Chapter Four
Lebesgue Integral

Definition (4.1): (Lebesgue Partition) A tdijas

Let £2 be a measurable set in R. The Lebesgue partition P of an interval (2 is a
family of a finite number of measurable subsets of 2, P ={4;:i =1,...,n},
such that

(1) A; is measurablesetin 2, Vi =1,2,..,n.

(2) AiNA; =0, Vi+]j.

3) UL, 4, =10.

The sets 4; ,i = 1,2, ..., n are called conf;é{énts of P.

Definition (4.2): (Lower and Upper Lebesgue Sums) sliedl g Llad) il asalaa
Let f be a bounded function on {2, and P a partition of (2
givenby P = {4, : i = 1,2, ...,n}. We denote by m; and M; the quantities
m; = inf{f(x):x € 4;} and M; = sup{f(x):x € A;}.
Then the corresponding lower and upper Lebesgue sums for f on (2 are

L(f,P) = Xi—ym; u(A;) and U(f,P) = X, M; u(4;)

Definition (4.3): (Refinement) — amiill
Let P={4;:i=12,..,n} and P' = {Bj:j=12,..,m} are Lebesgue
partitions of 2, P’ is a refinement of P, if V j, 3 i, such that B; € A, .
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Definition (4.4): (Lebesgue Integrable) — ~Sommlll Jualsil) A, LS

Let f be a bounded function on a measurable set 2. Then we define:

e The lower Lebesgue integral of f on 2 tobe L [ , [ =supL(f,P),
P

e The upper Lebesgue integral of f on (2 to be Zfﬂ f=inf U(f,P),
P
Where P denotes Lebesgue partition of (2.
Further, if the lower and upper integrals are equal, we say that f is Lebesgue-

integrable on 2, [ for L [ f to be their common value; that is

Lfﬂf=ffﬂf=fjﬂf

Theorem (4.1): If f:[a,b] - R is Riemann-integrable then f is Lebesgue-

integrable and

c ff=bef
[ab] a

Proof:

Since [a, b] is a measurable set and every Riemann partition of [a, b] is Lebesgue
partition of [a, b]

Hence,

R(f) € L(f) and R(f) € L(f)

= sup{R(f)} < sup{L(f)}

ﬁﬂffgéff (1)
Also,
inf{R(f)} < inf{L()}
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:.ﬁffsfjf - (2)
From (1) and (2), we get

gjfsgffsfffsﬁff . (3)

Since f is Riemann-integrable we have

R[f=[r=%|f

Then from (3), we get
tff=cfr=Z|7
~ f is Lebesgue — integrable and £ j f=R f f

Note (4.1): The converse of the above theorem is not true, i.e.
If f is Lebesgue-integrable # f is Riemann-integrable.

As shown in the following example.

Example (4.1): Let f be a function defined on [0,1] by

flx) = { 1, 0<x<1, x rational
0, 0<x<1, «x irrational

Prove that f is Lebesgue-integrable but it is not Riemann-integrable.
Solution:

Let P = {A;, A,} be a measurable partition of [0, 1]

Where
A =Q c[0,1]
AZ = Q’ c [0'1]
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2
LU P) = ) my w(A)

=m; u(A;) + my u(4;)
=1x04+0x1=0

= L f=0

[0,1]

and
2
U(f,P) = ) M; (4D

= M; u(A,) + M; u(A;)
=1x0+0x1=0

> L| f=0
[0,1]

Since £ f=L f
[0,1] [0,1]
= f is Lebesgue-integrable on [0,1].
Now, to prove that f is not Riemann-integrable
Let P = {[xq, x1], [x1, %3], -, [Xi=1, Xi], - » [Xn—1, X5 ]} be any partition of [0,1].
Then

L(f,P) = i m;8x;

n
=ZOX5X1'=O

i=1
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and

U(f,P) = iMl-le-

1
n
=21X6Xi
i=1
n
= 6xl=1
i=1
1
= jf=1
0

Since jlf * jif
0 0

= f is not Riemann-integrable on [0,1].

Theorem (4.2): (Lebesgue’s Criterion for integrability)

Let f be a bounded function on a measurable bounded 2 on R. Then f is
Lebesgue-integrable on (2 if and only if for each positive number ¢, there is a

Lebesgue partition P of 2 for which U(f, P) — L(f,P) < ¢.

Theorem (4.3): Suppose that f:2 - R is a bounded Lebesgue-integrable on a

bounded measurable set 2. We set

m=inf f(x), M = sup f(x)

XEN XEN

Then mu(R) < ] f(x)dx <M u().
Q
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Theorem (4.4): If f and g are Lebesgue-integrable, then f + g, fg and cf, for

every constant ¢, are Lebesgue-integrable.

Theorem (4.5): Let  be a bounded measurable set in R. If f:2 >R is a
bounded Lebesgue-integrable on (2. Then |f| is also Lebesgue-integrable on (2

and

jﬂ Fx)dx | < j If () dx.

Exercises (4.1): (Homework)
(1)Let 2 be a bounded measurable set on R, and let f:2 —» R be a function
defined as f(x) = a, V x € 2, (constant function). Prove that f is Lebesgue-

integrable and

[ 1 du=an@.
n

(2)Let f:[a, b] — R be a function defined as

_ (=5, if x€lab]NQ
f(x)_{ 3, if x€[ab]NQ’

Show whether f is Riemann-integrable or Lebesgue-integrable.
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