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Example 7. Find the Fourier transform of the function

) = {u% if || <ug

0, if|ul>uy’

2 .
_Ju®, if—ug<u<u,
Sol. We have fu) = {0 , ifu<-ugoru>u,
Fiu) = [ fae ™ du
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—isu —isu —isu %o
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= — sinsu;+ 5 €os suy— — sin sy,
S S S
2 2 o .
= —3[(1105 - 2) sin su,, + 2us cos sul.
s
. . 1, if|x|<a
Example 8. Find the Fourier transform of f(x) = 0, if|x|>a and hence evaluate :
b
.. [~ sin sa cos sx .. [~ sins
(Z)J. —————ds and (ii) J —ds.
oo s 0 S
1, if-a<x<a
Sol. We have flx) =<7 .
0, ifx<-aorx>-a

F(flx)) = J: F(x)e™* dx
_ j ~ Fa)e ™ d + j F(x)e ™% dx + r F(x)e™* dix

= J-_a 0.e7™ dx + Ja 1.e75 dx + Jm 0.e7% dx

1 . .
+ 0 =— — (e— sa __ etsa)
S

2 elsa _ e*LSa 2 .
=—|— |=—sin sa
s 21 s
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Fourier transform of flx)

2 sin as

= f(s) = F(flw)) =

(i) By inverse Fourier transform, we have

flx) = i j " Fs)e™ ds.

2 sin as ..
= ﬂx)——J —— (cos sx + i sin sx) ds
sin as cos sx . sin as sin sx
=_J- +1 ds
oo s s
1 ~ sin as cos sx I [~ sin assin sx
=—| ———ds+—| ——————ds
s T J—co s
1 ~ sin as cos sx i
=—J. — = ™ ds+— .0
s e
sin as sin sx .
( —————is an odd function of s)
s
sin as cos sx
ﬂx)——j SRATEOSE s
= sin as cos sx n, if|x|<a
J._w s ds—”ﬂx)—{o, if | x|>a"
.. = Sin as cos sx n, if|x|<a
(i) We have J. ————ds=3,’ l |
o s 0, if|jx]|>a
In particular let x = 0 and a = 1.
= sin (1.s)cos (s.0)
J ds =m1 (v Jx]=]0]=0 and a=1)
—oo S
= g§in s > sin s
= J. ds=1n = ZJ ds =7
— 8 0 s
> gin 8§ T
J' dS:—,
0 s 2

Example 9. Find the Fourier transform of the function

f(x)z{l—x2, if |x|<1

0, if|x|>1
and hence evaluate J"”wg—smx cos x dx.
0 X 2
1-x%, if-1<x<1
Sol. We have ﬂx)—{ 0, if x<—lorx>1"

F(fw) = | fle™ dy

-1 . 1 . oo .
- j £(x) e dx +j £(x) e dx + j £(x) e dx
oo -1 1



FOURIER TRANSFORMS 109

= J:: 0.e7 dx + J_ll (1-x%)e™ dx+ JTO e dx

+0

. . . 1
—18x —l8X —18X
— *e)3

s (—1s) (—1is) }

:O+l:(1—x2).e — (- 2%). 4 (-2).
-1

(By using general rule of integration by parts)

. 1
2x _; 2t _;
=0_0+|:__2€ le+_3€ 1SX
S S -1

2 . ) 21 . .
- _ - (e—Ls + eLs) + — (e—LS _ ezs)
S

eis +e7is _£ eis _efis
2 s3 2i

4 | 4 .
coss+—3s1ns=—3(s1ns—scoss)

s
4
2
4
s? s s

Fourier transform of flx)
= f(s) = F(fx)) = ig(sin S — S COS S).

s
By Inverse Fourier transform, we have

1 M isx
fi) = 5 L f(s) ei** ds
1 ¢~ 4

= % _wS—S(SinS—SCOSS)eisx ds =f(x)
- 2
= Ej i(sins—scoss)(cossx+isinsx)ds= 1-x7, %f|x|<1
ndw 3 0, if |x|>1

. . _ . _ . TT 2 .
- J‘ ((sms scgss)cossx+i(51ns scgss)smsxjdsz E(l_x ), if|x]|<1
- s s 0, if|x]|>1

Equating the real parts, we have

= (sin s — s cos s) cos sx T1-x? , if|x]<1
j 3 d8={2( ) &

e S 0, if |x|>1
- . _ T .2 .

- 2J' (sin s scgss)cossxds: 5(1 x%), if|x|<1
0 s 0, if |[x|>1

(~+ The integrand is an even function of s)

. . T .
J‘ (scoss—sms)cossxds:{z(xZ_l), if |x|<1
0 s

3
0, if |x|>1

1
Taking x = 9 we get
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J‘°° (s cos s —sin s) cos s/2 n((1) 3n 1
ds:— _ —1 = - — o .
0 s3 4(\2 16 2

By changing the variable of integration, we get

cos = dx = _3n,
0 x 2 16

Remark. In the above question, instead of comparing real and imaginary parts, we can also use

J‘°° X COS x —sin x
3

(sin s — s cos s) sin sx

83

the fact that is an odd function of s.

TEST YOUR KNOWLEDGE

Find the Fourier transform of the following functions (Q. 1—10) :

4, if0<x<2 1, if3<x<9
L fx)= {0 , otherwise 2. fx) = {0 , otherwise
2x, O<x<7 x, O<x<a
3. =19 , otherwise 4. fx) =\ , otherwise
—1, if-4<x<0 1 1f|x|<a
5. fly=4 1, if0<x<4 6.f(x)={0’ if |x|>a
0, otherwise ’
2 .
N2 x| <1 L ifx|<e
7. fo)=3 20 8. flx) = | 2¢
0, if|x|>! 0, if|x|>e
9. fix)=elxl 10. flx) = el *1 a>0.
. . 1, if|x]|<1 = sin x
11. Find the Fourier transform of fix) = . . Hence evaluate dx.
0, if|jx|>1 0 x
Answers
L i _ 2e” "5 (1+ Tis) - 1)
1. ﬂ (e_st -1 2. — (e~ is _ e—3lS) 3. )
s S s
e (1+ias) - 1 2 2 sin as
4, ——5 5. — (coss—1)
S S S
i 2
7. sin s g Sn& 9. 5
ls €s 1+s
10. _ 2@ 11, 2sins ©
a® +s? s 2

5.7. FOURIER SINE AND COSINE TRANSFORMS

Let f be a real valued function of the real variable x such that flx) and f '(x) are piecewise
continuous in every finite interval and the integral of | flx) | exists from —  to «. The integral
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J: f(x)sin sx dx is called the Fourier sine transform of the function f{x) and we write this

as Fg(flx)) or as fs (s). Thus, f's (s) = F(f(x)) = J:f(x) sin sx dx.

Similarly, the integral rf(x) cos sx dx is called the Fourier cosine transform of the
0
function flx) and we write this as F(flx)) or as fc(s).

Thus, f'c (s) =F (f(x)) = Jmf(x) cos sx dx.
0
By Fourier integral expression of flx), we have

flx) = J:(A(s) cos sx + B(s) sin sx) ds, (1)

where A(s) = %J‘w fecossvdv and B(s) = lJM f()sinsvdv.
—eo T J—co

Case I. f(x) is an odd function.
f(v) cos sv is an odd function of v.

Jm f)cossvdv =0

1
As)=—.0=0
T
Also, flv) sin sv is an even function of v.

Jm f(v)sin sv dv = 2J‘:f(v) sin sv dv

B(s) = EJmf(v) sin sv dv
nJo

(1 = flx) = J.OW(O .COS sx + (% J:f (v) sin sv dv) sin sx] ds
2 (= . .
= flx) = ;J}) U.O f(v)sin sv dvj sin sx ds
- flx) = Erfs (s) sin sx ds.
nJo

The function EJM}‘_"S (s) sin sx ds l.e., flx) is called the inverse Fourier sine transform
tJo

of the function f4(s) and we write Fg ( fs(s)) = Fl(Fy(fx) = flx).
Case II. f(x) is an even function.
f{v) cos sv is an even function of v.

Jm f () cos svdv = 2I:f(v) cos sv dv

A(s) = zJmf(v) cos sv dv
nJo
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Also, f{v) sin sv is an odd function of v.

_[m f(v)sinsvdv = 0

B(s) = 1 .0=0
i
oo 2 oo .
1 = flx) = J-o ;J‘o f () cos svdv |cos sx+0.sin sx |ds

= flx) = 2 Jm (Jmf(v) oS SU dv) cos sx ds

r Jo Jo
= flx) = gJ.M/ZC (s) cos sx ds.

7t Jo

The function ijfc(s) cos sx ds i.e., flx) is called the inverse Fourier cosine trans-
ntJo

form of the function f_c(s) and we write

Fo i (fc(s)) = FoH (F(flx) = flx). Ya
Important Note. If a function is defined on the inter- f(x)
val (0, =) then it can be defined on the interval (— <, 0) so that
the extension of the function under consideration is an even \
(resp. odd) function. Let flx) be a function defined on (0, o)
with graph as shown in the figure. The function shown in the 0 X

figure I and figure II are respectively the even extension of
flx) and the odd extension of f{x).

Any function defined on (0, ) can be considered to
be an even function as well as an odd function.

O
XV
3 4

Figure I. Even extension of f(x) Figure 1l. Odd extension of f(x)

If a function is defined on (0, «) then the formulae regarding inverse Fourier sine
transform and inverse Fourier cosine transform are applicable.
Remark. We know that

e ax

a®+b
= oos e ) € .
and e™ cos (bx +¢) x_a2+b2 (a cos (bx + ¢) + b sin (bx + ¢)) + C.

J. e sin (bx + ¢) dx = 5 (a sin (bx + ¢)) — (b cos (bx +¢)) + C
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oo

—ax

Jm e sin bx dx = 2e 5 (— a sin bx — b cos bx)
0 a“+b 0
_ xli_IPm eix —(a sinab2x++bZ; cosbx) a2 1 —(Ca.0-b.1)
b b
=0+ a® + b2 =a2+b2.
Similarly, JO e ™ cosbx dx = 2 ibz .

WORKING RULES FOR SOLVING PROBLEMS
Rule 1. (i) The Fourier sine transform of the function f(x) is given by
fs(s) =F(f(x) = J: fl(x) sin sx dx.
(it) The Fourier cosine transform of the function f(x) is given by
];c(s) = F(flx) = J: f(x) cos sx dx.
Rule I1. (i) The inverse Fourier sine transform of the function g(s) is given by
2 (= .
Fyl(g(s) = EJ-o g(s)sinsx ds.
(i) The inverse Fourier cosine transform of the function g(s) is given by
2 oo
F(g(s) = ;J‘o g(s) cos sx ds.
Rule IIL. (i) If flx) is either an odd function of x or defined on (0, =), then

F i (Fo(9) = fl).
(i1) If f(x) is either an even function of x or defined on (0, ), then

F(fe(s) = fl).

TYPE I. Problems Based on Fourier Sine and Cosine Transforms

ILLUSTRATIVE EXAMPLES

Example 1. Find the Fourier sine and cosine transforms of the function e, a > 0.
Sol. Let flx)=e® ,a>0.

Fy(flx)) = j: f(x) sin sx dx

S

(Using J-: e ™ sin bx dx =—; b o2 J
+

=.[ e “sinsxdx = —;
0 a

aZ+s?

Also, F(flx)) = J.: f(x) cos sx dx

o o a

— a : —ax _

= e * cossx dx= . Using J e cosbx dx = 3 3
0 a? +s? 0 a®+b





