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Answers
s T d0if 2(x — sin x)
1442 4.51 O<x<landOifx>1 5.ﬂx)=—m2
6 2(1 - cos x)
. ﬂx)— TUC2 .
Hint
> 2(1-cos x) _J1=A, if 0<A<1
6. We have J;) TCOSde—{ 0, if L>1-
Taking limits as A — 0, we get —J 1- cosx .ldx =1

sm —_

dx =1

- yE

x2=t = dx=2dt

_J' sm t2dt=1.

5.8. LINEARITY OF TRANSFORMS

In this section, we shall prove that the Fourier transform, the Fourier sine and cosine transforms
are linear operations.

Theorem 1. If f(x) and g(x) be any functions whose Fourier transforms exist then for any
constants a and b then prove that

F(af(x) + bg(x)) = aF(f(x) + bF(g(x)).
Proof. By definition,

F(aﬂX) + bg(DC)) = on (af(x) + bg(x))e—isx dx

=a j £(x) e dix + bJ. 2(x) e dx
= aF(flx)) + bF(g(x)).

Theorem IL. If f(x) and g(x) be any functions whose Fourier sine transforms exist then
for any constants a and b prove that

Fy(aftx) + bg(x)) = aF(f(x)) + bF((g(x)).
Proof. By definition,

Fy (aflx) + bg(x)) = j: (af (x) + bg(x)) sin sx dx

= aJm f(x) sin sx dx + me g(x) sin sx dx
0 0

= aFy(flx)) + bF(g(x)).
Theorem IIL. If fix) and g(x) be any functions whose Fourier cosine transforms exist
then for any constants a and b then prove that

F. (aftx) + bg(x) = aF (f(x) + bF ;(g(x)).
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Proof. By definition,

Flaflx) + bg(x)) = J.: (af (x) + bg(x)) cos sx dx

= aJm f(x) cos sx dx + me g(x) cos sx dx
0 0
= aF (flx)) + bF(g(x)).

Remark. On the same lines, we can also prove that the inverse Fourier transform, the inverse
Fourier sine and cosine transforms are also linear operations.

5.9. CHANGE OF SCALE PROPERTY OF TRANSFORMS

Theorem 1. If the Fourier transform of the function f(x) is f_ (s) then prove that the Fourier

transform of flax) is 1 f (i), where a > 0.
a \a

Proof. We have  f(s)= F(f(x)) = Jm Flx)e™ dx .

F(flax)) = .[; flax) e ™ dx

Let t=ax. .. dt = adx
F(flax)) = Jm F(g) e W@ at (v a>0)
oo a
S et ar =L (2]
a J- a’ \a

Theorem I1. If the Fourier sine transform of the function flx) is fs(s) then prove that the

Fourier sine transform of flax) is 1 fs (i), where a > 0.
a "\a

Proof. We have fs (s) = Fg(flx)) = J: f(x) sin sx dx .

Fy(flax)) = j: f(ax) sin sx dx

Let ¢=ax. .. dt = adx
Fg (flax) = | £(0) sin (s(t/a)) &L (v a>0)
0 a

1 Jm (@) sin ((sla)t)dt = lfs (i) '
a Jo a o

Theorem III. If the Fourier cosine transform of the function f(x) is fC (s) then prove that

the Fourier cosine transform of flax) is 1z fC (i), where a > 0.
a a

Proof. We have £, (s) = F(f(x)) = J.: f(x) cos sx dx -
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Fo(flax)) = j: f(ax) cos sx dx

Let t=ax. .. dt = adx

Fo(flax)) = J: f(#) cos (s(t/a)% (v a>0)
- lr £(8) cos (s/a)e) dt =~ F, (i)
a Jo a a

5.10. TRANSFORMS OF DERIVATIVES

In this section, we shall derive the formulae to find the Fourier transform and the Fourier sine
and cosine transforms of the derivatives of a function.

Theorem 1. If f(x) is any function for which the Fourier transforms of f(x) and
[’(x) exist and f(x) - 0 as |x| — oo then prove that

F(f 1x) = is F(f(x)).
Proof. By definition,

F(fx)) = f flx)e™ dx (D
and F(f/(x)) = f Fr(x)e™ da (2
@ = F(f@) = | o™ fwds
- 1 1

Integrating by parts, we get

F(f'(x) = e f(x)

_ r (—is) e f(x) dax

=0-0+is r £x) e dx = is F(flx)).

(v flxy>0as | x| — o)
Remark. By repeated application of the above theorem, we have
F(f"(x)) = is F(f’(x)) = (is). (is)F(f (x)) = — s?F(flx))
F(f"(x)) = - s’F(f(x)).
By using P.M.I., we can prove that
F(Ef™(x)) = (is)"F(f(x)), n € N.

Theorem II. If f(x) is any function for which the Fourier sine and cosine transforms of
flx) and f'(x) exist and flx) — 0 as x — oo then prove that

(D) Fy(f'(x) = - sF(f(x)) (ii) F(f (x) = sFy(flx)) - fl0).

Proof. By definition  Fy(flx)) = J: f(x) sin sx dx

and F(flx) = j: £(x) cos sx dx.
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; W = [ s [ sinsx.f@d
) Fy(f @) = [ f@sinseds = || sinsv.f@) dx
=sinsx f(x)| - J': s cos sx f(x) dx
0

=0-0- sj: f(x) cos sx dx = — sF(flx)).

(v flx) > 0Oasx — )

(id) Folf @) = [ /() cos s dx = X cos s f(x) dx
=cossx f(x)| — J-: —ssin sx f(x) dx
0

=0 - (cos 0) f0) + SJ.: fx)sinsxdx (v flx) > 0asx — o)

=—fl0) + sFg (flx)) = sFq (flx)) — f0).
Remarks. (i) Fy(f "(x)) = — sF(f '(x)) = — s[sF4(flx)) — A0)] = — s?Fg(flx)) + sf0).
(i) F(f "(x)) = sF(f '(x)) — f(0) = s[— sF (Rx))] = £(0) = — s> F, (fix)) — £(0).
F(f"(x) = - s2 F (f(x)) + sf(0) and F (f"(x)) =- s2 F (f(x)) - £(0).

ILLUSTRATIVE EXAMPLES

Example 1. Find the Fourier sine and cosine transforms of the function e™*, m > 0 by
using its second derivative.

Sol. Let fx) =e™ ,m>0.
f'x)=—me™ and f"(x)=(m)(—m)e™ =m?2e™
We have Fy(f "(x)) = — 52 Fy (fx)) + sA0).

' Fy(m? ) = — s F(e™™) + se’

= m?Fy(e™™) + s?Fg(e™™) = s

= (m?2 + s2) FS (e™)=5 = Fs(e—mx) - ﬁ

Also, Fo(f ") = — s Fo(flx) — £ /(0).

= Fi (m%™) = - s? F(e™) — (= me?)

= m?F(e™) + s?F(e™™) = m

= (m? + s?) Fle™)=m = Fyle™)= mzL-ksz

5.11. PARSEVAL’S IDENTITIES

Parseval’s identities are for Fourier transforms and also for Fourier sine and cosine transforms.
These identities are proved in the following theorems.

Theorem L. If f(s) and g(s) are the Fourier transforms of the functions f(x) and g(x)
respectively then prove that



FOURIER TRANSFORMS 133

1
2n

where g(s) represents the complex conjugate of the function g(s).

J: f(x) g(x) dx = fw f(s) @ ds and -E; | (x) |2 dx = 2infm | F(s) |2 ds,

P f. i 7 2(s) _i T 7 - —isx
roo 2nJ.—°° f(s)g(s)ds—2 J. f(S)[.L, glx)e dx]ds

I

1~ = « —isx

_ 2_nL f(s) L g(x)e dx)ds

= % _w f (s) J‘_w g(x) P dx)ds ( g(x) is a real valued function)
1 ® 7 isx

= on ) g(x)(J‘_m f(s)e ds) dx

(By changing the order of integration)
ﬁ 2(x) (zl_nf; f(s)e'™ dsj dx

=f g(x)f(x)dxzf f(x) glx) dx

[t 200 ax =ir f(s) 5(s) ds. (D)
oo 210 Vo
In particular, let  g(x) = flx).

1 = J._m f(x)f(x)dxz%f’ f(S)/%ds.

[" o dx:ir |Es) |2 ds. (o (R = |fn)|2)
oo 21 Vo

Theorem II. If f_s (s) and gg(s) are the Fourier sine transforms of the functions f(x) and
g(x) respectively then prove that

oo Qe o 9 o _
jo Fl) gla) dx == _[0 fs(s) Bs(s)ds and jo (F)? == jo (Fs(s))? dis.

2~ = _ 9 oo -
Proof. 2 2 _
roo - Jo fs(s) gs(s) ds - Jo fs(s)UO g(x) sin sx dx) ds

= %J: g(x) (J: fs(s) sin sx ds) dx

(By changing the order of integration)

= Jm g(x) (E J: fi(s) sin sx ds) dx

0 T

= j‘” g(x) f(x) dx = j " Fx) () da
0 0

j“’ f(x) g(x) dx =3j°° £5(s) gs(s) ds . (D
0 TJ0
In particular, let  g(x) = flx).

[ de? ax= 2 [ dsen? as.
0 T J0
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Theorem III. If fC (s) and g (s) are the Fourier cosine transforms of the functions f(x)
and g(x) respectively then prove that

= 22, = ” 2 5 _ 2z 2
|| fwewar=2{" fo@gcrds and [} (e dx=2 [ (s ds.
2 o _ _ 2 oo _ oo
Proof. ;J.o fC(s)gC(s)ds:;JO fc(s)U-0 g(x)cossxdx)ds

9 e o _
= J-o g(x)u0 fc(s) cos sx dsj dx
(By changing the order of integration)

= Jm g(x)(z'ro I;c (s) cos sx ds) dx
0 wt Jo

= [Tt f@dx= [ fw g@) da
0 0

[ 60 g dx :Er f:(s) Bo(s) ds. (1)
0 TJ0
In particular, let  g(x) = Ax).

W = @@ de= 2] o) fots) ds

r (F(x))? dx =Er (F. ()2 ds.
0 mTJ0

WORKING RULES FOR SOLVING PROBLEMS
Rulel. () F('(x) = isF(x)
(i) F(f™(x)) = (is)* F(flx)),n € N
Rule II. (i) Fy(f'(x)) = — sF(flx))
(@) Fg(f () = - sts(f(x)) + sF(0)
Rule ITI. (@) F(f'(x)) = sF4(flx)) — f0)
(i) Fo(f "(x)) = — s?F ,(flx)) — £ 7(0)

Rule IV. () r ) g(x) doc = = J " F(f(x) F(g)) ds
—oo 21 J—
D) [ 2 5 1= 2
(ii) LJ F@)| dx_—znj_w|F(f(x))| ds
Rule V. (i) r £ g(x) dic =2 j " Fy(f(x)) Fy(g(x) ds
0 T J0
[T 2 5 _2(~ 2
i) jo (FG)? dx = njo (Fs(f(0))? ds
Rule V. (i) r Fa) glx)da =2 j " Fo(f(x)Fa(g(x)) ds
0 TJ0

(i) j: (F(x))? dx = % j: (Fo(F(x)))? ds.
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ILLUSTRATIVE EXAMPLES

I
Example 1. If f(x) = {0’ ZZ I i I i Z, use the Parseval’s identity for Fourier transform of
2
f(x) to show that J. sin” ax dx = n?a'
1, if
Sol. We have f(x)={0’ ;f Iziiz

F(flx)) = E f(x) e ™ dx
= J:: 0.e7% dx + fa 1.e7 dx + J.: 0.e" dx

. a
—1sx
e

=0+ +0

—is
—-a

1 ) eisa _ efisa 2
=— (e —¢l)=—| ————|= —sinsa
is s 21 s
By Parseval’s identity for Fourier transforms, we have

J'w | £(2) 2 dx:ir |F(fx) |* ds.
—oo 21 J—

9 2
— sin sa

N2 ¢ 2 *m2 . L1
- LO (0)? dx + j D2 dx +j (0 dx= L ds
= 0+ (a—(- a))+0——J Mds
- 2
= —J sin Zax dx = 2a (Replacing s by x)
x
o i 0o 2
= J sm—axdx_m = ZJ sin axdx=na
2
- X
sin? ax . .
( 5 lisaneven functlonj
x
< sin? ax na
j 5 dx =—.
0 X 2
Example 2. Using a Parseval’s identity, show that :
J - dx = T , a, b>0.
0 (@®+x?) % +x%) 2abla+b)
Sol. Let flx) =e® and g(x) = e (Note this step)
fo(s)= J.: e ™ cos sx dx = = i =

b
+ 52

and gc(s)= J.: e cos sx dx = .
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By Parseval’s identity for Fourier cosine transforms, we have

[ e g dx = Ej: Fo(9)3o(s) ds.

0 b4
“ _ax _—bx 2 (= a b
dx=— . d
= -[0 ¢ ’ TEJ.O a®+s? b?+s? :
< 2ab (= ds
(a+b)x
= e dx =
'[0 L J.0 (@® +s%) (b% +s?)
—(a+b)x |7
T e o dx .
= L . (Changing s by x)
2ab " ~(a+b) || Jo (@® +x%) (% +x%)
Jm dx __ T 0-1)= i
0 (@2 +x2)b%+x2)  2abla+b) ~ 2ab(a+b)’

Example 3. Using a Parseval’s identity, show that :

. _a2
[t ax=T L )
0 x(a® +x*) 2l @

Sol. Let flx) =™, x>0,a>0
1, if O<x<a
and gl) = {0, if x>a’
= = a
— —ax dx =
fo(s) Jo e " cos sx dx PR

and gcls)= J.: g(x) cos sx dx

a oo
= -[o 1.c0ssxdx+J 0.cos sx dx
a

. a .
S1n sx sin as

1
= — (sin sa —sin 0) =
s s

0
By Parseval’s identity for Fourier cosine transforms, we have

- 9=
[ ) g :ﬂo Fols) Bols) ds

. J-Oa F(x) g(x) dx + I: f(x) g(x) dx = %J.: - ‘j_ =2 Sinsas ds
N J.: e ™ . 1ldx+ J:c e .0dx= 27a : —S(Zi;f;) ds
- e_‘o:c a Lo 27(1 J‘O"" % dx (Replacing s by x)

i
—_— x =
x(a? + x?) 2

. _a2
J‘°° sin ax 1-e
0 a2 :
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TEST YOUR KNOWLEDGE

1. Find the Fourier sine and cosine transforms of the function e=3¥2 by using its second derivative.
2. Using a Parseval’s identity, show that :

e dx T N dx s
(l)j 2200 60 (”)_[ 2 12 14 80
0 (x*+4)x“+9) 60 o (x% +1)(x“ +16) 80
3. Using a Parseval’s identity, show that :
L dx T [ xPdx T
J. — = @ | —5—=—-
0 x2+1% 4 0o ®+1% 4

1, if 0<x<l1

0, if x>1%

4. Use Parseval’s identity for Fourier sine transform of the function flx) = {
=(1-cosx ) b
show that J- (—) dx ==.
0 X 2

. . . . . 1, if 0<x<1
5. Use Parseval’s identity for Fourier cosine transform of the function flx) = 19 jf

x>1

< sin? x b

to show that I — dx ==.
0 x 2

Answer
1. 4 6
9+ 452’ 9 + 452
Hint

3. (ii) Use Parseval’s identity for the Fourier sine transform of the function e, x > 0.






