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Theorem (5.5): The continuous image of a compact set is compact. 

Proof:  

Let  be a continuous function and let  be compact  

We need to show that  is compact 

Let  be an open cover of   

   

   

   

   

Since  is open  

   is an open cover of  (compact) 

   

   

   

   

   is compact 

---------------------------------------------------------------------------------------------- 

Definition (5.2): (Bounded Function)       

The function  is called bounded if  such that , 

. 

------------------------------------------------------------------------------------------------- 

Example (5.5):  

Determine whether the function  defined by  is bounded 

or not. 

Solution: Since   ,   

    is bounded function. 

------------------------------------------------------------------------------------------------- 
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Theorem (5.6): Let  be a compact space and  be a continuous 

function, then  is bounded. 

Proof: 

Since  is compact and since  is continuous function  

   is compact in  

   is bounded.   (By Heine  Borel Theorem)  

------------------------------------------------------------------------------------------------- 

Definition (5.3):  

Let , then we say that  is a maximum of  if , 

, and  is a minimum of  if . 

------------------------------------------------------------------------------------------------- 

Example (5.6): Let , defined by , find the maximum and 

minimum of . 

Solution:  

Since ,   

    is the maximum of  

Since ,   

    is the minimum of  

------------------------------------------------------------------------------------------------- 

Theorem (5.7): Let  be a continuous function and  is a compact, then 

 such that . 

------------------------------------------------------------------------------------------------- 

Definition (5.4):   (Uniform Continuous)      

Let  and  be metric spaces. A function  is uniformly 

continuous if  ,  such that   

, if        .  

---------------------------------------------------------------------------------------------- 
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Example (5.7): Show that the function  is uniformly continuous in 

. 

Solution:  Let  , , s.t. 

     

  

   

Since  

    is uniformly continuous function. 

------------------------------------------------------------------------------------------------- 

Example (5.8): Is the function  uniformly continuous in  or 

not? 

Solution: 

Let  , , s.t. 

     

  

  

  

   

  

  

   

Since  

    is not uniformly continuous function. 

------------------------------------------------------------------------------------------------- 
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Example (5.9): Is the function  uniformly continuous in  or 

not? 

Solution: 

Let  , , s.t. 

     

  

  

  

  

  

   

Since  

    is not uniformly continuous function. 

------------------------------------------------------------------------------------------------- 

Example (5.10): Show that , (  is constant) uniformly continuous in 

. 

Solution: 

Let  , , s.t. 

     

  

   

Since  

    is uniformly continuous function. 

------------------------------------------------------------------------------------------------- 

Theorem (5.8): Every continuous function in a compact space is uniformly 

continuous. 

------------------------------------------------------------------------------------------------- 


