡𝑎𝑛2θ  𝑟 𝑑𝑟 𝑑θ

3

2

π

4

0

= ∫
𝑟2

2
]
2

3

   𝑡𝑎𝑛2θ 

π

4

𝟎

𝑑θ 

5

2
∫[𝑠𝑒𝑐2θ − 1]

π

4

0

𝑑θ =
5

2
[𝑡𝑎𝑛θ − θ]0

π

4 =
5

2
[
1

√2
−

π

4
] 

 

Or  

∫∫  𝑡𝑎𝑛2θ  𝑟 𝑑θ𝑑𝑟 = ∫∫𝑟  𝑡𝑎𝑛2θ 𝑑θ 𝑑𝑟 = ∫∫ 𝑟[ 𝑠𝑒𝑐2θ − 1] 𝑑θ 𝑑𝑟

π
4

0

3

2

π
4

0

3

2

 

π
4

0

3

2

 

∫ 𝑟[𝑡𝑎𝑛θ − θ]0

π

4  𝑑𝑟 =
3

2
∫ [

1

√2
−

π

4
] 𝑟𝑑𝑟 = [

1

√2
−

π

4
]    

𝑟2

2
|
2

3

=
5

2
[
1

√2
−

π

4
]

3

2
  . 

 

 

 

Example 10: ∫ ∫ 𝑥  𝑑𝑥 𝑑𝑦
√2−𝑦2

𝑦

1

0
  

 

Solution:  0 ≤ 𝑦 ≤ 1 ,   𝑥 = 𝑦,   𝑥 = √2 − 𝑦2    ⇛   x2 + y2 = 2 

∫∫    𝑟2  𝑐𝑜𝑠θ 𝑑𝑟 𝑑θ

√2

0

π

4

0

= ∫  𝑐𝑜𝑠θ   
𝑟3

3
]
0

√2

 𝑑θ 

π

4

𝟎

 

 

2√2

3
∫ 𝑐𝑜𝑠θ

π

4

0
𝑑θ =

2√2

3
[𝑠𝑖𝑛θ]0

π

4 =
2√2

3
(
1

√2
) =

2

3
 

 

 

 

 

 

 

 

 

 
 

√2 

x

y

θ= π 4 

√2 
y=1 


