Now,
(1) u(§y) =7>0 and u(S,) =4>0.
(2) Since S, € S; = u(S,) =4<7=u(S).
(3) u(S1US;) +u(S:NS) =7+4
= u(S1) + u(S2)
(A p(S1US;) =7 <11 =7+ 4 = p(S;) + p(Sz)

Example (3.10):
LetS; = {(—2,-1)U4,5)} S, = {(—1,00U(2,3)U(3,4)} and
S; = {(—3,—2)U(0,2)U(5,6)}. Show that

u (O Sn> = i 1(Sy)

n=
Solution:

Since S;, S, and S5 are bounded open sets, then

2
R(SD = AGS) = D AU

= A(ly) + A(LL)
=(-1-(-2))+(B-4)=2

3
H(S) = A(S,) = ) A

= A(ly) + A(,) + A(L3)
=(0—(-1))+(B=2)+(4—3) =3

3
K(S5) = AGS5) = D Al

= A(ly) + A(,) + A(L3)
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=(2-(-3)+2-0+(6-5=4
We have

3
U STL = 51USZ US3
n=1

={(-3,-2)U(-2,-1)U(-1,0)U(0,2)U(2,3)U(3,4)U(4,5)U(5,6)}

3
= U (U Sn) = u(S$;US,;US3)
n=1

== A(Sl USZ US3)

= Z A(,)
n=1

= A(ly) + A(LL) + A(l3) + AUy) + A(ls) + Ae)
=(-2-=3)+(-1-C=2)+(0-(-D)+(2-0)
+B3-2)+(4-3)+G-49)+(6-5 =9
And N3_,S,=5,NS,NS; =0

> U (ﬂ Sn> = u(5;:NS,NS5)

n=1
= A(Sl ﬂSz 053)
=A@)=0

Now,

3
D (S = 1)) + u(Sy) + (S:)

=2+3+4=9

ap <O 5n> =9= iu(sn).
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Theorem (3.5):
(1) All intervals are measurable and the measure of an interval is its length.

(2) All open and closed sets are measurable.

(3) The complement of a measurable set is measurable.
(4) Every set with outer measure zero is measurable, i.e. u(S) = 0.

(5) The union and intersection of a finite or countable number of measurable sets

1s measurable.

Notes (3.4):

(1) Empty set is measurable and u(@) = 0.

(2) Natural numbers set is measurable and u(N) = 0.
(3) Integer numbers set is measurable and u(Z) = 0.

(4) Rational numbers set is measurable and u(Q) = 0.
(5) Irrational numbers set is measurable and u(Q") = oo.
(6) Real numbers set is measurable and u(R) = oo.

(7) Complex numbers set is measurable and u(¢) = co.

Lemma (3.2):

(1) The empty set is negligible set.

(2) Every finite subset of R is negligible set.

(3) Every countable infinite subset of R is negligible set.

(4) Every subset of a negligible set is negligible set.
(5) Any intersection of negligible sets is negligible.
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(6) Finite union of negligible sets is negligible set.
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