3
AGY) = ) Al = AU + AU + A)

=1-(=2)+B-1D+((6-4)=7

3
AG) = ) Al = A() +A(L) + A1)

=2-0)+G=-3)+(7-5) =6

3
AG) = ) Al = A0 +A(L,) + A1)

=B-1D)+Al-3)+(6—-5)=4
We have
G,UG,UGs; = {(—2,3)U(3,7)},

3
A (U Gn> = A(G,UG,UG5)

n=1
=B-=(2)+(7-3)=9

and

3
z AGG,) = AGy) + AGy) + AGs) =7 + 6+ 4 = 17

n=1

Note that
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Gl ={(-2,1),(1,3),(4.6)}

2 -1 0 1 2 3 4 5 6 7
G2= {(0,2),(3,5).(5.7)}

I ; O e e ) e O e e W Sy e @)

2 -1 0 1 2 3 4 5 6 7

G, = (1.3).3.4).(5.6%

[ ¢ : T el ) e g |
e -1 0 1 2 3 4 5 6 7

GUG,UG, =233}

) E 0 1 2 3 4 5 6 7
GNG,NG,={(1.2).(5.6)}
I i f Oyttt i i OHHHHHO—
-2 -1 0 1 2 3 a 5 6 7

Definition (3.4): (Outer Measure) = 50 (uloil)
If S < [a, b], then u(S), called the outer measure of S, is defined as
u(S) = inf{A(G) : V openset G 2 S},

Note (3.3):
(1) If G is a bounded open set, then u(G) = A(G).
2) (@) =4(0) =0.

Example (3.4): Let S = {(0,1)U(1,2)U(3,5)}, find the outer measure of S.
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Solution:

3
A(S) = D AU = AL +AL,) +A0)

=1-0+@2-1D)+GB-3)=4

Example (3.5): Let S = {x}, find u(S) .

Solution:
Let I, = (x—%,x+%),‘v’n >1,

Clear that

1 1 2
SCl, and Al =x+2—(x—-2) =2

= 1(S) = inf {%} =0
L T(S) =0,

Example (3.6): Let S be a countable set (finite or infinite), find u(S).
Solution:

Let S = {xq, x5, ..., Xp, ... } , and

letln=(xn—#,xn+#), Ve=0, Vn=>1.

Clear that
X1 EIl = (xl —Z,xl +§),
xZ EIZ == (xz_g,xz +§),

£ £
X, €L, = (xn—2n+1,xn+2n+1)

and SC UI,
n
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Now,

AU L) = ) Al

Xn + 2:+1 - (Xn - 2:+1))

VN

£
L7
n=1
1 11 o . .
=e(§+z+§+~- ) (infinite geometric series)
1
=g( 2 )=¢€
1
2

Example (3.7): Let S = [a, b], find the outer measure of S.

Solution:
Letl, =(a——b+7), ¥nx1
Clear that

Sc I, andA(In)=b+%—(a—%)=b—a+—
= u(S) = inf{A(l,)}
=inf{b—a+%}=b—a.

Theorem (3.3): (Properties of Outer Measure)
Let Sy, S5, ... , S, be bounded sets, then

(1) u($) 2 0.
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