Corollary (5.1): Let f:[a,b] = R is continuous function, then f is uniformly
continuous.
Example (5.11): Show that the function f(x) = x? is uniformly continuous in
[—M, M].
Solution: Lete > 0,36 >0, s.t.
d(x,xg) = |x — x| <6
= d(f(x), f(x0)) = If (x) = f(x0)]
= |x? — x|
= |(x + x0) (x — xo)|
=[x + xo[x — x|
< (x| + Ixo])
< 2M$}
Since ¢ =2M§ = f isuniformly continuous function.
Theorem (5.9): Every uniformly continuous function is continuous.
Proof:
Let f: X — Y is uniformly continuous then
= Ve&>0,35 >0suchthat Vx,x, €X,
if dy(x,%0) <8 = dy(f(x),f(x0)) <e.
= f is continuous at each x, € X
= f is continuous on X
Remark (5.2): The converse of the above theorem is not true as shown in the

following example.

Example (5.12): Let f:(0,1) - R, defined by f(x) = i , determine wether f is

uniformly continuous or not.
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Solution:

Lete>0,36>0,s.t.

= d(f(x0),f(x0)) = If (x) — £ (xo)]

_|r_2
_x X9
_|r_2
_x X
=[{z1.vxe@

= f is continuous but it is not uniformly continuous function.
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Chapter Six
Jal) e bining cilanliia

Sequence and Series Functions

Definition (6.1): (Sequence of Functions) J)sall clailiia

Let SSRand F={f:f:S > R} . Let < f, > be a sequence of functions in
S. Then < f,(x) > is asequence in R,V x € S.

Definition (6.2): (Pointwise Convergence) i) LA

We say that the sequence < f,, > convergent pointwise to f if Vx €S the
sequence of numbers < f;,(x) > converges to f(x).

ie.Ve>0,3k €N,k =k(gx)suchthat |f,(x)—f(x)|<e,Vn>k

ie. rfirglo fn = f pointwise iffrfirglo ) =fx),vxeX

Example (6.1): Let f,:[0,1] = R, defined by f,(x) =en, Vx €[0,1], Vn €
N, show that the sequence of function < f,; > is converge pointwise.

Solution:

X

limf,(x) = limen
n—>oo n—>oo
=e% = for x € [0,1]

Thus f,,(x) converges pointwise to f(x) = 1

Example (6.2): Let f,:[0,1] = R, defined by f,,(x) = x™, Vx €[0,1], Vn €
N, show that the sequence of function < f,, > is converge pointwise on [0,1].
Solution:

Since
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n—-oo

lim1"=1 if x=1

n—-oo

limx™ = if x€[0,1)
lim f,(x) = limx™ =
n—->oo n—->oo

1 if x=1

Thus f;, (x) converges pointwise to g(x) = { 0 if x€[01)

Example (6.3): Let f,:[—1,1] = R, defined by f,(x) =x", Vx € [-1,1],
V n € N, determine whether the sequence of functions < f,, > is converge

pointwise on [—1,1] or not.

Solution:
Since
T{gg) 1"=1 if x=1
lim fo(x) = lim x™ = fmxt =0 fxe=1D)
T&rg (=)™ = indetermine if x=-1

= f,(x) does not converge pointwise.

Example (6.4): Let < f,, > be a sequence of function on R defined by
fa) ==, VX ER,Vn€EN
Solution:
Since lim f,(x) = lim>~=0, V x€R
n—->oo n—-oo N
Thus f;,(x) converges pointwise to f(x) = 0

Example (6.5): Let < f,, > be a sequence of function on R defined by
fu() =——,Vx€[01],VnEN

1+nx’

Solution:

nx

Since I fu(0) = [0 <o

=1, Vxe[01]

Thus f,,(x) converges pointwise to f(x) = 1.
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