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Corollary. If (H’, ) is any normal subgroup of the group (G’, ), then
(G/f~\(H"), ®) =~ (G'/H', ®").

Proof. By the corollury to Theorem 2-39, the pair (f~'(1'), *) is o normal
subgroup of (G, *).  Morecover, ker (f) € f7"(/1’), so the hypothesis of the
theorem is completely satisfied. This leads to the isomorphism

G/, ®) ~ (G/f(f=' ), ®').
Since f is a mapping onto ¢, H’ = f(f~'(H")), and we are done.

Our final theorem, a rather technical result, will be crucial to the proof of
the Jordan-Hélder Theorem.

Theorem 2-51. [f (/1, *) and (K, *) arc subgroups of the group (@, *) with
(K, *) normal, then (H/HH N K, ®) ~ (I * K/K, ®').

Proof. Nceedless to say, it should be checked that the quotient groups appearing
in the statement of the theorem are actually defined.  We leave to the reader
the routine task of verifying that (H N K, *) is a normal subgroup of (M, *),
that. (/T * K, *) is a group, and that (K, *) is normal in (/1 * K, *).

Our proof is patterned on that of Theorem 2-50. Here, the problem is
to construct a homomorphism a from the group (/H, *) onto the quotient group
(H * K/K, ®’) for which ker (@) = H N K. To achieve this, consider the
function a(h) = h* K, he H. Note, H= H=*eC Il * K, so that a can be
obtained by composing the inclusion map iy: H — H * K with the natural
mapping natx: H * K — H * K/K. In other words,

a = natg o 2y,

or, in diagrammatic language,

H H=*K

« naty

H+K/K

The foregoing factorization implies & is a homomorphism and a(H) = H * K/K.
We next proceed to establish that the kernel of a is precisely the set H N K.
First, observe that the coset K = e * K serves as the identity element of the
quotient group (I * K/K, ®’). This means
ker (@) = (hell |ath) = K} = thell |Lh*K = K}
= thell|heK} =l nNK.

The required isomorphism is now cvident from the FFundamental Theorem.
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Example 2-54. As an illustration of this last result, let us return again to the
group of integers (Z, +) and consider the cyclic subgroups ((3),+) and
((4), +). Both these subgroups are normal, since (Z, +) is a commutative
group. Morcover, it is fairly obvious that

B)nNn@A) = (12 and 3)+ @ =2
Theorem 2-51 then tells us that
((3)/(12), ®) =~ (Z/(4), ®"),

where @ and ®’ designate the respective quotient group operations.

The notation tends to obscure the simplicity of our conclusion.  For the
reader will doubtless reendl thit (Z/(4), ®') in just the group of integers
modulo 4. A closer examination of the cosets and operntion in the system
((3)/(12), ®) reveals this to be nothing more than the group ({0, 3, 6, 9}, +,2).
What we actually have is a disguised version of the isomorphism,

(10,3, 6,9}, 4-12) >~ (Z4, +4).
PROBLEMS

1. Let (G, *) be the group of symmetries of the square and (G’,¢)_be the Klein
four-group (see Examples 2-24 and 2-47). The following mapping defines a
homomorphism from (G, *) onto (G, °):

f(Rino) = f(R3eo) = €,  f(Roo) = f(R270) = a,

Jan = f(v) =, J(D1) = f(D2) = c. /

a) Establish the isomorphism (G/cent G, ®) =~ (@', »).
b) Write out the induced mapping 7: G/cent G — G’ which leads to this iso-
morphism. .

2. Prove the following generalization of the Factor Theorem: Let f; and f2 be homo-
morphisms from the group (G, *) onto the groups (G, »3) and (G, ¢2), respec-
tively. If ker (f1)  ker (f2), then there exists a unique homomorphismJ: Gy — G
satisfying fo = f- fi. Diagrammatically,

f,
G 2 G

G
[Iint: Use nearly the same argument as for Theorem 2-46; that is, for any element
fila) € Gy, define T by F(fi(a)) = fa(a).)
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3. Deduce the Factor Theorem from the result of Problem 2.

4. Given a group (@, *), establish the following f(acts regarding the inner auto-
morphisms of (/.
a) Whenever (¢, %) is noncommutative, (@) # {iq).
by If (11, %) is a subgroup of (@, *), then the pair (e,(/1), *) is also a subgroup
for every a € G.
¢) A subgroup (/1, *) is normal in (G, *) if and only if the set // is mapped into
itself by each inner automorphism of .
d) If the clement x € (7 is such that o,(x) = x for every a € @, then the cyclie
subgroup ((x), *) is normal in (G, *).
5. Let (G,*) be a group and the elements z, y € G. We say r is conjugate to y,
written & ~ y, il and only if g.(r) = y for some a € (. Prove that conjugation
i equivadence relation in G,
6. Obtain the isomaorphism (S, ») ~ (1(S3), »).

7. Assume f is a homomorphism from the group (@, *) into itself having the property
of commuting with every inner automorphism of @; that is, gaof = fo o, for
every a € (. If the set /] is defined by

= (eG|fE) =1,
prove that
a) the pair (/{, *¥) is a normal subgroup of (G, *),
b) the quotient group (G/I, @) is commutative. [Hint: [G, G) S H.)

8. Let (/1,*) be a normal subgroup of the group (G, *). Further, let (K, *) and
(K2, *) be subgroups of (G, *) such that II C€ K, Il € K». Prove that K; € K2
if and only if naty; K C naty Ko.

9. Given (G, *) is the group of symmetries of the square. Exhibit the correspond-

ence between those subgroups (I, *) of ((, *) with cent G S /1 and the sub-
groups of (G/cent G, ®).

In Problems 10 through 14, f denotes a homomorphism from the group (@, *) onto

the group (@, ).

10. Show that the Factor Theorem implies the function f can be expressed (non-
trivinlly) as the composition of an onto function and a one-to-one funetion,

11, If (11, *) is a subgroup of (G, *) for which I/ = f=1(f(J1)), verify that ker (f) < I1.
(Hint: £ -Y(f(H)) = I * ker (f).]

12. For a proof of Theorem 2-50 that does not depend on the Fundamental Theorem,
define the funetion g: G/11 — @' /f(11) by taking

gla* H) = fla) - f(I1). G f -G - fG)

a) Show that g is well-defined, one-to-one,
operation-preserving, and onto G'/f(I1);
henee, (G/H, ®) >~ (G'/fl), ®'). naty nath)
b) Establish that g is the unique mapping
which makes the dingram at the right g ,
commuintive, G/H G'/fH)
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13.
14.

16.

18.
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If ker (f) C [G, ], prove that (G/[G, G], ®) ~ (G'/[¢, G'], ®’).

Suppose (I, *) and (K, *) are normal subgroups of the group (G, *) with H C K.
Prove that

a) (I, *) is a normal subgroup of (K, *),

b) (K/H, ®) is a normal subgroup of the quotient group (G/H, ®),

¢) (G/H/K/H,®")~ (G/K, ®).

[Hint: Apply Theorem 2-50 with naty and (G/H, ®) replacing f and (G’, ¢).}

. Given (/1,*) and (K, *) are subgroups of the group (G, *) with (K, *) normal.

Assuming Il N K = {e}, derive the isomorphism (//,*) >~ (Il * K/K, ®).

In the symmetrie group (Sy, ), let the set K consist of the four permutations

<|234> <1234) (1234> (1234)
1 2 3 4 21 4 3 34 1 2 4 3 2 1
a) Show that the pair (K, °) is a normal subgroup of (S4, <).

b) Establish that (S4/K, ®) and (S3, ) are isomorphic groups. [Hint: Define
H = {f& 84| f(4) = 4} and use Problem 15.]

. Let (G, *) and (G’, ») be two groups with identity elements e and ¢’, respectively.

Recall that their direct product is the group (G X G’,-), with the operation -
defined on the Cartesian product G X G’ in the natural way:

-

(a,a’) - (b,b") = (a*b,a’ - b')

for all (a, a’), (b, b") € G X G'. Prove the following statements:

a) If I/ = GX ¢ and II' = eX G',“then (/1,:) and (II’,-) are both normal
subgroups of (X (', -).

b) (I, )~ (G, *) and (II',-) ~ (7, -).

¢) Lvery element of /1 commutes with every element of /77,

d) Each member of ¢/ X G’ can be uniquely expressed as the product of an element
of I by an clement of /', :

e) (GX G/, @)=~ (Il',:) and (GX G'/H',®) = (II,-). Derive these iso-
morphisms in two ways: use the Fundamental 'I;hcorem, and then Theorem
2-51.

Illustrate the various parts of Problem 17 by considering the direct product of
the groups (Z3, | 4) and (Z4, -1 4). In addition, show that

(Z3 X Z4,) =< (Z12,+12).

[Hint: (Z3 X Z4, ) is a cyelic group of order 12.]

. Suppose (I, *) and (K, *) are subgroups of the group (G, *) such that

1) every clement of /I commutes with every element of K,
2) every member of 7 can be uniquely expressed as the product of an element of
If by an element of K.

Prove that (G, *) ~ (Il X K, -).



