Lete>0,386>0,st.d(x,xy) = |[x—x5| <6
= d(f(x), f(x0)) = If (x) = f(x0)]

=|lx—x| <d=¢
wd(f(0),flx)) <e

= f 1is continuous function

Example (5.3): Let (R, d) be usual metric space and f(x) = i , show that f is
continuous at 2 .

Proof:

Lete>0,36 >0,s.t.

d(x,2)=|x—2|<d§ = |x|<d+2

> d(FCO.f) = If (&) = £(2)]

_ |l_l|
T x 2
_ |2=x
“l2x
_ -2 5 s &
T l2x] C2lx] C 2(6+2) 28+4
)
€= J5ta
)
~d(f(),f() < Sora = €

= f is continuous function at 2
Example (5.4): Let (R, d) be usual metric space and f(x) = sin x , show that f
1s continuous at x, € R .
Proof:
Lete >0,38>0,st.d(x,xp) =|x—x0| <6
= d(f(0), f(x)) = If (x) = f (%)l
= |sin x — sin x;|

X—Xo X—Xo

sin

= |2 cos
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X—Xg

< |2 sin

S 2 X—Xo

= d(f0, fx)) <e

= f is continuous function at x

<lx—xpl<d=c¢

Remark (5.1): If f is continuous at each point x € X. Then we say that f is
continuous on X.

Theorem (5.1): A function f: X — Y is continuous iff the inverse image of each
open setin Y is open in X.

Proof:

Suppose that f is continuous on X

Let G* € Y be any open set

If x € f~1(G*) be any point

= f(x) EG”

Since G* is open set

= f(x) is an interior point of G*

= 3&>0s.t B(f(x)) €6

Since f is continuous

% 38>0,s.t f(Bs(x)) € B(f(x))

= Bs(x) € f71(G")

= x is an interior point of f~1(G*)

= f~1(G") is an open set in X

Conversly, we have f~1(G*) c X is open, VoP¢" G* c Y

Letx € X st.x € f~1(G")

Since f~1(G*) is an open setin X

= x is an interior point of f ~1(G*)
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Hence, 36 > 0, s.t. Bs(x) € f~1(G")

= f(Bs(x)) € G*

Fore > 0,

= f(Bs(x)) € B(f(x)) € G*

= f is continuous on X

Theorem (5.2): A function f: X — Y is continuous iff the inverse image of each
closed setin Y is closed in X.

Proof:

Suppose that f is continuous on X

~ The inverse image of each open set in Y is open in X

Let F* c Y be any closed set

= F*is open setin Y

= f7Y(F) = (f‘l(F*))c is open

= f~Y(F*)is closed in X

Conversely, Let the inverse image of each closed set in Y is closed in X.
Let G* C Y be any open set

= *° isclosed setin Y

= f‘l(G*c) = (f‘l(G*))C is closed in X

= f~1(G*)is openin X

-~ The inverse image of each open set in Y is open in X

= f is continuous

Theorem (5.3): A function f: X — Y is continuous iff f(E) c f(E),VE c X.
Proof:
Suppose that f is continuous on X
v f(E)c f(E),VE c X and f(E) closed
= E c f~Y(f(E)) closed
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+ The inverse image of each closed set in Y is closed in X
= Ecf(f(®)=f"(f®)

> Ec fY(f(B))

= f(E) c f(E)

Conversely, suppose that f(E) € f(E),VE c X

Let F* C Y be any closed set

Let F = f~1(F*)

We are given f(F) c f(F) = f(fY(F))=F =F" = f(F)
= f(F)c f(F) butF c F = f(F) c f(F)

= f(F)=f(F)

= fHFE) = ()

=> F=F=f"YF"

= f~1(F*)is closed in X

Since the inverse image of each closed set in Y is closed in X
= f is continuous

Theorem (5.4): If f: X - Y and g:Y — Z are continuous functions on X and Y
respectively, Then g o f: X — Z is continuous on X.
Solution:

Let G** < Z be any open set

Since g continuous on Y

= g~ 1(G*™)isopeninY

Since f continuous on X

= f~1(g~(G*™)) is openin X

= (flog™)(G6*) isopenin X

= (go ) 1(G™) isopenin X

= (g o f) is continuous on X



