12t Lecture

Remark (4.1): If X is compact, then we say that (X, t) is compact topological

space.

Theorem (4.2): (Heine — Borel Theorem) Jaus - Cula 4k

A subset of R is compact iff it is closed and bounded.

Theorem (4.3): Every closed subset of a compact topological space (X,7) is
compact.
Proof: Let E c X be closed

Let {G,},ea DEe anopencoverof E = E C U/1 G,
ae

Since E closed = E° open and
Since EUE =X = EUE¢c ( U/1 Go)UE®
ae

= X c U (GLUE®)

a€eAN
= {G,UE®) },ea IS an open cover of X (compact)
= X c UL, G, UE®
We have E c X
= E c UL, G, UE® = E c Ui, G,, because ENE® = @

= E is compact.
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Definition (4.3): (Finite Intersection Property (F.I1.P.)) (s¢iiall adaliil) dpals
We say that a family of subsets of X in (X, t) satisfies the finite intersection
property (F.1.P.) iff any finite subfamily of it has a nonempty intersection.

In other words:

The family {E,,} ¢, satisfies F.LP. if N;_, E,, # @ for the subfamily {E, }{,.

Examples (4.4):
(1) The family {(0,%)}%1\] satisfies F.I.P. because n{;l(o,%);e(b while

1 —_—
00=0,

(2) The family {I,,},,c; Where I,, = (—oo,n] of closed sets satisfies the F.I.P.

because N (—oo,n] = (—o0,—10] # @
nE{—10,—9,...,0,1,2,...,N}

while N (—oo,n] = (=00, —0) =0.
nez

Theorem (4.4): If (X,t) is a compact topological space. Then every family of
closed sets in X satisfying the F.I.P. has a nonempty intersection.

Proof: Let (X, t) be a compact

Let {F,}aea be afamily of closed sets in X satisfying F.I.P. (i.e. N;_; F,, # 0).

We need to prove that N F, = @

a€eA

Assumethat N F, =0

a€EA

> @¢°=(NF)=>X= UEf
a€eAN

a€EA

Since Ff isopenV a € A
= {F;}qea 1S an open cover of X (X compact)

= {F; }{=, is afinite subcover of X

= X=ULfy, = XC=(U?=1FaCL-)C
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= @ =N, F, = Contradiction

Hence N F, # 0

a€eA

Theorem (4.5): If a family of closed sets in (X, ) satisfying the F.I.P. has a
nonempty intersection. Then (X, t) is compact.

Proof: Let (X, ) be a topological space

Let {F,},ca be afamily of closed sets in (X, t) satisfying F.I.P. and ar;AFa *+ @

We need to prove that (X, t) is compact

Assume that (X, t) is not compact

= 3 open cover of X which has no finite subcover of X
=> X= UG, but X# UL, G,

a€EA

= X¢= (UG but X¢=# (UL,G,)

a€A

> NGE=9 but N, GE %0

a€EA

= The family of {GS} e Of closed sets in X satisfies F.I.P.but N G = @

a€eA

= Contradiction = (X, 1) is compact.

Definition (4.4): (Sequentially Compactness) (=il gal 2l

We say that a subset E' of a topological space (X, t) is sequentially compact iff
every sequence of E contains a subsequence converges to a pointin E.

Symbolically:

(E < X is sequentially compact) &

(vsequence {an}nEN inE, Jsubsequence {ank} converge to x € E)
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Examples (4.5): Let E = (0,1) is in (R,7) usual topology on R, E is not

. 1 . . 1
sequentially compact because {a,,},,cy = {E} isasequenceinE, 0 < — <
nenN

1, while every subsequence of {a,, },,cy cOnvergesto 0 & E.

For example: The subsequence “{ :

(Zn)z}neN converges to 0 & E.

Definition (4.5): (Countably Compactness) ¢l gal <)
We say that a subset E of a topological space (X, 7) is countably compact iff every
infinite subset A c E has a limit point x in E.

Symbolically:

(E c X is countably compact) < (v*firite 4 ¢ E, A has a limit point x € E )
Examples (4.6): The sets E = (0,1], E = (0,1), E = [0,1) are not countably
compact in (R, 7).

Solution: Take E = (0,1]

1 2 3 45 n n+l

LetA={-,-,--,-,...,—,—, ..} CE

2°'3°'4°5°6 n+1" n+2
d(A) ={1}and E = (0,1]
Now A = {l,l,l, ,L} -

2°'3° 4 n+1

d(A) =0 A 0 ¢ E, Then E is not countably compact
Now, E = (0,1]
LetA = {% gi ..}, We have A c E and infinite

The limitof Ais0 ¢ E,

~ E is not countably compact
Now, E = [0,1)

d(A)=1 AN 1¢E

~ E is not countably compact.
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