Example (6.6): Let < f,, > be a sequence of function on R defined by
fn(x) =ﬁ,‘v’x € [0,00) ,VNEN

Solution:

Since 7firgfn(x) = Tfirori ﬁ =1, Vx€][0,00)

Thus f,,(x) converges pointwise to f(x) = 1.

Definition (6.3): (Uniform Convergence) — aBiiiall o lisl)
We say that the sequence < f,, > convergent uniformly to f; if

Ve>0,3k €N,k =k(e)suchthat |[f,(x) — f(x)|<e,Vn>k,Vx€ES

We write f,(x) = f(x) .

Example (6.7): Let < f,, > be a sequence of function on R defined by
fa) ==, VXER,Vn€EN
Solution:

Let £ > 0,3 k € N, such that

/() = fQO] =

X _ 0|
n
=|§|<e , Yvn>k, Vx€ER
ie. < frlx)>=< % > - f(x)=0 (zero function)

= fu(0) > f(x) . where f(x) =0, Vx€R
Or f,(x) is convergent uniformly to f(x) =0 .

Example (6.8): Let < f,, > be a sequence of function on R defined by
fn(x) = 122){,’ 9

Solution: Let £ > 0,3 k € N, such that

) = F)] = |2~ 1]

1+nx

Vx€[01],VneN
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=|_1 <e, Vn>k, Vxe€[01]
1+nx
nx

1+nx

ie. < frlx)>=< > - f(x)=1 (constant function)

= fn(x)gf(x) , where f(x) =1, Vx€R

Or f,(x) is convergent uniformly to f(x) = 1.

nx

Since Iim fa(0) = [0 <o

=1, Vxe[01]

Thus f,,(x) converges pointwise to f(x) = 1.

Example (6.9): Let f,:[0,1] = R, defined by f,(x) = x", Vx € [0,1], Vn €
N, show that the sequence of function < f,; > is not uniformly convergent on
[0,1].

Solution:

0 if xe[01)

: — n
Since < f,(x) >=<x >—>{1 if ‘=1

u
= fu(x)» fx) ,
Or f,(x) is not convergent uniformly.

Example (6.10): Let f,,:[0,1] = R, defined by f,,(x) = en, Vx € [0,1], Vn €
N, show that the sequence of function < f,, > is convergent uniformly.
Solution:

Let € > 0,3k € N, such that

i) = fG)l = |en—1|<e . Va>k Vxe[od]

ie. < fp(x)>=<en> - f(x)=1 (constant function)

= £,(X) 5 f(x) , where f(x) =1, Vx € [0,1]
Or f,(x) is convergent uniformly to f(x) = 1.
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Example (6.11): Let < f,, > be a sequence of function on R defined by
fa() =—=,Vx€[0,00),VnEN

Solution:

Let € > 0,3k € N, such that

ful) = fG0] = |2 =1

—-X

x+n

<&, Vn>k, Vxe€][0,00)

ie. < flx)>=< # > — f(x) =1 (constant function)

U
= fu(x) > f(x) , where f(x) =1, Vx€R
Or f,(x) is convergent uniformly to f(x) = 1.

Theorem (6.1):
Let < f,, > be a sequence of functions convergent uniformly to f, then
(1) If f,, is bounded on S , V n , then f is bounded.

(2) If f,, is continuous on S, V n, then f is continuous.

Definition (6.4): A series of functions Y0, f, = f1 + f2 + f5s + -+ where f,, is
a real function
VxeX,sx)=filx)

So(x) = f1(x) + f2(x)

Spn(x) = fi(0) + fo(x) + -+ fu ()
We say ). f,, convergent at x = x,, if < S,,(x) > is convergent. If S,, = S then

We write Yo fn(x) =S

59



Definition (6.5): (Power Series) il dlalaia

A power series is an infinite series of the form Y., a,x™ .

Theorem (6.2): If 0 < x < 1, then Y5, x" 1 = % .

—-X
Proof:

Let < S, > be the sequence of n partial sums of Yoo, x™ 1

Sp=14+x+x%4-+x"
xSy =x+x%+x3 4+ +x" 2"
n+1

=
> S, —x5,=1—x
=

S,(1—x)=1—x""1

1_xn+1
= S5, =
n 1-x
= ¥Yr  x"1=1imS,
n—oo
1_x1’l+1 1
- n—oo 1-x - 1-x

2
Example (6.12): Discuss the convergence of the series Y o= :—n ,on (0, 00).

Solution:
n n2
lim y/|a,| = lim g
. n2
= lim
n-oo X
1 .. 2lgn 4 1
==lime » ==e°==, forx € (0,1)
X n—oo X X

Hence the series converges if i <1l & x>1

and diverges if %> 1 & x<1
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Example (6.13): Discuss the convergence of the
eZn

Yn=1 A+|x—1Pn

Solution:

l. n | I l . n ezn
imiyla,|=lim |———

n—oo n n-oo \ (1+|x—-1"

2 2

e

= lim =
n—ooo (1+]x—1]) 1+|x—1]

b

Hence the series converges if
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1+|x—-1]|

<1

& e?l-1<|x-1]
=N x<e* and 2—-—e*>x

Otherwise its diverge.

Example (6.14): Discuss the convergence of the series of functions Y>> % X

Solution:
2n+1 n+i
. a . !
lim |22 = lim [®2—
n-oo | an n—oo =xm
n.
. 2|x
= llmL:O<1 , V xX€ER.
n—-oo nN+1

Hence the series converges.

series of functions

Example (6.15): Find the interval of the convergence of the series ).;—, %

Knt1

— lim (n+1)!
now | ¥
n!

An+1
an

Solution: lim

n—oo

|x|n+1
(n+1)!
[x|™
n!

= lim

n—oo

= lim'i'1=0<1,VxeR.

n-oo N
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-~ The interval of convergence is R.

Example (6.16): Find the interval of the convergence of the series Yo 2™ x™.

Solution:

. a . oM+l 4 M+l
lim |2 = lim
n-oo | an n—oo 27 xT

= lim 2 |x| = 2|x|
n—>oo
. . 1
The series is converges if 2|x| <1 & —% <x<s

. ) 11
~ The interval of convergence is (— 5’5)'
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