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Masses and Moments in Three Dimensions
4G Al A 2 g adl g Jast)

Example 1: Find the center of mass of a solid of constant density &
bounded below by the disk (u=_d) x2 + y% < 4 in the plane z = 0 and
above by the paraboloid (&5 (A8l asall) z = 4 — x2 — y?

Solution:
2 Va-xt 4—x2—y? 4—x2—y?
M=j J j 6dzdydx=ﬂj 6dzdydx
2 a0 RO

H 1) Zlg_xz_y2 dydx=6ﬂ [4 — x* —y?] dy dx
R R

Polar Coordinates

2w 2
6” [4 — x? — y?] dydx=6j ](4—r2)rdrd8
R 0 0
2T 2 2T 2 2T
4r?
=6ff(47"—7'3) drdf =6 T—Z d9=5f8—4d9
0 0 0 : 0
2T

=6f4d9= § 46|3" = 8ms
0

Themassis M = 8nd

4—x2—y? y o
M"Z:fff 6xdzdydx=6ﬂ leg_x Y dydx
0 R
R

6[_[ x[4—x? —y?] dydx =
R

2 21 2 21

SJf (r cos 9)(4—r2)rd9dr=6ff (412 cos 0 — r*cos 6)dO dr
00 00
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2 2
= 6f 47r?%sinf — r*sinf|%"™ dOdr = 5.[ [0] dr =0
0 0

My, =0

4—x2%2-y2 . 5
sz=ff] 6ydzdydx=5ﬂ yz|g 57 dy dx
R 0 R

=6ﬂ y[4 —x? —y?] dydx =
R
21 2 2m

2
SJ j (rsin0)(4 —r?)r dfdr = 6] ] (412 sin O — r*sin 0)d0 dr
00
2
= 6J —4r2cos 0 + r*cos 03"
0

2 2
SJ [—4r2 + 74— [-4r? + 4] dr = 6[ [—471% + r* + 4r2—r*] dr
0 0

2
=6f[0]dr=
0
My, =0
4—x— 24-36
Hj 6zdzdydx—6ﬂ dydx
2w 2
) 1)
—f [4 — x% —y?]? dydx=—f f(4—r2)2 rdrdf
2 ), 2
00
2m 2 5 21'[(4 2)32
—r
_ _ _ 2)2 - A
_2(_2)jf( 2)(4—1r°%)* rdrdf %), 3 OdH
6 21 645 2T
3_ 4 _ M3 — _ -
_12j [(4—4)°—(4—-0)] db _1zfo 64 do 12f0 do
326 326 . 326 32w 6
—_— = — |0 = — T =
6 J, 6 6 3
32m 8
xy — 3
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Center of mass is

_ M 0 M 0
X: yz:—:o’ VA— xz:—:O’
M 8 Y M 8
32w o
Z:Mxyz 3 =f
M 8nd 3

Example 2: Find the mass in the first octant of the solid inside the
cylinder x% + y% =a? and between the planes z = 0,z = h, and has
density § = x .

Solution:
avaz—x2 B avaZ—x2 h
sz j f6dzdydx=f j fxdzdydx
0 o0 0 0 0 0
ava?—x2 ava2—x2 a

jf xz|P dydx=Jj xhdydx=jxhy|5a2_x2dx
o 0 0 0 0

a a a

2 2\ _L — 2 _ 2%:
:Oth(a — x?)2 dx_(_z)of( 2)x (a®—x*)

3
h (a? —x?)2

(=2)

3
2

—h 2 2vs 2 3 —h 3 a’h
7 |(@ — a2 - @ - 02| = ety =
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