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Example 3. Find the inverse Fourier sine transform of the function e/s, a > 0, s > 0.
Hence deduce the value of FS‘Z( 1/s).

. e—as :zj.m e—as . d ~
Sol. Fg ( A J o s sin sx as = flx), say
flx) = EJM ®  sinsxds (1)
nJdo s

Differentiating w.r.t. x, we get

d 2> e * 2 _
—f=— .scossxds=—J e * cossx ds
dx mdo s ntJo
o a
:z. a J e cosbx dx = 5%
T a®+ x> 0 a“+b

Integrating w.r.t. x, we get

1 2 _
—tan_1£+c=—tan 1£+c ...(2)
a a T a

2a

flx) =

Putting x = 0 in (1) and (2) and equating, we get

s

nge sinOds=Etan_19+c
ndo s T a
2
= —.0=0+¢c = ¢=0
T
2
2 = flx) = = tan1 =
T a

Leta =0.

-0 1\ 2 n
Fg! [e—J _2 tan™! % or Fs_l(;) =L 9" 1.

s v
Example 4. Find the inverse Fourier cosine transform of the function 1
I+s
1 2~ 1
Sol. F.1 :—J cos sx ds = flx),
floy = 2 [T 088 g e

ndo 1+ s2
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Differentiating w.r.t. x, we get

af _2

© —ssin sx

J. 5 —ds
dx mJdo 1+s
2 2
We have __S = s . __(O+s )2_1__1
1+s s(1+s%) s(1+s%) s
d o
—f=zJ. —1+— sin sx ds
de wdo| s s(1+s?)
2 (>~ sin sx 2 (~ sinsx
=-=] A L
nd s ndo s(1+s2)
_ 2 m 2 sinsx
n 2 wd s(1+s?)
d_f__ "'EJM smsa; ds
dx nJdo s(1+s%)
Differentiating again w.r.t. x, we get
d%f 2 [~ scossx 2 > cos sx
— =0+ ——— - 2
dx nJdo s(1+s°) mJdo 1+s
d2
= —é—ﬂx):O = D2-1f=0
x
flx) = ciel™ + cyel* = cje* + o™
d,
= d—fC:clex—cze‘x
Putting x = 01in (1) and (3) and equating, we get
2 = cosO
E b mds =cle° +02€O
2 -1 “ 2(mn
= Etan So=cl+c2 = ;(5—0)=cl+cz
= c,t+ey=1

Putting x = 0 in (2) and (4) and equating, we get

oo

g sin 0

———ds =c,e’ —c,e’
ndo s(1+s%) ! z

2
—1+;.0=cl—c2 = cy—Cy

=-1

123

1

s(1+s?)

(Assuming x > 0)

..(2)

ds = flx) (By using (1))

(3

...(4)

...(5)

...(6)
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Solving (5) and (6), we get ¢; = 0, ¢, = 1
: fx)=0e"+1.e%=¢*

1
Fc_l [1+32j =eX x>0.

TEST YOUR KNOWLEDGE

1. Find the inverse Fourier sine and cosine transforms of the function e™.

2. Find the function F! (ﬂj
s

475 ifo<s<4
3. Find the function flx) if F(Ax)) = { 4n ’
0, if s>4

4. TFind the inverse Fourier sine transform of the function e "%/s, s > 0.

5. Find the inverse Fourier sine transform of the function

1+ 82
Answers
2x 2

1. Fille™)= ,F o le™) =

s nn? + 22" © 2+ x2
2. 1if0O<x<7 and O0ifx>7

.2

sin” 2x

3. —5 4. 2 an 1 X 5. ¢,

n°x T 7

TYPE III. Problems Based on Integrals and Integral Equations

ILLUSTRATIVE EXAMPLES

o y Tc
Example 1. Show that the Laplace integral X % ds,x>0,a>0isequal to 3 e,
a“+s

Sol. Let flx)=e*, x>0,a>0. (Note this step)
Fy(fix)) = Jm f(x) sin sx dx = Jm e % sin sx dx
0 0

s . " 0 Gin b do = b
_—a2+82 USlngJ.O e S1n 0x x—m
flx) = Fg{%) (Note that fix) is defined only for x > 0)
a“+s
N e—m’C:z - 28 2sinsxds
nJo a” +s
= gsin sx o
= J.o a2+s2d3=—e‘ax,x>0,a>0.
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Example 2. Show that :

o - /12, if 0
J‘ 1 cosnxsinxkdk:{n , lf <x<n.
o , If xX>T
Sol. Let ) /2, ifO0<x<m
0% e flx) = 0, if «x>mn

Fy(fix)) = J-: f(x) sin sx dx
= J: f(x) sin sx dx + Jm f(x) sin sx dx

T = .
=J. —smsxdx+J 0.sin sx dx
0o 2 T

T
+0

_ (1 — cos Ts)

(—cos s + cos 0) =

2s 2s
~ ,(m(l-cosms)) 2~ mn(l-cosms) .
fle) = Fg 1 (Fg(Ax)) =F¢! [2—3) = -[o g, sinse ds
= J’m—l‘cos ™S sin sx ds = r—l‘c"s ™ i Ax d
0 s 0

(Changing s by A)

n/2, if O0<x<T

R

0 A , if X>T

Example 3. Using the Fourier sine transform of the function e — e, a, b >0, x > 0,
show that :

o . -ax _ ,—bx
J‘ u Sin ux d :n(e e ),x>0.
0 w?+a?)@Ww?+b?) 2% - a?)
Sol. Let flx) = e —et* x> 0.

l;s (s)= J: f(x) sin sx dx = J: (™™ — ™) sin sx dx

= J e “ sin sx dx — J- e % sin sx dx
0 0

S S

= - (Using Jm e ¥ sinbx dx = b J
0

a?+s? b%+s? a® +b?
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_s*+s*-a’ -5 sb®-a®)

T @2 B2 +s?) (@ +s2)(BE+s?)

s®? - a?)
(@® +s?) (b +52)

l?s(s)=

Since the function fix) is defined only for (0, =), we have Fs‘l(fS(S)) = flx).

2~z .
EJ'O fs(s) sin sx ds = flx)

2 r s(b? —a?)

— sin sx ds =
= ndo (a? +52) (B2 +5%) fx)
—2(b2 - a2) - 5 Sin i ds —_ p—ax —bx
- 0 (@®+s)@2+s?) ¢ ¢
J'“’ s sin sx ds n(e”® — o7b%)
= 0 (a®+52) (B2 +52) 262 — a?)

-ax _ e—bX)

u= , x>0, (Replacing s by u)

J'°° u sin ux d (e
0 (@®+u?)®?%+u?) 2(b% -a?)

Example 4. Using the Fourier cosine transform of e™ cos x, x > 0, show that

< (u? + 2) cos ux du=T
0—u4+4 9 ¢ cos x, x > 0.
Sol. Let flx) =e*cosx, x>0.

fo(s) = J: f(x) cos sx dx = J: e™™ cos x cos sx dx

= %J': e ™ (2 cos sx cos x) dx

= % - e ¥ (cos(s+ Dx +cos(s—1x)dx
0

oo

x 1= _,
=§0 e cos(s+1)xdx+§‘|.0 e " cos(s—Dxdx

1 1 1 1
=—=. 5t 5
2 1+(s+1 2 14+(s-1

2 b2

(Using r e cos bx dx = —— J
0 a” +
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1 1 1
=95 .2 T3
2(s°+2s+2 s°—-25s+2

S 2

1 s —2s+2+s” +2s+2| 1 2s% +4 :sz+2
-2 (s +2)2 — 452 st+4 | st+4

s2+2
s*+4

fo(s)=
Since the function flx) is defined only for (0, ), we have Fc‘l( fC(s)) = flx).

9 peo _
p -[0 fc(s) cos sx ds = flx)

2 [~ s%+2
= = cos sx ds =
ndo st 44 fix)
- (o2
- | (s"+2)cossx ;o T v oosx
0 st+4 2
o (12
J Mduzﬁ e*cosx, x> 0. (Replacing s by u)
0 ut +4 2

Example 5. Solve the integral equation :

J‘: flx) cos Ax dx = e,

Sol. We have J.: f(x)cos Ax dx = e,
= j: f(x)cossxdx =¢s
= F(flx)) =e™*

flx) =F 1 (e®) = Ejn e™® cossx ds
ndo

2 1 *° _ax a
=;1+x2 ( Joe CObedx:a2+b2]
P I
= n(1+x2)°
Example 6. Solve the integral equation :

- 1, if 0<s<l1
J f(x)sinsxdx =<2, if 1<s<2
0 0, if s>2°
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) 1, if 0<s<1
Sol. We have j flx)sinsxdx =12, if 1<s<2.
0

0, if s>2
1, if 0<s<l1
= Fy(fx) = 2, if 1<s<2
0, if s>2

flx) = Fg{(Fy(fx) = %J: Fy(f(x)) sin sx ds

el 2 o0
-[o 1.sin sx ds + L 2.sin sx ds + L 0.sin sx ds}
r 1 2
— COS SX N 2(— cos sx) N O}
1

x 0 x
[—cosx 1 2cos2x 2cosx
— +

X X X X

[1 cosx 2cos2x} 2

o 3o Ao Al

= — (1 + cos x -2 cos 2x).

| x x x X

TEST YOUR KNOWLEDGE

coS sx . T
5 ds,x>0,a>01is equaltoge‘““.

1. Show that the Laplace integral J. 5
0 a“+s

“cosAx , T

2. Show that J. 2 e™, x=>0.

0 A2+1
3. Find the Fourier sine transform of the function e~/ * |, x > 0. Hence show that :

*© x sin mx T
J- —zdx=—e‘m, m > 0.
0 1+x 2

1, if O<x<1

4. Using the Fourier cosine transform of the function flx) = {0 if x>1°

evaluate the integral

J“"’ sin A cos Ax di.

0 A

l-oa, if 0<a<l

5. Solve the integral equation : J. f(x) sin ox dx = . .
0 0, if o>1

1-1, if 0<a<1

6. Solve the integral equation : J - F(x) cos x dx = .
0 0, if A>1

oo qin 2
Hence deduce that J sin” ¢ dt=".
0o ¢ 2





