11t Lecture

Chapter Four

L o gl el 8 (yal i)
Compactness in Topological Spaces

Definition (4.1): Let E be a subset in a topological space (X, 1)
glhs
(i) We say that the family {G,},e4 1S @ Cover for E iff c U G,

a€eA

= sl
(i) We say that the subfamily of {G}qeq (SQY {Gg }q;en IS @ subcover of E) iff

Ec U G, .
a;eA
Coidaslhs
(iii) We say that the family {G,},c4 IS an open cover of E iff E c U/1 G, and
ae
G, ET,VaeA. " .
C5ha giia A sllad

(iv) We say that {G,,}i=, is an open finite subcover of E iff E c UL, G,,, where

Gg, €ET.

"""""""""""""""""""""""""""""""""""""""" 4_.4\
Definition (4.2): If E isasubsetin (X, t). We say that E is compact Iff for every

open cover {G,}qea OF E, there exists a finite subcover of E (say {Gg,}i=1)-

In other word: (E compact) < [(E c U Ga> = (E cUL,G, ]

a€EA

Example (4.1): If E = {x4, x5, x3, ..., X, } IS finite (X, ). Then E compact.
Proof: Let {G,},e4 be an open cover of E
= Ec UGy » 3Gy, % € Gy, 1 =1,2,...,1n

a€EA

= X1 € Gy, , X3 € Gg,, ... X € Gy,
= {xl}cGa ’{xz}c Gaza-”{xn}c Gan

= Un 1{x1} - U
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= E c UL, Gy,
= {Gg,}i=1 is a finite subcover of E.
= E is compact.

Example (4.2): Determine whether E = (0,1) is compact or not in (R, 7).

Proof: Let {G, },,en SUch that G,, = (ﬁ, 1) be an open cover of .

= FE C U(L,l)

Let (aq, by), (a3, by), ..., (a,,by,) be a finite subfamily of {(ﬁ 1)}

nenN
Put ¢ = min(aq, ay, ..., ay)

= Uiti(a;, by) = (&,bp)

Letb,, =1

= UZi(a, b) = (1)

Now (0,1) & (g,1), for €>0

= (0,1) ¢ U™, (a;, b))

There is no finite subcovering for E

= E is not compact.

Theorem (4.1): Let (X*, t*) be a topological subspace of (X,7) and E < X*. Then
E is t*-compact iff E is T-compact.

Proof: Suppose that E is t*-compact

We need to prove that E is T-compact

Let {G,}4ea b an open cover of E

= Fc UG,

a€EA

= ENX" c (UG, )NX"

aeA
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= ENX* c U(G,NX™)

a€eA

= Ec UG, = {Gy}qeaisanopen cover for E
a€eAN

But E is t*-compact

= 3 {G;i}?zl finite subcover for E
= E c UL, Gy,

= E c UL, (G,NXY)

= E c (UL, Gg) NX”

= E c (U2, Ggy)

(E c U Ga) = (Ec UL, Gy)

a€eA

= E is T-compact

Conversely: Suppose (<) E is T —compact
We need to prove that E is T*-compact
Let {G.},eca be an open cover for E

= Ec UG,

aeAN

= Ec U (G,NX")
aeAN

= Ec(UG)NX" < (U G,)
aeA aeA

= Ec UG,

aeA

But E is T-compact

= E c UL, Gy,

= ENX" C (UR, Go)NX”

= E c U, Gy,

~ (Ec UGy) =» (Ec UL, Gy) = Eist’-compact.

aeA

37



