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11th Lecture                                                                   
 

Chapter Four 

 

Compactness in Topological Spaces 

 

Definition (4.1): Let 𝐸 be a subset in a topological space (𝑋, 𝜏) 

(i) We say that the family {𝐺𝛼}𝛼∈𝛬 is a cover for 𝐸 iff ⊂ ⋃
𝛼∈𝛬 

𝐺𝛼 . 

(ii)  We say that the subfamily of {𝐺𝛼}𝛼∈𝛬 (say {𝐺𝛼𝑖
}𝛼𝑖∈𝛬 is a subcover of 𝐸) iff 

𝐸 ⊂ ⋃
𝛼𝑖∈𝛬 

𝐺𝛼𝑖
 .  

(iii) We say that the family {𝐺𝛼}𝛼∈𝛬 is an open cover of 𝐸 iff 𝐸 ⊂ ⋃
𝛼∈𝛬 

𝐺𝛼 and 

𝐺𝛼 ∈ 𝜏, ∀ 𝛼 ∈ 𝛬 .  

(iv) We say that {𝐺𝛼𝑖
}𝑖=1

𝑛  is an open finite subcover of 𝐸 iff 𝐸 ⊂ ⋃ 𝐺𝛼𝑖

𝑛
𝑖=1 , where 

𝐺𝛼𝑖
∈ 𝜏. 

-------------------------------------------------------------------------------------------------- 

Definition (4.2): If 𝐸  is a subset in (𝑋, 𝜏). We say that 𝐸 is compact iff for every 

open cover {𝐺𝛼}𝛼∈𝛬 of 𝐸, there exists a finite subcover of 𝐸 (say {𝐺𝛼𝑖
}𝑖=1

𝑛 ). 

In other word:   (𝐸 compact)  ⇔  [(𝐸 ⊂ ⋃ 𝐺𝛼
𝛼∈𝛬      

)   ⇒   (𝐸 ⊂ ⋃ 𝐺𝛼𝑖

𝑛
𝑖=1 ) ] 

-------------------------------------------------------------------------------------------------- 

Example (4.1): If 𝐸 = {𝑥1, 𝑥2, 𝑥3, … , 𝑥𝑛 } is finite (𝑋, 𝜏). Then 𝐸 compact. 

Proof: Let {𝐺𝛼}𝛼∈𝛬 be an open cover of 𝐸 

⇒  𝐸 ⊂ ⋃ 𝐺𝛼
𝛼∈𝛬      

 ⇒  ∃ 𝐺𝛼𝑖
, 𝑥𝑖 ∈ 𝐺𝛼𝑖

, 𝑖 = 1,2, … , 𝑛 

⇒  𝑥1 ∈ 𝐺𝛼1
 , 𝑥2 ∈ 𝐺𝛼2

, … 𝑥𝑛 ∈ 𝐺𝛼𝑛
 

⇒  {𝑥1} ⊂ 𝐺𝛼1
 , {𝑥2} ⊂ 𝐺𝛼2

, … {𝑥𝑛} ⊂ 𝐺𝛼𝑛
 

⇒  ⋃ {𝑥𝑖}𝑛
𝑖=1 ⊂ ⋃ 𝐺𝛼𝑖

𝑛
𝑖=1  

 الـتـراص فـي الـفـضـاءات الـتـبـولـوجـيـة

 غـطـاء

 جـزئـي غـطـاء

 مـفـتـوح غـطـاء

 غطاء جزئي منتهي مفتوح

 مـتـراصـة
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⇒  𝐸 ⊂ ⋃ 𝐺𝛼𝑖

𝑛
𝑖=1  

⇒  {𝐺𝛼𝑖
}𝑖=1

𝑛  is a finite subcover of 𝐸. 

⇒  𝐸 is compact. 

-------------------------------------------------------------------------------------------------- 

Example (4.2): Determine whether 𝐸 = (0,1) is compact or not in (𝑅, 𝜏). 

Proof: Let {𝐺𝑛}𝑛∈𝑁 such that 𝐺𝑛 = (
1

𝑛+1
, 1) be an open cover of  . 

⇒  𝐸 ⊂ ⋃
𝛼∈𝛬

(
1

𝑛+1
, 1 ) 

Let (𝑎1, 𝑏1), (𝑎2, 𝑏2),  … , (𝑎𝑛, 𝑏𝑛) be a finite subfamily of {(
1

𝑛+1
, 1)}

𝑛∈𝑁
 

Put 𝜀 = 𝑚𝑖𝑛 (𝑎1, 𝑎2, … , 𝑎𝑚) 

⇒  ⋃ (𝑎𝑖 , 𝑏𝑖)𝑚
𝑖=1 = (𝜀, 𝑏𝑚) 

Let 𝑏𝑚 = 1 

⇒  ⋃ (𝑎𝑖 , 𝑏𝑖)𝑚
𝑖=1 = (𝜀, 1) 

Now (0,1) ⊄ (𝜀, 1),    for   𝜀 > 0 

⇒  (0,1) ⊄ ⋃ (𝑎𝑖 , 𝑏𝑖)𝑚
𝑖=1  

There is no finite subcovering for 𝐸 

⇒  𝐸 is not compact. 

-------------------------------------------------------------------------------------------------- 

Theorem (4.1): Let (𝑋∗, 𝜏∗) be a topological subspace of (𝑋, 𝜏) and 𝐸 ⊂ 𝑋∗. Then 

𝐸 is 𝜏∗-compact iff 𝐸 is 𝜏-compact. 

Proof:  Suppose that 𝐸 is 𝜏∗-compact  

We need to prove that 𝐸 is 𝜏-compact  

Let {𝐺𝛼}𝛼∈𝛬 be an open cover of 𝐸  

⇒  𝐸 ⊂ ⋃ 𝐺𝛼
𝛼∈𝛬      

 

⇒  𝐸⋂𝑋∗ ⊂ ( ⋃ 𝐺𝛼
𝛼∈𝛬      

)⋂𝑋∗ 
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⇒  𝐸⋂𝑋∗ ⊂ ⋃(𝐺𝛼⋂𝑋∗)
𝛼∈𝛬                       

 

⇒  𝐸 ⊂ ⋃ 𝐺𝛼
∗

𝛼∈𝛬      
    ⇒    {𝐺𝛼

∗}𝛼∈𝛬 is an open cover for 𝐸 

But 𝐸 is 𝜏∗-compact 

⇒  ∃  {𝐺𝛼𝑖

∗ }
𝑖=1

𝑛
 finite subcover for 𝐸 

⇒  𝐸 ⊂ ⋃ 𝐺𝛼𝑖

∗𝑛
𝑖=1  

⇒  𝐸 ⊂ ⋃ (𝐺𝛼𝑖
⋂𝑋∗)𝑛

𝑖=1  

⇒  𝐸 ⊂ (⋃ 𝐺𝛼𝑖
)𝑛

𝑖=1 ⋂𝑋∗ 

⇒  𝐸 ⊂ (⋃ 𝐺𝛼𝑖
)𝑛

𝑖=1  

∴  (𝐸 ⊂ ⋃ 𝐺𝛼
𝛼∈𝛬      

)   ⇒   (𝐸 ⊂ ⋃ 𝐺𝛼𝑖

𝑛
𝑖=1 )   

⇒  𝐸 is 𝜏-compact 

Conversely: Suppose (⇐) 𝐸 is 𝜏 –compact  

We need to prove that 𝐸 is 𝜏∗-compact  

Let {𝐺𝛼
∗}𝛼∈𝛬 be an open cover for 𝐸 

⇒  𝐸 ⊂ ⋃ 𝐺𝛼
∗

𝛼∈𝛬      
 

⇒  𝐸 ⊂ ⋃
𝛼∈𝛬

(𝐺𝛼⋂𝑋∗) 

⇒  𝐸 ⊂ ( ⋃
𝛼∈𝛬

𝐺𝛼)⋂𝑋∗ ⊂ ( ⋃
𝛼∈𝛬

𝐺𝛼) 

⇒  𝐸 ⊂ ⋃
𝛼∈𝛬

𝐺𝛼 

But 𝐸 is 𝜏-compact  

⇒  𝐸 ⊂ ⋃ 𝐺𝛼𝑖

𝑚
𝑖=1  

⇒  𝐸⋂𝑋∗ ⊂ (⋃ 𝐺𝛼𝑖

𝑚
𝑖=1 )⋂𝑋∗ 

⇒  𝐸 ⊂ ⋃ 𝐺𝛼𝑖

∗𝑚
𝑖=1  

∴  (𝐸 ⊂ ⋃ 𝐺𝛼
∗

𝛼∈𝛬      
)  ⇒  (𝐸 ⊂ ⋃ 𝐺𝛼𝑖

∗𝑚
𝑖=1 )  ⇒  𝐸 is 𝜏∗- compact. 


