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Example 3. Find the inverse Fourier sine transform of the function e–as/s, a > 0, s > 0.
Hence deduce the value of FS

–1(1/s).

Sol.   FS
–1 e

s
e

s
sx ds

as as− ∞ −F

HG
I

KJ
= z

2
0π

sin  = f(x), say

∴  f(x) = 
2

0π

∞ −

z
e

s
sx ds

as

sin ...(1)

Differentiating w.r.t. x, we get

 
df
dx

e
s

s sx ds e sx ds
as

as= =
∞ − ∞ −z z

2 2
0 0π π

. cos cos

= 
2

2 2π
.

a
a x+

∵

0 2 2

∞ −z =
+

F

HG
I

KJ
e bx dx

a
a b

ax cos

Integrating w.r.t. x, we get

 f(x) = 
2 1 1a

a
x
aπ

. tan−  + c = 
2 1

π
tan− x

a
 + c ...(2)

Putting x = 0 in (1) and (2) and equating, we get

2
0

2 0
0

1

π π

∞ −
−z =e

s
ds

a

as

sin tan  + c

⇒
2
π

 . 0 = 0 + c ⇒ c = 0

∴ (2) ⇒ f(x) = 
2
π

 tan–1 
x
a

∴ FS
–1 

e
s

as−F

HG
I

KJ
 = 

2
tan

x
a

1

π
− .

Let a = 0.

∴   FS
–1 

e
s

x−
−F

HG
I

KJ
=

0
12

0π
tan or FS

–1
1 2

2s
F
HG
I
KJ

=
π

π
.  = 1.

Example 4. Find the inverse Fourier cosine transform of the function 1
1 s2+

.

Sol.  FC
–1 1

1
2 1

12 0 2+
F

HG
I

KJ
=

+

∞

zs s
sx ds

π
cos  = f(x), say

∴ f(x) = 2
10 2π

∞

z +
cos sx

s
ds ...(1)
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Differentiating w.r.t. x, we get

  df
dx

s sx
s

ds= −
+

∞

z
2

10 2π
sin

We have    – s
s

s
s s

s
s s s s s1 1
1 1

1
1 1

12

2

2

2

2 2+
= −

+
= − + −

+
= − +

+( )
( )

( ) ( )

∴  
df
dx

 = 2 1 1
10 2π

∞

z − +
+

F

HG
I

KJs s s
sx ds

( )
sin

= – 2 2

10 0 2π π

∞ ∞

z z+
+

sin sin

( )

sx
s

ds
sx

s s
ds

= – 2
2

2
10 2π

π
π

.
sin
( )

+
+

∞

z
sx

s s
ds (Assuming x > 0)

∴ df
dx

sx
s s

ds= − +
+

∞

z1
2

10 2π
sin
( )

...(2)

Differentiating again w.r.t. x, we get

 
d f
dx

s sx
s s

ds
sx
s

ds
2

2 0 2 0 20
2

1
2

1
= +

+
=

+

∞ ∞

z zπ π
cos

( )
cos

 = f(x) (By using (1))

⇒
d f
dx

2

2  – f(x) = 0 ⇒ (D2 – 1)f = 0

∴  f(x) = c1e
1.x + c2e

–1.x = c1e
x + c2e

–x ...(3)

⇒  
df
dx

 = c1e
x – c2e

–x ...(4)

Putting x = 0 in (1) and (3) and equating, we get

2 0
10 2π

∞

z +
cos

s
ds  = c1e

0 + c2e
0

⇒
2 1

0π
tan−

∞

s  = c1 + c2 ⇒
2

2
0

π
π −F
HG

I
KJ  = c1 + c2

⇒ c1 + c2 = 1 ...(5)

Putting x = 0 in (2) and (4) and equating, we get

– 1 + 
2 0

10 2π

∞

z +
sin
( )s s

ds  = c1e
0 – c2e

0

⇒  – 1 + 
2
π

 . 0 = c1 – c2 ⇒ c1 – c2 = – 1 ...(6)
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Solving (5) and (6), we get c1 = 0, c2 = 1
∴ f(x) = 0.ex + 1 . e–x = e–x

∴ FC
–1 

1
1 2+
F

HG
I

KJs  = e–x, x > 0.

TEST YOUR KNOWLEDGE

1. Find the inverse Fourier sine and cosine transforms of the function e–πs.

2. Find the function FC
–1 sin 7s

s
F
HG

I
KJ

.

3. Find the function f(x) if FC(f(x)) = 
4
4

0 4

0 4

− < <

≥

R

S
|

T
|

s
s

s
π

,

, .

if

if
4. Find the inverse Fourier sine transform of the function e–7s/s, s > 0.

5. Find the inverse Fourier sine transform of the function s

s1 2+
.

Answers

1. FS
–1(e–πs) = 

2
2 2

x

xπ π( )+
, FC

–1(e–πs) = 2
2 2π + x

2. 1 if 0 < x < 7 and 0 if x > 7

3.
sin2

2 2
2x

xπ
4. 2

7
1

π
tan− x 5. e–x.

TYPE III. Problems Based on Integrals and Integral Equations

ILLUSTRATIVE EXAMPLES

Example 1. Show that the Laplace integral 
0 2 2

∞

z +
s sin sx

a s
ds , x > 0, a > 0 is equal to 

π
2

 e–ax.

Sol. Let f(x) = e–ax, x > 0, a > 0. (Note this step)

∴ FS(f(x)) = 
0 0

∞ ∞ −z z=f x sx dx e sx dxax( ) sin sin

= 
s

a s2 2+
Using

0 2 2

∞ −z =
+

F

HG
I

KJ
e bx dx

b
a b

ax sin

∴  f(x) = FS
–1 s

a s2 2+
F

HG
I

KJ
(Note that f(x) is defined only for x > 0)

⇒  e–ax = 
2

0 2 2π

∞

z +
s

a s
sx dssin

⇒
0 2 2

∞

z +
s sx
a s

ds
sin

 = 
π
2

e–ax, x > 0, a > 0.
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Example 2. Show that :

0

1 cos
sin x d

2 if 0 x
0 if x

∞

z
− =

< <
>

R
S
T

πλ
λ

λ λ
π π

π
/ ,

, .

Sol. Let  f(x) = 
π π

π
/ ,
,
2 0

0
if
if

< <
>

R
S
T

x
x

.

∴ FS(f(x)) = 
0

∞

z f x sx dx( ) sin

= 
0

π

πz z+
∞

f x sx dx f x sx dx( ) sin ( ) sin

= 
0 2

0
π

π

π
z z+

∞
sin . sinsx dx sx dx

= 
π

π

2 0

−F
HG

I
KJ

cos sx
s

 + 0

= 
π
2s

 (– cos πs + cos 0) = 
π π( cos )1

2
− s

s

∴ f(x) = FS
–1(FS(f(x)) = FS

–1 
π π( cos )1

2
−F

HG
I
KJ

s
s

 = 
2 1

20π
π π∞

z
−( cos )

sin
s

s
sx ds

= 
0

1∞

z
− cos

sin
πs

s
sx ds = 

0

1∞

z
− cos

sin
πλ

λ
λ λx d

(Changing s by λ)

∴
0

1∞

z
− = =

< <
>

R
S
T

cos
sin ( )

πλ
λ

λ λ
π π

π
x d f x

/2 , if 0 x
0 , if x

.

Example 3. Using the Fourier sine transform of the function e–ax – e–bx,  a, b > 0, x > 0,
show that :

0 2 2 2 2

ax bx

2 2
u sin ux

(u a ) (u b )
du

(e e )
2(b a )

∞ − −

z + +
= −

−
π , x > 0.

Sol. Let f(x) = e–ax – e–bx, x > 0.

∴  f s f x sx dx e e sx dxax bx
S ( ) ( ) sin ( ) sin= = −

∞ ∞ − −z z0 0

= 
0 0

∞ − ∞ −z z−e sx dx e sx dxax bxsin sin

= 
s

a s
s

b s2 2 2 2+
−

+
Using

0 2 2

∞ −z =
+

F

HG
I

KJ
e bx dx

b
a b

ax sin
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= 
s b s a s

a s b s
s b a

a s b s
( )
( ) ( )

( )
( ) ( )

2 2 2 2

2 2 2 2

2 2

2 2 2 2
+ − −
+ +

= −
+ +

∴  f s
s b a

a s b sS ( )
( )

( ) ( )
= −

+ +

2 2

2 2 2 2

Since the function f(x) is defined only for (0, ∞), we have FS
–1( ( ))f sS  = f(x).

∴
2

0π

∞

z f s sx dsS ( ) sin  = f(x)

⇒
2

0

2 2

2 2 2 2π

∞

z
−

+ +
s b a

a s b s
sx ds

( )
( ) ( )

sin  = f(x)

⇒ 2 2 2( )b a−
π 0 2 2 2 2

∞

z + +
s sx

a s b s
ds

sin
( ) ( )  = e–ax – e–bx

⇒  
0 2 2 2 2 2 22

∞ − −

z + +
= −

−
s sx

a s b s
ds

e e
b a

ax bxsin
( ) ( )

( )
( )

π

∴  
0 2 2 2 2

∞ − −

z + +
= −

−
u ux

a u b u
du

sin

( ) ( )

π(e e )
2(b a )

ax bx

2 2 , x > 0. (Replacing s by u)

Example 4. Using the Fourier cosine transform of e–x cos x, x > 0, show that

0

2

4
(u 2) cos ux

u 4
du

2

∞

z
+

+
= π

 e–x cos x, x > 0.

Sol. Let  f(x) = e– x cos x, x > 0.

∴   f s f x sx dxC ( ) ( ) cos=
∞

z0  = 
0

∞ −z e x sx dxx cos cos

= 1
2

2
0

∞ −z e sx x dxx ( cos cos )

= 
1
2

1 1
0

∞ −z + + −e s x s x dxx (cos ( ) cos ( ) )

= 
1
2

1
1
2

1
0 0

∞ − ∞ −z z+ + −e s x dx e s x dxx xcos ( ) cos ( )

= 
1
2

1
1 1

1
2

1
1 12 2.

( )
.

( )+ +
+

+ −s s

Using
0 2 2

∞ −z =
+

F

HG
I

KJ
e bx dx

a
a b

ax cos
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= 
1
2

1

2 2

1

2 22 2s s s s+ +
+

− +

L

N
M
M

O

Q
P
P

= 
1
2

2 2 2 2
2 4

2 2

2 2 2
s s s s

s s
− + + + +

+ −

L

N
M

O

Q
P

( )
 = 

1
2

2 4
4

2
4

2

4

2

4
s

s
s
s

+
+

L

N
M

O

Q
P = +

+

∴ f s
s
sC ( ) = +

+

2

4
2
4

Since the function f(x) is defined only for (0, ∞), we have FC
–1( f sC ( )) = f(x).

∴
2
π 0

∞

z f s sx dsC ( ) cos  = f(x)

⇒  
2
π 0

2

4
2
4

∞

z
+
+

s
s

sx dscos  = f(x)

⇒   
0

2

4

2

4 2

∞

z
+

+
=( ) coss sx

s
ds

π  . e–x cos x

∴
0

2

4

2

4

∞

z
+

+
=( ) cosu ux

u
du

π
2

 e–x cos x, x > 0. (Replacing s by u)

Example 5. Solve the integral equation :

 
0

f(x) cos x dx
∞

z λ  = e–λ.

Sol. We have  
0

∞

z f x x dx( ) cos λ  = e–λ.

⇒  
0

∞

z f x sx dx( ) cos  = e–s

⇒  FC(f(x)) = e–s

∴  f(x) = FC
–1 (e–s) = 

2
0π

π

z −e sx dss cos

= 
2 1

1 2π + x
∵

0 2 2

∞ −z =
+

F

HG
I

KJ
e bx dx

a
a b

ax cos

∴  f(x) = 
2

(1 x )2π +
.

Example 6. Solve the integral equation :

0
f(x) sin sx dx

1 if 0 s 1
2 if 1 s 2
0 if s 2

∞

z =
≤ <
≤ <

>

R

S
|

T|

,
,
,

.
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Sol. We have  
0

1 0 1
2 1 2
0 2

∞

z =
≤ <
≤ <

>

R

S
|

T|
f x sx dx

s
s
s

( )
if
if
if

sin
,
,
,

.

⇒ FS(f(x)) = 
1 0 1
2 1 2
0 2

,
,
,

if
if
if

≤ <
≤ <

>

R

S
|

T|

s
s
s

∴  f(x) = FS
–1(FS(f(x))) = 

2
0π

∞

z FS( ( )) sinf x sx ds

= 
2

1 2 0
0

1

1

2

2π z z z+ +L

N
M

O

Q
P

∞
. sin . sin .sinsx ds sx ds sx ds

= 
2 2

0
0

1

1

2

π
− + − +
L

N
M
M

O

Q
P
P

cos ( cos )sx
x

sx
x

= 
2 1 2 2 2
π

− + − +L

NM
O

QP
cos cos cosx
x x

x
x

x
x

= 
2 1 2 2
π x

x
x

x
x

+ −L

NM
O

QP
cos cos

 = 
2
xπ

(1 + cos x – 2 cos 2x).

TEST YOUR KNOWLEDGE

1. Show that the Laplace integral 
0 2 2

∞

z +
cos sx

a s
ds , x > 0, a > 0 is equal to 

π
2a

 e–ax.

2. Show that 
0 2 1 2

∞

z +
=cos λ

λ
λ πx

d  e–x, x ≥ 0.

3. Find the Fourier sine transform of the function e–| x |, x > 0. Hence show that :

0 21 2

∞

z +
=x mx

x
dx

sin π e–m, m > 0.

4. Using the Fourier cosine transform of the function f(x) = 
1 0 1
0 1

,
,

if
if

< <
>

R
S
T

x
x , evaluate the integral

0

∞

z
sin cosλ λ

λ
λx

d .

5. Solve the integral equation :
0

1 0 1
0 1

∞

z =
− ≤ ≤

>
R
S
T

f x x dx( ) sin
,

,
α

α α
α

if
if

.

6. Solve the integral equation :  
0

1 0 1
0 1

∞

z =
− ≤ ≤

>
R
S
T

f x x dx( ) cos
,

,
λ

λ λ
λ

if
if

.

Hence deduce that 
0

2

2 2

∞

z =sin t

t
dt

π .




