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Triple integrals AANAN elalsily

Definition: Let D be the region defined by the inequalities a < x < b
hl(X)SyShz(X), 91(96,3/) SZng(X,y) If f(x,y,z) iS
continuous function of three variables, then the triple integral is

hy(x) g,(y)
ff f,y,2)dV = ff f dz dydx

hio gy

Definition: The volume of a closed, bounded region D in space is

=]Iﬂdv

Example 1: Find the value of triple integral for the function
f(x,y,z) = 2xyz and bounded by surface z =2 — %xz and the

planes z=0, y=x, y=0.

Solution:

2 (X 2-0x2
V=]ﬂ2xyde=j j J 2xyz dz dydx
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=ffxyzz] 7 dydx
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=ffxy(2——x2) dy dx =ffxy
00 00
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4 —2x% + 2 x*

7 dydx =
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4xy — 2x3y + ZxSy dydx = f (2xy? — x3y? + §x5y2)l dx
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Example 2: Use triple integral to find the volume in the first octant
(<)) of the region that bounded by two surfaces x? + 4y2 = 4z and
x%+4y?=48—-8z .

Solution:

48—x2—4y2

fﬂ av = f | o L2+4y dz dxdy

—v2
I ag—x244y? 224yt

2
kAL . A 3
:f f N +4§ dx dy = ff 5(16 - x* — 4y?)dx dy
0 0

Example 3 Use triple integral to find the volume in the first octant (<)
of the region that bounded by the surface 2z =4 —x? —y? and the
plane xy.

Solution:

)

V4-x2

Example 4: Let D be the solid region that bounded above sphere
(A x%2+y2+2z2=1 andbelow z? = x% + y?2, find the value

v={lf, zdV .
Solution:
o ffear= [ st
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Example 5: Use triple integral to find the volume the solid within the

cylinder x? +y2? =9 and between the planes z=1 andx+z=5.
Solution:

v=ff [ @[ [ [ sy

3 3 \/W 3‘/”
.f .fz] xdxdyzf f (4 —x)dxdy = 4[[ (4 —x)dx dy =
=3 _ o532 23 _ fo=y? 0

= S oo
=4f(4x—7)l dy=4f(4,/9—y2— zy
0 0 0

Example 6: Use triple integral to find the volume of the solid enclosed
between the xy- plane and 3z = 9 — x? — y2.

Solution:
i 3 Vo 9—x2—y?
dz dA = = f .[ Z]0 3 dxdy =
R Yo
3 _ oy
7 3957
1 4
3 j j (9 — x? —yz)dxdy—gj j (9 — x? — y»)dxdy =
3 oy 0 0
We can use polar coordinates
T L L
2 3 2 2
4 2 k)
§jj( —rz)rdrde——gf@ d9—(27)fd9=(27) 0]2
00 0 0
_ 27
= 77‘[
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Example 7: Use triple integral to find the volume bounded above

surfaces
z=8—x?—y? and below z = x? + 3y?

Solution:
8—x?—y?=x?2+3y?=2 4y?=8-2x?2 2y?=4—-x’> y=+4 ’4_;2

4—x2 4—x?
2 2

2 8—x2— 2 2 2
8—x2—

f f dz dy dx =f f z]22X. 7Y dy dx
x2+3y

x243y?
2 4—x2 2 4—x2

2

4—x2
(8 2x% + 4y?)dy dx

=[N 258 —x? —y? — (x? +3y2)dydx—ff
2

2
f 16 222 4y 4_xz+8 |4
2 Y2 3 x

‘ 4—x? 4—x2 8= N
— X — X 3
f 16 — 4x? + 2 dx=—J-(4—x))5dx=8\/E7r
2 2 3 3
-2
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