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Triple Integrals in Cylindrical Coordinates 

 التكاملات الثلاثية بالإحداثيات الاسطوانية 

 

Example 2: By using the cylindrical coordinate,  find the volume of the 

                    spherical (الكرة)  with radius 2,  i.e.,  𝑥2 + 𝑦2 + 𝑧2 = 4. 

Solution: 

𝑥2 + 𝑦2 + 𝑧2 = 4 ⇛   𝑧2 = 4 − 𝑥2 − 𝑦2 ⇛ 𝑧2 = 4 − 𝑟2 ⇛ 𝑧 = ±√4 − 𝑟2 
 

 

∫ ∫ ∫ 𝑑𝑧
√4−𝑟2

−√4−𝑟2

 rdr dθ = ∫ ∫  𝑧]
−√4−𝑟2
√4−𝑟2

 rdr dθ = 

2

0

2𝜋

0

 

2

0

2𝜋

0

 

 

 

= ∫ ∫  √4 − 𝑟2 − [−√4 − 𝑟2]  rdr dθ = ∫ ∫  2√4 − 𝑟2 rdr dθ 

2

0

2𝜋

0

 

2

0

2𝜋

0

 

 

− ∫ ∫ −2r√4 − 𝑟2  dr dθ = − ∫
[4 − 𝑟2]

3
2

3
2

]

0

22𝜋

0

 

2

0

2𝜋

0

dθ = −
2

3
∫ −[4]

3
2

2𝜋

0

 dθ =
16

3
∫ dθ

2𝜋

0

  

16

3
θ]0

2𝜋 =
32𝜋

3
  𝑢𝑛𝑖𝑡3 

 

 

Second method 
 

8 ∫ ∫ ∫ 𝑑𝑧
√4−𝑟2

0

 rdr dθ = 8 ∫ ∫  𝑧]0
√4−𝑟2

 rdr dθ = 8 ∫ ∫  √4 − 𝑟2 rdr dθ = 

2

0

𝜋
2

0

 

2

0

𝜋
2

0

 

2

0

𝜋
2

0

 

 

−4 ∫
(4 − 𝑟2)

3
2

3
2

]

0

2

  dθ

𝜋
2

0

= −
8

3
∫ [(0)

3
2 − 4

3
2]  dθ = −

8

3
∫ −8 dθ =

64

3
θ]

0

𝜋
2 =

32

3

𝜋
2

0

𝜋
2

0

𝜋 
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Example 3: By using the cylindrical coordinate, find the volume 

                      bounded by paraboloid  𝑧 = 𝑥2 + 𝑦2 and the plane   𝑧 = 9. 

Solution: 
𝑧 = 𝑥2 + 𝑦2 ⇛   𝑧 = 𝑟2 
 

4 ∫ ∫ ∫ 𝑑𝑧
9

𝑟2

 rdr dθ = 4 ∫ ∫  𝑧]
𝑟2
9  rdr dθ = 4 ∫ ∫  (9 − 𝑟2) rdr dθ 

3

0

𝜋
2

0

 

3

0

𝜋
2

0

 

3

0

𝜋
2

0

 

−2 ∫ ∫ −2r (9 − 𝑟2) dr dθ 

3

0

𝜋
2

0

 

= −2 ∫
(9 − 𝑟2)2

2
]

0

3

 dθ = − ∫ − (9) 2   dθ = 81 θ]
0

𝜋
2

𝜋
2

0

=
81

2
𝜋

𝜋
2

0

 

Second method 
  

 

∫ ∫ ∫ 𝑑𝑧
9

𝑟2

 rdr dθ = ∫ ∫  𝑧]
𝑟2
9  rdr dθ = ∫ ∫  (9 − 𝑟2) rdr dθ 

3

0

2𝜋

0

 

3

0

2𝜋

0

 

3

0

2𝜋

0

 

−
1

2
∫ ∫ −2r (9 − 𝑟2)dr dθ 

3

0

2𝜋

0

= −
1

2
∫

(9 − 𝑟2)2

2
]

0

3

 dθ =

2𝜋

0

 

 

= −
1

4
∫ − (9) 2 dθ =

81

4
∫ dθ =

81

4
 θ]0

2𝜋

2𝜋

0

=
81

2
𝜋

2𝜋

0

 

 

Example 4:  By using the cylindrical coordinate, find the volume of the 

                      solid region cut from the spherical  (الكرة)  𝑥2 + 𝑦2 + 𝑧2 = 16  

                      by cylindrical   𝑥2 + 𝑦2 = 4 . 

Solution: 

𝑥2 + 𝑦2 + 𝑧2 = 16 ⇛   𝑧2 = 16 − 𝑥2 − 𝑦2 ⇛ 𝑧 = ±√16 − 𝑟2 
 

8 ∫ ∫ ∫ 𝑑𝑧
√16−𝑟2

0

 rdr dθ = 8 ∫ ∫  𝑧]0
√16−𝑟2

 rdr dθ = 8 ∫ ∫  √16 − 𝑟2 rdr dθ = 

2

0

𝜋
2

0

 

2

0

𝜋
2

0

 

2

0

𝜋
2

0

 

= −4 ∫
(16 − 𝑟2)

3
2

3
2

]

0

2

  dθ

𝜋
2

0

= −
8

3
∫(12)

3
2 − (16)

3
2 dθ =

𝜋
2

0

 

= −
8

3
(12)

3
2θ − (16)

3
2θ]

0

𝜋
2 = −

4

3
[(12)

3
2 − (16)

3
2] 𝜋 
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Example 5: Find the centroid (𝛿 = 1) of the solid enclosed by the  

cylinder ( اسطوانة)  𝑥2 + 𝑦2 = 4, bounded above by the paraboloid ( الجسم(

𝑧  المكافئ الدوراني  = 𝑥2 − 𝑦2 , and bounded below by the 𝑥𝑦 −plane  

 

Solution: 

𝑴 = ∫ ∫ ∫ 𝛿 𝑑𝑧 𝑟𝑑𝑟 𝑑𝜃
𝑟2

0

2

0

2𝜋

0

= ∫ ∫𝑍|0
𝑟2

2

0

2𝜋

0

 𝑟𝑑𝑟 𝑑𝜃 

= ∫ ∫ 𝑟32

0

2𝜋

0
 𝑑𝑟 𝑑𝜃 = ∫

𝑟4

4
]

0

2

 𝑑𝜃
2𝜋

0
= ∫ 4 𝑑𝜃 =  

2𝜋

0
 4𝜃|0

2𝜋 =   8π   mass 

 

𝑴𝒚𝒛 = ∫ ∫ ∫ 𝒙 𝑑𝑧 𝑟𝑑𝑟 𝑑𝜃
𝑟2

0

2

0

2𝜋

0

= ∫ ∫(𝑟 𝑐𝑜𝑠 𝜃)   𝑍|0
𝑟2

2

0

2𝜋

0

 𝑟𝑑𝑟 𝑑𝜃 

= ∫ ∫(𝑟 𝑐𝑜𝑠 𝜃)

2

0

2𝜋

0

𝑟3 𝑑𝑟 𝑑𝜃 = ∫ ∫ 𝑐𝑜𝑠 𝜃  

2

0

2𝜋

0

𝑟4 𝑑𝑟 𝑑𝜃 

= ∫ 𝑐𝑜𝑠 𝜃 
𝑟5

5
|

0

22𝜋

0

  𝑑𝜃 =
32

5
∫ 𝑐𝑜𝑠 𝜃

2𝜋

0

 𝑑𝜃 =
32

5
 𝑠𝑖𝑛𝜃]0

2𝜋 = 0,    ∴    𝑀𝑦𝑧 = 0 

 

𝑴𝒙𝒛 = ∫ ∫ ∫ 𝒚 𝑑𝑧 𝑟𝑑𝑟 𝑑𝜃
𝑟2

0

2

0

2𝜋

0

= ∫ ∫(𝑟 𝑠𝑖𝑛 𝜃)   𝑍|0
𝑟2

2

0

2𝜋

0

 𝑟𝑑𝑟 𝑑𝜃 

= ∫ ∫(𝑟 𝑠𝑖𝑛 𝜃)

2

0

2𝜋

0

𝑟3 𝑑𝑟 𝑑𝜃 = ∫ ∫ 𝑠𝑖𝑛 𝜃  

2

0

2𝜋

0

𝑟4 𝑑𝑟 𝑑𝜃 

∫ 𝑠𝑖𝑛 𝜃 
𝑟5

5
|

0

22𝜋

0

  𝑑𝜃 =
32

5
∫ 𝑠𝑖𝑛 𝜃

2𝜋

0

 𝑑𝜃 = −
32

5
 𝑐𝑜𝑠𝜃|0

2𝜋 = 0,    ∴    𝑀𝑥𝑧 = 0 

 

𝑴𝒙𝒚 = ∫ ∫ ∫ 𝒛 𝑑𝑧 𝑟𝑑𝑟 𝑑𝜃
𝑟2

0

2

0

2𝜋

0

= ∫ ∫
𝑧2

2
|

0

𝑟22

0

2𝜋

0

 𝑟𝑑𝑟 𝑑𝜃 =
1

2
∫ ∫ 𝑟5

2

0

2𝜋

0

 𝑑𝑟 𝑑𝜃 

=
1

2
∫  

𝑟6

6
|

0

22𝜋

0

  𝑑𝜃 =
1

12
∫  64

2𝜋

0

𝑑𝜃 =
64

12
∫ 𝑑𝜃

2𝜋

0

  =
32𝜋 

3
,     ∴    𝑀𝑥𝑦 =

32𝜋 

3
 

Center of mass is  

𝑋̅ =
 𝑀𝒚𝒛

𝑀
=

0

8𝜋
= 0  ,           𝑦̅ =

 𝑀𝒙𝒛

𝑀
=

0

8𝜋
= 0 , 𝒁̅ =

 𝑀𝒙𝒚

𝑀
=

32𝜋 
3

8𝜋
=

4

3
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Q.1: Find the mas, first moments, and center of mass of triangular with 

         vertices  (0,1), (1,1), (1,2) , and the density at (𝑥, 𝑦) is 𝛿(𝑥, 𝑦) = 1. 
 

  

Solution:    

𝒙−𝒙𝟎

𝒙𝟏−𝒙𝟎
=

𝒚−𝒚𝟎

𝒚𝟏−𝒚𝟎
   ⟹     

𝒙−𝟎

𝟏−𝟎
=

𝒚−𝟏

𝟐−𝟏
 ⟹    y = x + 1  

 

Mass  

𝑴 = ∬ 𝛿(𝑥, 𝑦)𝒅𝑨
𝑹

 

𝑴 = ∫ ∫ 𝒅𝒚𝒅𝒙

𝑥+1  

1

= ∫𝒚|1
𝑥+1 𝒅𝒙

𝟏

𝟎

𝟏

𝟎

= ∫(𝑥 + 1 − 𝟏) 𝒅𝒙

𝟏

𝟎

= ∫ 𝑥 𝒅𝒙 =

𝟏

𝟎

𝒙𝟐

𝟐
|

𝟎

𝟏

=
1

2
 

 

First moments 

𝑴𝒙 = ∫ ∫ 𝒚𝒅𝒚𝒅𝒙

𝑥+1  

1

= ∫
𝒚𝟐

𝟐
|
1

𝑥+1

 𝒅𝒙

𝟏

𝟎

𝟏

𝟎

= ∫(
(𝑥 + 1)2

2
−

𝟏

𝟐
) 𝒅𝒙

𝟏

𝟎

=
(𝑥 + 1)3

6
−

𝒙

𝟐
|

𝟎

𝟏

= 

𝟖

𝟔
−

𝟏

𝟐
− [

𝟏

𝟔
] =

𝟕

𝟔
−

𝟏

𝟐
=

𝟕 − 𝟑

𝟔
=

𝟒

𝟔
=

𝟐

𝟑
 

 

𝑴𝒚 = ∫ ∫ 𝒙𝒅𝒚𝒅𝒙

𝑥+1  

1

= ∫𝒙 𝒚|1
𝑥+1 𝒅𝒙

𝟏

𝟎

𝟏

𝟎

= ∫ 𝒙 (𝒙 + 𝟏 − 𝟏) 𝒅𝒙

𝟏

𝟎

= ∫ 𝒙𝟐 𝒅𝒙

𝟏

𝟎

=
𝑥3

3
|

𝟎

𝟏

= 

=  
𝟏

𝟑
 

 

 

Center of mass 

 𝑿̅ =
𝑴𝒀

𝑴
=

𝟏

𝟑
1

2

=
𝟐

𝟑
 ,               𝒀̅ =

𝑴𝒙

𝑴
=

𝟐

𝟑
1

2

=
𝟒

𝟑
 

 
 
 

x 

y 

1 

1 

2 

(1,2) 

(1,1) (0,1) 
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Q.2: By using the cylindrical coordinate, find the volume of the solid 

       bounded by the cylinder   𝑥2 + 𝑦2 = 4  and the two planes 𝑧 = −2 

        𝑧 = 2 . 

 

Solution:    

𝑉 = ∫ ∫ ∫ 𝑑𝑧
2

−2

 rdr dθ = ∫ ∫  𝑧]−2
2  rdr dθ 

2

0

2𝜋

0

 

2

0

2𝜋

0

 

∫ ∫  4 rdr dθ = = ∫ 2𝑟2]0
2  dθ

2𝜋

0

= ∫ 8 dθ = 16𝜋  𝑢𝑛𝑖𝑡3 

2𝜋

0

2

0

2𝜋

0

 

 

Second method 
 

𝑉 = 𝟐 ∫ ∫ ∫ 𝑑𝑧
2

0

 rdr dθ = 𝟐 ∫ ∫  𝑧]0
2 r dr dθ = 

2

0

2𝜋

0

 

2

0

2𝜋

0

 

 

= 𝟐 ∫ ∫  2r dr dθ = 

2

0

2𝜋

0

2 ∫ 𝑟2]0
2  dθ

2𝜋

0

= 

= 2 ∫ 4 dθ = (2) 4θ]0
2𝜋 =

2𝜋

0

16𝜋  𝑢𝑛𝑖𝑡3  

 

 

Third method 
 

𝑉 = 2(4) ∫ ∫ ∫ 𝑑𝑧
2

0

 rdr dθ = 8 ∫ ∫  𝑧]0
2 rdr dθ = 

2

0

𝜋
2

0

 

2

0

𝜋
2

0

 

 

= 8 ∫ ∫  2r dr dθ = 

2

0

𝜋
2

0

8 ∫𝑟2]0
2  dθ

𝜋
2

0

= 

8 ∫ 4 dθ = (8)  4θ]
0

𝜋
2 =

𝜋
2

0

16𝜋  𝑢𝑛𝑖𝑡3  

 

y 

x 

𝑧 = −2 

𝑧 = 2 


