(2) IfS; € S,, then 7(S;) < T(S,).
G)H(Up Sp) < TR H(S).

Proof:

(1) Since u(S) =inf{A(G) : V openset G 2 S},
and A(G) = 0, V open set G
=>inf{A(G)} =0, VG
= u(s) = 0.

(2) We have
u(S,) =inf{A(G) : V openset G 2 S},
u(S,) =inf{A(H) : V openset H2 S,}
Since §; € S,
=S, SG< S, CH, VGH
=>GCSH,
= A(G) < A(H),
= inf{A(G)} < inf{A(H)}, VG H
s (S < pS2).

(3)Ve >0, Vn =1, by the definition of outer measure
3 a bounded open set G, such that S,, € G,, and

A(Gn) - H(Sn) < Zin

= AGy) S E(Sy) + 57

LetG=UGn
n
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= USnEUGn=G
n n

(00]

~ (S, < AG) < Z A(Gy)

_ &
.u(Sn) + z_n

s FDs

_ &
.u(Sn) + Z Z_n
1 n=1

= ) S +e

Since € small value close to zero

8 i

gL siﬁ(sn).

Exercises (3.1): (Homework)
(1) Let S;, S, € R. Prove that if u(S;) = 0 then u(S;US,) = u(S,).
(2) Prove that u([0,2]U[7,11]) = 6.
Definition (3.5): Let G, H € R, then the symmetric difference between G and H
is defined by
|G —H| =(G—H)UH—-G)
Definition (3.6): Let S € R be a bounded set, if V&> 0, 3a bounded open

set G such that 1(|G — S|) < &, then S is measurable set and the measure
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u(S) = u(s).
Lemma (3.1): The bounded set S € R is measureable iff there exists a bounded

open set G such that

Example (3.8): Let S = [a, b], Prove that S is a measurable set.
Solution:
Let G = (a,b)
The symmetric difference
|G -S| =(G—-S5)U(S —-G)
= @U{a, b} = {a, b}.
Since |G — S| = {a, b} is a finite countable set
= u(lc=S])=u{{a,b})) =0<e, Ve=0
S 1s measurable set and
u@S) =plS) =b—-a
Theorem (3.4): Properties of Measure
Let S1,S,, ... , S, be bounded measureable sets, then
(1) u(S) = 0 and u(®) = 0.
(2) If S; € S,, then u(S;) < u(S,).
(3) u(5,USz) + pu(S:NSz) = p(Sy) + u(Sz).
(4) u(S1US) < u(S1) + u(Sz).
(5) u(5,US,) = u(S;) + u(S,), if S; and S, are disjoint.
(6) 1(Un Sp) < Zn 1(Sp).
(7) u(Un Sp) = Zn (Sn), if Sy, are disjoint V n.
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Example (3.9):

LetS; = {(—3,—-1)U(—-1,0)U(0,2)U(3,4)U(4,5)} and

S, ={(—2,-1)U(-1,00U(0,1)U(3,4)}. Satisfy the properties of measure that
mention in Theorem (3.4), as much as possible.

Solution:

Since S; and S, are bounded open sets, then

5
R(SD = AGD = ) Al
n=1

= A(I1) + A(Iz) + A(Is) + A(I4) + A(Is)
—(-1-E3))+(0-(-1))+R2-0)+(4A—-3)+(G—-4)
=7

4
H(S2) = AS) = D Al
n=1

= A(ly) + A(LL) + A(l) + A(LL)
=(-1-0C=2)+0-C1))+A=-0)+(4-3)
=4

We have

S;US, ={(—3,-1)U(—-1,0)0U(0,2)U(3,4)U(4,5)}

S$iNS; = {(—2,-1)U(-1,00U(0,1)U(3,4)}

Since S;US, = S5;

= u(SUS;) = pu(S) =7

and S{NS, =S,

= u(S1NS;) = pu(S,) =4
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