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Example 2. Find the Fourier sine transform and Fourier cosine transform of the func-
tion 2e–5x + 5e–2x.

Sol. Let  f(x) = 2e–5x + 5e–2x.

∴   f s f x sx dxS( ) ( ) sin=
∞

z0  = 
0

5 22 5
∞ − −z +( ) sine e sx dxx x

= 2
0

5

0

25
∞ − ∞ −z z+e sx dx e sx dxx xsin sin

= 2 . 
s

s
s

s( )
.

( )5
5

22 2 2 2+
+

+
Using

0 2 2

∞ −z =
+

F

HG
I

KJ
e bx dx

b
a b

ax sin

= 
2s

25 s
5s

4 s2 2+
+

+
.

  f s f x sx dx e e sx dxx x
C( ) ( ) cos ( ) cos= = +

∞ ∞ − −z z0 0

5 22 5

= 2
0

5

0

25
∞ − ∞ −z z+e sx dx e sx dxx xcos cos

= 2 . 
5

5
5

2
22 2 2 2( )

.
( )+

+
+s s

Using
0 2 2

∞ −z =
+

F

HG
I

KJ
e bx dx

a

a b
ax cos

= 10
1

25 s
1

4 s2 2+
+

+
F

HG
I

KJ
.

Example 3. Find the Fourier sine transform and Fourier cosine transform of the function

f(x) = 
sin x if 0 x a
0 if x a.

,
,

< <
>

R
S
T

Sol. Fourier sine transform of f(x)

= f x sx dx( ) sin
0

∞

z  = 
0

a

a
f x sx dx f x sx dxz z+

∞
( ) sin ( ) sin

= 
0

0
a

a
x sx dx sx dxz z+

∞
sin sin . sin

= 
1
2

2
0

a
sx x dxz sin sin  + 0 = 

1
2

1 1
0

a
s x s x dxz − − +(cos ( ) cos ( )

= 
1
2

1
1

1
1

0

sin ( ) sin ( )s x
s

s x
s

a
−

−
− +

+
L

N
M

O

Q
P

= 
1
2

sin (s 1)a
s 1

sin (s 1)a
s 1

−
−

− +
+

L

N
M

O

Q
P .

Fourier cosine transform of f(x)

= 
0

∞

z f x sx dx( ) cos

= 
0

a

a
f x sx dx f x sx dxz z+

∞
( ) cos ( ) cos
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= 
0

0
a

a
x sx dx sx dxz z+

∞
sin cos . cos

= 
1
2

2
0

a
sx x dxz cos sin  + 0 = 

1
2

1 1
0

a
s x s x dxz + − −(sin ( ) sin ( ) )

= 
1
2

1
1

1
1

0

− +
+

+ −
−

L

N
M

O

Q
P

cos ( ) cos ( )s x
s

s x
s

a

= 1
2

1
1

1
1

1
1

1
1

− +
+

+ −
−

+
+

−
−

L

N
M

O

Q
P

cos ( ) cos ( )s a
s

s a
s s s

= 
1
2

cos (s 1)a
s 1

cos (s 1)a
s 1

1
s 12

−
−

− +
+

L

N
M

O

Q
P −

−
.

Example 4. Find the Fourier sine and cosine transforms of the function xm – 1 , m > 0.

Sol. Let  f(x) = xm – 1, m > 0.

∴   f s f x sx dx x sx dxm
S ( ) ( ) sin sin= =

∞ ∞ −z z0 0

1
...(1)

and   f s f x sx dx x sx dxm
C ( ) ( ) cos cos= =

∞ ∞ −z z0 0

1 ....(2)

Let   g(s) = 
0

1
∞ − −z x e dxm isx .

 y = isx ⇒ dy = is dx

∴  g(s) = 
0

1∞ −
−z

F
HG
I
KJ

y
is

e
dy
is

m
y  = 

1
0

1

( )is
e ym

y m
∞ − −z  dy = 

1
( )is m  Γ (m)

 = 
1

2s em i m( )/π  Γ(m) = Γ( )m
sm

 e–imπ/2
∵ e i iiπ π π/ cos sin2

2 2
= + =F

HG
I
KJ

∴
0

1 2
∞ − − −z =x e dx

m
s

em isx
m

imΓ( ) /π

⇒   
0

1

2 2

∞ −z − + − = −F
HG

I
KJ

+ −F
HG

I
KJ

F
HG

I
KJ

x sx i sx dx
m

s
m

i
mm

m(cos ( ) sin ( )
( )

cos sin
Γ π π

⇒
0

1

0

1

2 2

∞ − ∞ −z z− = −x sx dx i x sx dx
m

s
m

i
m

s
mm m

m mcos sin
( )

cos
( )

sin
Γ Γπ π

Comparing real and imaginary parts, we get

0

1

2

∞ −z =x sx dx
m

s
mm

mcos
( )

cos
Γ π and

0

1

2

∞ −z =x sx dx
m

s
mm

msin
( )

sin
Γ π .

∴ (1) ⇒ f sS ( ) = Γ(m)
s

sin
m
2m
π and (2) ⇒ f sC ( ) = Γ(m)

s
cos

m
2m
π .
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Example 5. Find the Fourier cosine transform of the function e x2− .

Sol.   FC e x2−e j  = 
0

2∞ −z e sx dxx cos  = I, say

∴  I = 
0

2∞ −z e sx dxx cos ...(1)

Differentiating w.r.t. s, using Leibnitz’s rule of differentiation under integral sign,
we have

  
d
ds

e x sx dxxI = −
∞ −z0

2

( sin )

∴   
d
ds

sx x e dxxI

I II
= −

∞ −z
1
2

2
0

2

(sin ) ( )

= 
1
2

 sin . cos .sx e s sx e dxx x− −
∞

−L
NM

O
QPz

2 2

0

= 
1
2

 (0 – 0) – 
s

e sx dx
sx

2 20

2∞ −z = −cos  I

⇒  d
ds

sI
I+ =

2
0 ⇒ d s

ds
I

I
= −

2
⇒ log I = – 

s2

4
 + log c.

⇒  log
I
c

s= −
2

4
⇒

I
c

e s= − 2 4/

∴ I = ce s− 2 4/ ...(2)

Putting s = 0 in (1) and (2), we get
0

02

0
∞ −z =e dx cex cos

⇒  
0

2∞ −z e dxx  = c ⇒ π
2

 = c ∵

0

2

2

∞ −z =
F

H
G

I

K
Je dxx π

∴ (2) ⇒  I = 
π

2

2 4e s− / i.e., FC( )e x− 2

= 
π

2
e s /42− .

Example 6. Find the Fourier cosine transform of the function 1
1 x2+

. Hence deduce the

Fourier sine transform of the function 
x

1 x2+
.

Sol.  FC 
1

1
1

12 0 2+
F

HG
I

KJ
=

+

∞

zx x
sx dxcos  = I, say

∴ I = 
0 21

∞

z +
cos sx

x
dx ...(1)

Differentiating w.r.t. s, using the Leibnitz’s rule of differentiation under integral sign,
we have
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  d
ds

x sx
x

dx
I = −

+

∞

z0 21
sin ...(2)

We have    – 
x
x

x
x x

x
x x x x x1 1
1 1

1
1 1

12

2

2

2

2 2+
= −

+
= − + −

+
= − +

+( )
( )

( ) ( )

∴ (2) ⇒   
d
ds x x x

sx dx
I = − +

+

F

HG
I

KJ
∞

z0 2

1 1

1( )
sin

= – 
0 0 21

∞ ∞

z z+
+

sin sin
( )

sx
x

dx
sx

x x
dx

∴   
d
ds

sx
x x

dx
I = − +

+

∗ ∞

z
π
2 10 2

sin
( )

...(3)

Differentiating again w.r.t. s, we get

  
d

ds

2

0
I
2

= +
0 2 0 21 1

∞ ∞

z z+
=

+
x sx
x x

dx
sx
x

dx
cos

( )
cos

 = I

⇒ (D2 – 1)I = 0, where D ≡ 
d
ds

 D2 – 1 = 0 ⇒ D = ± 1

∴   I = c1 e
1.s + c2 e

–1.s = c1e
s + c2 e

–s

⇒
d
ds

I
 = c1e

s – c2e
–s

Putting s = 0 in (1), we get

   c1e
0 + c2e

0 = 
0 2 0 2

1

0

0
1

1
1 2

0
2

∞ ∞ −
∞

z z+
=

+
= = − =cos

tan
x

dx
x

dx x
π π

∴ c1 + c2 = 
π
2

...(4)

Putting s = 0 in (3), we get

 c1e
0 – c2e

0 = – 
π π π
2

0
1 2

0
20 2 0

+
+

= − + = −
∞ ∞

z z
sin
( )x x

dx dx

∴ c1 – c2 = – 
π
2

...(5)

Solving (4) and (5), we get  c1 = 0 and c2 = 
π
2

.

∴ I = 0. es  + 
π
2

 e–s = 
π
2

e–s

*Why this step. We know that 
0 2

∞

z =sin x
x

dx
π .

Let  y = sx, s > 0.

∴  
0 0

∞ ∞

z z=sin sin
/

sx
x

dx
y

y s
dy
s  = 

0 2

∞

z =sin y
y

dy
π

.
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∴  FC 
1

1 2+
F

HG
I

KJ
= −

x
π
2

e s .

Also    FS
x
x1 2+

F

HG
I

KJ
 = 

0 21

∞

z +
= −x

x
sx dx

d
ds

sin
I (Using (2))

= – (c1e
s – c2e

–s) = – 0
2

.e es s−F
HG

I
KJ

−π
  = 

π
2

e s− .

Example 7. Find the Fourier sine transform of the function 1
x(x a )2 2+

.

Sol.  FS 
1 1

2 2 0 2 2x x a x x a
sx dx

( )+
F

HG
I

KJ
=

+

∞

z ( )
sin  = I, say

∴  I = 
0 2 2

∞

z +
sin

( )
sx

x x a
dx ...(1)

Differentiating w.r.t. s, using Leibnitz’s rule of differentiation under integral sign,
we have

  
d
ds

x sx
x x a

dx
sx

x a
dx

I =
+

=
+

∞ ∞

z z0 2 2 0 2 2
cos

( )
cos

...(2)

Differentiating again w.r.t. s, we get

 
d
ds

x sx
x a

dx
2

2 0 2 2
I = −

+

∞

z
sin

We have   – 
x

x a
x

x x a
x a a
x x a2 2

2

2 2

2 2 2

2 2+
= −

+
= − + −

+( )
( )

( )
 = – 

1 2

2 2x
a

x x a
+

+( )

∴  d
ds x

a
x x a

sx dx
2

2 0

2

2 2
1I = − +

+

F

HG
I

KJ
∞

z ( )
sin

= – 
0

2

0 2 2 2

∞ ∞

z z+
+

= −sin sin
( )

sx
x

dx a
sx

x x a
dx

π
 + a2I

∴  d
ds

2

2
I  – a2I = – 

π
2

Using if
0 2

0
∞

z = >F
HG

I
KJ

sin
,

λ π λx
x

dx

⇒ (D2 – a2)I = – 
π
2

  D2 – a2 = 0 ⇒ D = ± a ∴ C.F. = c1e
as + c2 e

–as

  P.I. = 
1

2 2
1

2 2 2 2
0

D D−
−F
HG

I
KJ

= −
−a a

e sπ π
.  = – 

π π
2

1
22 2

0
2.

0 −
=

a
e

a
s

∴  I = C.F. + P.I. = c1e
as + c2e

–as + 
π

2 2a

⇒  
d
ds

I
 = ac1e

as – ac2e
–as

Putting s = 0 in (1), we get

 
0 2 2

∞

z
0

+
sin

( )x x a
dx  = c1e

0 + c2e
0 + 

π
2 2a

.
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⇒  0 = c1 + c2 + 
π

2 2a
⇒ c1 + c2 = – π

2 2a
...(3)

Putting s = 0 in (2), we get

  
0 2 2

0∞

z +
cos

x a
dx  = ac1e

0 – ac2e
0.

⇒  1 1

0a
x
a

tan−
∞

 = ac1 – ac2 ⇒ 1
2

0
a

π −F
HG

I
KJ

 = a(c1 – c2)

⇒ c1 – c2 = π
2 2a

...(4)

Solving (3) and (4), we get c1 = 0 and c2 = – π
2 2a

.

∴ I = 0.eas + −F
HG

I
KJ

π
2 2a

 e–as + 
π

2 2a
 = 

π
2 2a

(1 – e–as)

∴ FS 
1

2 2x x a( )+
F

HG
I

KJ
= π

2a2 (1 – e–as).

TEST YOUR KNOWLEDGE

Find the Fourier sine and cosine transforms of the following functions (Q. 1– 6) :
1. f(x) = e–7x 2. f(x) = 3e–2x + 8e–11x

3. f(x) = 
1 , if 0 1
0 , if 1

≤ <
>

R
S
T

x
x 4. f(x) = 

0 0

0

,
,
,

if
if
if

< <
≤ ≤

>

R

S
|

T|

x a
x a x b

x b

5. f(x) = 
x x

x x
x

,
,

,

if
if
if

0 1
2 1 2

0 2

< <
− < <

>

R

S
|

T|
6. f(x) = cos ,

,
x x a

x a
if
if

0
0

< <
>

R
S
T

.

7. Find the Fourier sine transform of the function 
1
x

.

8. Find the Fourier sine transform of the function 
e

x

ax−
 , a > 0.

9. If f sS( ) and f sC( )  be the Fourier sine and cosine transforms of the function f(x) respectively, then
show that :

(i) FS(f(x) sin ax) = 
1
2

[ ( ) ( )]f s a f s aC C− − + (ii) FS(f(x) cos ax) = 
1
2

[ ( ) ( )]f s a f s aS S+ + −

(iii) FC(f(x) sin ax) =  
1
2

[ ( ) ( )]f s a f s aS S+ − − (iv) FC(f(x) cos ax) = 
1
2

[ ( ) ( )]f s a f s aC C+ + − .

Answers

1. f s
s

s
f s

s
S C( ) , ( )=

+
=

+49

7

492 2
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2. f s s
s s

S( ) =
+

+
+

F

H
G

I

K
J

3

4

8

1212 2
, f s

s s
C( ) =

+
+

+

F

HG
I

KJ
2

3

4

44

1212 2

3. f s
s

s
f s

s
sS C( )

cos
, ( )

sin= − =1

4. f s
sS( ) = 1

 (a cos as – b cos bs) + 
1
2s

 (sin bs – sin as),

f s
sC( ) = 1

 (b sin bs – a sin as) + 
1
2s

(cos bs – cos as)

5. f s
s s

s
S( )

sin ( cos )= −2 1
2 , f s

s
C( ) = 1

2  (2 cos s – cos 2s – 1)

6. f s
s

s

s a
s

s a
sS( )

cos ( ) cos ( )=
−

− +
+

+ −
−

L

N
M

O

Q
P2 1

1
2

1
1

1
1

, f s
s a

s
s a

sC( )
sin ( ) sin ( )= +

+
+ −

−
L

N
M

O

Q
P

1
2

1
1

1
1

7.
π
2

8. tan–1 
s
a

.

Hint

9. (i) FS(f(x) sin ax)  = 
0

∞

z ( ( ) sin ) sinf x ax sx dx

= 
1
2

2
0

∞

z f x sx ax dx( ) ( sin sin )

= 
1
2 0

∞

z − − +f x s a x s a x dx( ) (cos ( ) cos ( ) )

= 
1
2 0 0

∞ ∞

z z− − +
L

N
M

O

Q
Pf x s a x dx f x s a x dx( ) cos ( ) ( ) cos ( )

= 
1
2

f s a f s aC C( ) ( )− − +
L

N

M
M

O

Q

P
P .

TYPE II. Problems Based on Inverse Fourier Sine and Cosine Transforms

ILLUSTRATIVE EXAMPLES

Example 1.  Find the function whose Fourier cosine transform is 
sin as

s
, a > 0.

Sol. Let 
sin as

s
 be the Fourier cosine transform of f(x), x > 0.

∴  f(x) = FC
–1 sin as

s
F
HG

I
KJ

 = 
2

0π

∞

z
sin

cos
as

s
sx ds

= 
1 2

0π

∞

z
sin cosas sx

s
ds  = 

1
0π

∞

z
+ + −sin ( ) sin ( )s a x s a x

s
ds

= 
1 1

0 0π π

∞ ∞

z z
+ + −sin ( ) sin ( )s a x

s
ds

s a x
s

ds
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= 

1
2

1
2

0

1
2

1
2

0

π
π

π
π

π
π

π
π

. .

. .

+ − >

+ −F
HG

I
KJ

− <

R

S
||

T
|
|

if

if

a x

a x
(∵ x > 0, a > 0 ⇒ x + a > 0)

= 
1
0

,
,

if
if

x a
x a

<
>

R
S
T

∴ f(x) = 
1 , if 0 x a
0 , if x a

< <
>

R
S
T

. (∵ x > 0)

Remark. If λ < 0, then

0 0

∞ ∞

z z= − −sin sin ( )λ λx
x

dx
x

x
dx  = – 

0 2

∞

z
− = −sin ( )λ πx
x

dx .

Example 2. Find the function f(x) if FC(f(x)) = 
1

2
a

s
2

if 0 s 2a

0 if s 2a
π

−F
HG

I
KJ

< <

≥

R
S
|

T|

,

,
.

Sol. We have  FC(f(x)) = 
1
2 2

0 2

0 2
π

a
s

s a

s a

−F
HG

I
KJ

< <

≥

R
S
|

T|

,

,

if

if
.

∴  f(x) = FC
–1(FC (f(x)) = 

2
0π

∞

z FC( ( )) cosf x sx ds

= 
2

0

2

2π

a

a
f x sx ds f x sx dsz z+L

N
M

O

Q
P

∞
F FC C( ( )) cos ( ( )) cos

= 2 1
2 2

0
0

2

2π π

a

a
a

s
sx ds sx dsz z−F

HG
I
KJ

+
L

N
M

O

Q
P

∞
cos . cos

= 
1

22 0

2

π

a
a

s
sx dsz −F

HG
I
KJ

cos  + 0

= 
1

2
1
22

0

2

π
a

s sx
x

sx
x

ds
a

−F
HG

I
KJ

− −F
HG

I
KJ

L

N
M

O

Q
Pz

sin sin

= 1 2
2 22 2

0

2

π
a s

x
sx

sx
x

a− −L

NM
O

QP
sin

cos  = 
1

0
2

2
0

0
22 2 2π

− − +L
NM

O
QP

cos cosax
x x

= 
1

2 2 2π x
(1 – cos 2ax) = 

sin ax
x

2

2 2π
.




