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Example 2. Find the Fourier sine transform and Fourier cosine transform of the func-
tion 27 + 5e~2~,
Sol. Let flx) = 2e75% + He 2,

fs(s) = J.: flx)sinsx dx = J.:(2e’5x +5e7%%) sin sx dx

= ZJM e sin sx dx + 5’[""6—2x sin sx dx
0 0
s s
=92. +5.
(5)% + 52 2?2 +s?

a 2s N 5s
25+s2 4+s2

= b
Usi ~% sin bx dx =
( smgj0 e ™ sin bx dx a2+sz

fC(s) = J: f(x) cos sx dx = J:(Ze’m +5e72%) cos sx dx

= 2I €% cos sx dx + 5J. e 2% cos sx dx
0 0

5 2 : © _ax a
=2. +5. Using e ™ cosbx dx = J
(5)? + s> 2?2 +s? [ J0 a® +b?

10 1 1
- 25+s2 4+s?)

Example 3. Find the Fourier sine transform and Fourier cosine transform of the function

sinx, if0<x<a
flx) = 0, if  x>a.

Sol. Fourier sine transform of fx)

- j “f(x) sin sx dx = j “ F(x) sin sx dx + j " £(x) sin sx dx
0 0 a

a oo
=J sinxsinsxdx+J. 0.sin sx dx
0 a

=%J.:251nsxsinxdx +O=%J‘Oa (cos (s — 1Dx —cos (s + Dx dx

a

B l[sin (s—Dx B sin (s + 1)x}

2 s—-1 s+1 0
: l sin(s—l)a_ sin (s +1)a
2 s—1 s+1 ’

Fourier cosine transform of f{x)

= J‘: f(x) cos sx dx

= J: f(x) cos sx dx + Jm f(x) cos sx dx
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a oo
:J sinxcossxdx+J. 0.cos sx dx
0 a

= %J: 2cossxsinxdx +0 = %J.: (sin (s + Dx —sin (s — Dx) dx

B l__ cos (s + Dx N cos (s— Dx ¢
) s+1 s—1

L 0
=l__cos(s+1)a+cos(s—l)aJr 1 3 1
2| s+1 s—-1 s+1 s-1
_l_cos(s—l)a_cos(s+1)a B 1
2] s-1 s+1 s2-1

Example 4. Find the Fourier sine and cosine transforms of the function x™~1, m > 0.

Sol. Let f)=x""1, m>0.

l;s (s)= J: f(x) sin sx dx = .[Omxm_l sin sx dx (1D
and fols)= J: f(x) cos sx dx = J:x’"_l cos sx dx ....(2)
Let g(s) = j: ™ e

y=isx = dy=isdx

- m-1 oo 1
- Y ydy _ 1 -y ym-1 g, ———
gs) = J. (_) ¢ T @@s)™ Jo ¢V dy = @)™ r'(m)

0 \is s

R — _ F(m) _immn/2 . in/2 _ T .. T .
= g (eZym F(m)—s—me s e —cosz+zsm2_z

© m—1 —isx _ r(m) —imn/2
-[0 x e dx=——e

s
= Jm x™~ Ycos (=sx) + i sin (—sx) alxzm cos(_ mn)+isin(_ mn)
0 s™ 2 2
N memflcossxdx—ir,xmflsinsxdszcosm—n—iMsi mr
0 0 s™ 2 s™

Comparing real and imaginary parts, we get

I'm) . mn

I'(m) mn
— cos —

Jm x™ !cossxdx= and Jm x™ lgin sx dx = sin —-

0 s™ 2 0 S 2

1) = fS(s)=L:l)sin% and (2) = fc(s)=L:1)cos%.
s s
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2
Example 5. Find the Fourier cosine transform of the function e

Sol. Fc(e—x2) = J.: e™ cossxdx =1, say
I= J: e cos sx dx ..(1)

Differentiating w.r.t. s, using Leibnitz’s rule of differentiation under integral sign,
we have

%= J.: e’x2 (—x sin sx ) dx
dl 1 . 2
5_5-’.0 (su} sx)(— ZxHe )dx
— l I: 3 —x2 J. —JC2 d i|°°
=3 sin sx . e sCOSsx.e x0
_1 0-0) —Jme—x2 cossxdx=——1
T2 2l B
= ﬂ+£I 0 = =245 = logI=——2+logc
ds 2 2 '
2
I
= log =2 4 —e
4 c
I= ce /4 ..(2)

Putting s = 01in (1) and (2), we get r e cos 0dx = ce®
0

= J: e dy=¢ = % =c ( J: e™ dx :ﬂ]

2
2) = LI Fole™ )= VT st
2 2
Example 6. Find the Fourier cosine transform of the function Tl Hence deduce the
+x
Fourier sine transform of the function Tt
+x
Sol F 1 J.m 1 cossxdx =1
. = =1, sa
Cl1+a? 0 1+ x2 Y
1= r COS 5% dx ()
0 1+x

Differentiating w.r.t. s, using the Leibnitz’s rule of differentiation under integral sign,
we have
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dl > — x sin sx
Lo 22t ...(2
ds -[0 1+ x2 * @)
2 2y
We have - x2:— ad 5 :_(1+x)21:_l+;2
1+x x(1+ x%) x(1+x7) x xA+x%)
dl ol 1 1
—= -——+————si d
2 = Ts J.o [ " x(1+x2)Js1nsx x
=_J‘°° sinsx o s1nsx2
0 x 0 x(1+x*)
dl n* [~ sinsx
—_—=— ————dx
ds 2 J’0 x(1+ x?) +(3)
Differentiating again w.r.t. s, we get
d?1 = X COS SX > COS SX
ds? J‘0 x(1+x2) J‘0 1+ x?
= (D2-1)I=0, where D= 4
ds

D2-1=0 = D==zx1

— 1l.s —1.s = s —s
I=c,e*+cye cef+cye

dl X .
= qs =1 T Cee
Putting s = 0 in (1), we get
cle0+02e0=J.w costdx:J'w 12dx:tan_1x T _ o1
0 1+x 0 1+x 0 2
m
¢ty ...(4)
Putting s = 0 in (3), we get
T~ sin0 T v
0_ 0=_—+j _Sml g =——+j Odx=-2
cie? —cye 2 h xas a0 X 2 "o X 2
v
C-ep=-g ...(5)
T
Solving (4) and (5), we get ¢, =0 and =7
v s

I=0.¢ +§e‘s=§e‘s

sin x b4

“Why this step. We know that j - dx=7.
0 X
Let y=sx,s8>0.
[ g | mﬂ:rsmydy:g
0 x 0o yls s 0oy 2
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1 L
F.|l——|==e".
C[1+x2j 2

x <X . dl .
Also FS[ T2 ] = Jo e sin sx dx = — o (Using (2))

B T _ T s
=—(ce® —cye S)=_(O.es—Ee S) =§e .

Example 7. Find the Fourier sine transform of the function ——

x(x® +a?)
1 - 1
Sol. F = sin sx dx =1,
© S (x(x2 + az)j J.0 x(x® +a®) i
= sinsx
I=| ————dx .1
J‘0 x(x? +a?) W

Differentiating w.r.t. s, using Leibnitz’s rule of differentiation under integral sign,
we have

ﬂ_J""’ X COS SX dx—r’ cossx
ds Jo x(x?+a?) 0 x%2+a? ~(2)
Differentiating again w.r.t. s, we get
d?1 = — x sin sx
2=J 5, o 4«
ds 0 x“+a
2 2 2 2 2
X X (x“+a”)-a 1 a
We have - 5= 5 o= 5 5 =— =t ——
x“+a x(x“ +a”) x(x“ +a”) x  x(x“+a”)
d’1 = 1 a? .
—2:-[ -t sin sx dx
ds 0 x  x(x*+a”)
=_J-°°s1nsxdx+a2J'°°—s12nsx2 x=—2 4
0 x 0 x(x®+a®) 2
) o
dI_a2I=_E (Usingj Sln;\xdxz£,if%>0j
ds? 2 0 x 2
e
= (D2—a2)I:—E
D?-a>=0 = D=xa .. CF.=ce®+cye™
1 T T 1 0 e 1 0s T
Pl=—"—"s|——|=—-=.———e° = —. e’ =
D2—a2( 2) 2 D2—aze 2 0% -q? 2a?
e
I=CF.+Pl.=ce® +ce ™+ —5
1 2 2a°
ﬂ_ as —Qs
= 75 = ac,e” —acye

Putting s = 0 in (1), we get

© sin0 T
J ————5-dx =ce® + e’ + —5.
0 x(x*“+a”) 2a
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T T
_ O=c +Cy+—5 = c +cy=— -(3)
1F 6T, 0 116 90,2
Putting s = 0 in (2), we get
= cos 0
J.o .. dx = ac,e® — acye’.
1 aqXx ~ 1(n
N —t 2| =zac,—ac, = —=|=-0|=alc,—c,)
a an a . 1 2 a(2 ) 1 2
T
- (-ey= 5 (4)
Solving (3) and (4), we get ¢, =0 and c¢,=— _2n2 .
a

I 0 as ( Tc ) —aS L L(l —(lS)
=0T T902 )¢ T g2 T2 e

1 __T as
Fy x(x% +a?)) 2a? A -e™).

TEST YOUR KNOWLEDGE

Find the Fourier sine and cosine transforms of the following functions (Q. 1- 6) :
1. fix)=e™ 2. flx) = 3% 4 8 llx
. 0, if O<x<a
3. fy= |l HOsx<l 4. fo) = 1x, if a<x<b
0, if x>1 .
0, if x>b

x, if O0<x<l1 if 0
5. fl)=1{2-x, if 1<x<2 6.ﬂx)={c°g"’ ;f <fc§‘;
0, if x>2 >

1
7. Find the Fourier sine transform of the function —.
x

—ax
e
8. Find the Fourier sine transform of the function —— , a > 0.
x

9. If I; s(s) and l: c(s) be the Fourier sine and cosine transforms of the function f{x) respectively, then
show that :

(i) F(flx) sin ax) = %[}?C(s ~a)~fo(s+a)l (i) F(flx) cos ax) = %[fs(s +a) +fs(s —a)l

1 - - — -
(i11) F(flx) sin ax) = E[fs(s +a)-fs(s—a)l () F(flx) cos ax) = %[fc(s +a)+fols-al.

Answers

- s _
1. fs(s)= m, fo(s) =

49 + s2
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z 3 8 = 3 44
2. fs(s)=s + , =2 +
S 1157 121452 ) 0O T T o2

= 1-coss sin s

3. fs(s)=

, fols) =

= 1 1
4. fs(e)= 5 (@ cos as — b cos bs) + 2 (sin bs — sin as),

_ 1 1
fc(s) = S (b sin bs — @ sin as) + S_2(COS bs — cos as)

2sin s(1-coss) - 1

5. I;S(S) 23—2’ fc(s) = - (2 coss—cos2s—1)
s

.\ _ S 1lcos(s+Da  cos(s—Da| 7z ,,_1|sin(s+Da sin(s—1Da
6. fS(S)_82—1_§|: s+1 " s-1 }’fC(S)_2{ s+1 " s-1 }
7.~ 8. tan™! =
. 9 . tan a
Hint
9. () Fy(f(x) sin ax) = J.: (f(x) sin ax) sin sx dx

= % Jm f(x) (2 sin sx sin ax) dx
0

_1 r F£(x) (cos (s — a)x — cos (s + a)x) dx
2 Jo

1 00 [}

E[J‘o f(x)cos(s—a)xdx—J’O f(x) cos (s + a)x dx
1 - -

=§[fc (s-a)-fc (S+a)],

TYPE II. Problems Based on Inverse Fourier Sine and Cosine Transforms

ILLUSTRATIVE EXAMPLES

sin as

Example 1. Find the function whose Fourier cosine transform is ,a>0.

sin as

Sol. Let be the Fourier cosine transform of flx), x > 0.

S

sin as 2 (= sin as
flo) = F | == | = —j cos sx ds
S TTJ0 S

S T

1 °°2sinascossxd 1 = sin s(a + x) + sin s(a — x)
A=, : s
T

=lr’s1ns(a+x)ds+lJ‘°°s1ns(a—x)ds
ntJo s Tt Jo s



FOURIER TRANSFORMS 121

ngrlg ifa—x>0
Tlcn 71t (v x>0,a>0 = x+a>0)
.= —( ) ifa-x<0
T2 x
_J1, ifx<a
10, ifx>a
1, if0<x<a B
ﬂx”{o, if x>a (o x>0

Remark. If A < 0, then

J’“’ sin Ax di = J‘°° —sin (-M)x de - J’“’ sin (-\)x de=_"
0 x 0 x 0 X 2

1

s
2 la=3 ; 2
Example 2. Find the function f(x) if F(f(x)) = {2n (a 2 J’ if0<s<2a .

0, if s22a

1 a->| if0<s<2a
Sol. We have  F(flx)) = 12n 2) )
0, if  s>2a

fix) = FUF, () = %.[: Fo(f(x)) cos sx ds

= %UOZ“ Fo(f(x)) cos sx ds + J:; Fo(f(x)) cos sx ds}

2a
=EJ. 1 [a—ijcossxds+J‘ 0.cos sx ds
w|Jo 27 2

2a
=ij (a—ijcossxds +0
T 0 2

1 s \sin sx 1 )sin sx
= — -= —-1|-= d
2 Ka 2) x I( 2} x S} 0

1[2a-s . cossx ¢ 1 cos 2ax cos 0
=— sin sx — 5 =—|0- 5 —0+—
2x 2x° o T 2x 2x

2a

sin? ax

=——5—5(1 - 2 = —
922 ( cos 2ax) 22





