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Chapter Four
 

Lebesgue Integral
 

 

Definition (4.1): (Lebesgue Partition)    

Let  be a measurable set in . The Lebesgue partition  of an interval  is a 

family of a finite number of measurable subsets of ,  , 

such that  

(1)   is measurable set in ,  

(2)  ,   

(3)   

The sets  ,  are called components of . 

-------------------------------------------------------------------------------------------------- 

Definition (4.2): (Lower and Upper Lebesgue Sums)    

Let  be a bounded function on , and  a partition of  

given by . We denote by  and  the quantities 

        and      . 

Then the corresponding lower and upper Lebesgue sums for  on are 

   and   

-------------------------------------------------------------------------------------------------- 

Definition (4.3): (Refinement)      

Let  and  are Lebesgue 

partitions of ,  is a refinement of , if , , such that  . 

-------------------------------------------------------------------------------------------------- 
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Definition (4.4): (Lebesgue Integrable)    

Let  be a bounded function on a measurable set . Then we define:  

 The lower Lebesgue integral of  on  to be    

 The upper Lebesgue integral of  on  to be    

Where  denotes Lebesgue partition of . 

Further, if the lower and upper integrals are equal, we say that  is Lebesgue-

integrable on ,  or  to be their common value; that is 

 

-------------------------------------------------------------------------------------------------- 

Theorem (4.1): If  is Riemann-integrable then  is Lebesgue-

integrable and 

 

Proof: 

Since  is a measurable set and every Riemann partition of  is Lebesgue 

partition of  

Hence,  

   and    

   

 

Also,  
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From (1) and (2), we get 

 

Since  is Riemann-integrable we have   

 

Then from (3), we get  

 

 

-------------------------------------------------------------------------------------------------- 

Note (4.1): The converse of the above theorem is not true, i.e. 

If  is Lebesgue-integrable         is Riemann-integrable. 

As shown in the following example. 

-------------------------------------------------------------------------------------------------- 

Example (4.1): Let  be a function defined on  by 

 

Prove that  is Lebesgue-integrable but it is not Riemann-integrable. 

Solution: 

Let  be a measurable partition of   

Where 
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and 

 

 

 

 

 

     is Lebesgue-integrable on . 

Now, to prove that  is not Riemann-integrable 

Let  be any partition of . 

Then  
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and 

 

 

 

 

 

     is not Riemann-integrable on . 

-------------------------------------------------------------------------------------------------- 

Theorem (4.2): (Lebesgue  

Let  be a bounded function on a measurable bounded  on . Then  is 

Lebesgue-integrable on  if and only if for each positive number , there is a 

Lebesgue partition  of  for which . 

-------------------------------------------------------------------------------------------------- 

Theorem (4.3): Suppose that  is a bounded Lebesgue-integrable on a 

bounded measurable set . We set  

 

 

-------------------------------------------------------------------------------------------------- 
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Theorem (4.4): If  and  are Lebesgue-integrable, then ,  and , for 

every constant , are Lebesgue-integrable. 

-------------------------------------------------------------------------------------------------- 

Theorem (4.5): Let  be a bounded measurable set in . If  is a 

bounded Lebesgue-integrable on . Then  is also Lebesgue-integrable on  

and  

 

-------------------------------------------------------------------------------------------------- 

Exercises (4.1): (Homework)  

(1) Let  be a bounded measurable set on , and let  be a function 

defined as , , (constant function). Prove that  is Lebesgue-

integrable and  

 

(2) Let  be a function defined as 

 

Show whether  is Riemann-integrable or Lebesgue-integrable. 

-------------------------------------------------------------------------------------------------- 


