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Triple Integrals in Spherical Coordinates 

 التكاملات الثلاثية بالإحداثيات الكروية 
 

Example 1:  Convert the point (8, −
𝜋

3
, −

𝜋

6
) from spherical to rectangular 

 coordinates.  

 

Solution:     (𝜌, ∅, 𝜃) ⟹ (𝑥, 𝑦, 𝑧) 

𝑥 = 𝜌 𝑠𝑖𝑛∅   cos 𝜃    ⇒ 𝑥 = 8 sin (−
𝜋

3
)   cos(−

𝜋

6
) 

⇒ 𝑥 = −8 sin (
𝜋

3
)   cos (

𝜋

6
)      ⇒ 𝑥 = −8  

√3

2
    

√3

2
         ⇒      𝑥 = −6 

 

𝑦 = 𝜌 𝑠𝑖𝑛∅   sin 𝜃      ⇒ 𝑦 = 8 sin (−
𝜋

3
)   sin(−

𝜋

6
) 

⇒ 𝑦 = +8 sin (
𝜋

3
)   sin (

𝜋

6
)      ⇒ 𝑥 = 8  

√3

2
    

1

2
⇒      𝑦 = 2√3 

 

 𝑧 = 𝜌  𝑐𝑜𝑠∅       ⇒ 𝑧 = 8  𝑐𝑜 𝑠 (−
𝜋

3
) ⇒ 𝑧 = 8  (

1

2
)  ⇒    𝑧 = 4 

 

∴ (8, −
𝜋

3
, −

𝜋

6
) ⟹ (−6,   2√3   ,4) 

 

Example 2:  By using the spherical coordinate, find the volume of the 

                      spherical with center origin point and radius equal to 6  

Solution: 

𝑉 = 8 ∫ ∫ ∫ 𝜌2  𝑠𝑖𝑛∅  𝑑𝜌
6

0

 d∅ dθ = 

𝜋
2

0

𝜋
2

0

 

 

       8 ∫ ∫  
𝜌3

3
]

0

6

 𝑠𝑖𝑛∅ d∅ dθ = 
𝜋

2
0

𝜋

2
0

 

8
(6)3

3
∫ −cos∅]

0

𝜋
2  dθ = 

𝜋
2

0

 8
(6)3

3
∫  dθ =

𝜋
2

0

 8
(6)3

3

𝜋

2
= 4

(6)3𝜋

3
 

Based on cylindrical coordinates 

8 ∫ ∫ ∫ 𝑑𝑧
√36−𝑟2

0

 rdr dθ = 8 ∫ ∫  𝑧]0
√36−𝑟2

 rdr dθ = 8 ∫ ∫  √36 − 𝑟2 r dr dθ = 

6

0

𝜋
2

0

 

6

0

𝜋
2

0

 

6

0

𝜋
2

0

 

−4 ∫
(36 − 𝑟2)

3
2

3
2

]

0

6

  dθ

𝜋
2

0

= −
8

3
∫ [(0)

3
2 − (36)

3
2]  dθ =

8(6)
3

3
∫  dθ = 4

(6)
3
𝜋

3

𝜋
2

0

𝜋
2

0

 

x 

y 

z 

6 
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Example 3: By using the spherical coordinate, find the solid volume 

above of the 𝑧 = √𝑥2 + 𝑦2 , below the sphere 𝑥2 + 𝑦2 + 𝑧2 = 16 

Solution:     𝑧 = √𝑥2 + 𝑦2  

𝜌  𝑐𝑜𝑠∅ = √𝜌2 𝑠𝑖𝑛2∅   cos2 𝜃 + 𝜌2 𝑠𝑖𝑛2∅   sin2 𝜃  

𝜌  𝑐𝑜𝑠∅ = √𝜌2 𝑠𝑖𝑛2∅[cos2 𝜃 +  sin2 𝜃 ] 

𝜌  𝑐𝑜𝑠∅ = √𝜌2 𝑠𝑖𝑛2∅ 

𝜌  𝑐𝑜𝑠∅ = 𝜌  𝑠𝑖𝑛 ∅  ⇒    
𝑠𝑖𝑛 ∅

𝑐𝑜𝑠∅
= 1 ⇒ 𝑡𝑎𝑛∅ = 1 

  ∴ ∅ =
𝜋

4
 

 

𝑉 = 4 ∫ ∫ ∫ 𝜌2  𝑠𝑖𝑛∅  𝑑𝜌
4

0

 d∅ dθ = 4 ∫ ∫  
𝜌3

3
]

0

4

 𝑠𝑖𝑛∅ d∅ dθ = 

𝜋
4

0

𝜋
2

0

 

𝜋
4

0

𝜋
2

0

 

= 4
(4)3

3
∫ −cos∅]

0

𝜋
4  dθ = 

𝜋
2

0

− 4
(4)3

3
∫(

1

√2
− 1) dθ =

𝜋
2

0

  

 

 

Example 4:  Find the mas of the  sphere with center origin points and 

radius equal 2, and the density at (𝑥, 𝑦) is 𝛿(𝑥, 𝑦) = 1. 

 
Solution:     𝑥2 + 𝑦2 + 𝑧2 = 4 

 1. Based on rectangular coordinates.  

       

𝑀 = 8 ∫ ∫ ∫ 𝛿 𝑑𝑧 𝑑𝑦 𝑑𝑥
√4−𝑥2−𝑦2

0

√4−𝑥2

0

2

0

= 

2. Based on cylindrical coordinates.  

       

𝑀 = 8 ∫ ∫ ∫ 𝛿𝑑𝑧

√4−𝑟2

0

 rdr dθ = 

2

0

𝜋
2

0

 

3. Based on spherical coordinates 

 

𝑀 = 8 ∫ ∫ ∫ 𝛿 𝜌2  𝑠𝑖𝑛∅  𝑑𝜌
2

0
 d∅ dθ = 

𝜋
2

0

𝜋
2

0

 

 

x 

y 

z 

2 

x 

y 

z 

4 

∅ =
𝜋

4
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Example 5: By using the spherical coordinate, find the solid volume 

above of the cone (مخروط) 𝑧2 = 𝑥2 + 𝑦2 , below the sphere 

𝑥2 + 𝑦2 + 𝑧2 = 9 

Solution:  

𝜌2 = 𝑥2 + 𝑦2 + 𝑧2 = 9 ⇒       𝜌 = 3    

The intersection of cone  and sphere 

𝑥2 + 𝑦2 + 𝑧2 = 9 ….(1) 

𝑥2 + 𝑦2 = 𝑧2   …(2)   

Substitute Eq.(2) in Eq. (1) we get 

𝑧2 + 𝑧2 = 9 ⇒  2𝑧2 = 9 ⇒ 𝑧 =
3

√2
    

Since  

 𝑧 = 𝜌 cos ∅       ⇒
3

√2
= 3 cos ∅ ⇒ cos ∅ ⇒

1

√2
 

∴ ∅ =
𝜋

4
 

 

Or 

𝑧2 = 𝑥2 + 𝑦2 

𝜌2  𝑐𝑜𝑠2∅ = 𝜌2 𝑠𝑖𝑛2∅   cos2 𝜃 + 𝜌2 𝑠𝑖𝑛2∅   sin2 𝜃  
𝜌2  𝑐𝑜𝑠2∅ = 𝜌2 𝑠𝑖𝑛2∅[cos2 𝜃 +  sin2 𝜃 ] 
𝜌2  𝑐𝑜𝑠2∅ = 𝜌2 𝑠𝑖𝑛2∅ 

  𝑐𝑜𝑠∅ = 𝑠𝑖𝑛∅ 

    
𝑠𝑖𝑛 ∅

𝑐𝑜𝑠∅
= 1 ⇒ 𝑡𝑎𝑛∅ = 1 

  ∴ ∅ =
𝜋

4
 

 

𝑉 = 4 ∫ ∫ ∫ 𝜌2  𝑠𝑖𝑛∅  𝑑𝜌
3

0

 d∅ dθ = 4 ∫ ∫  
𝜌3

3
]

0

4

 𝑠𝑖𝑛∅ d∅ dθ = 

𝜋
4

0

𝜋
2

0

 

𝜋
4

0

𝜋
2

0

 

= 4
(4)3

3
∫ −cos∅]

0

𝜋
4  dθ = 

𝜋
2

0

− 4
(4)3

3
∫(

1

√2
− 1) dθ =

𝜋
2

0

  

 

 

 

 

 

 

 
 

x 

y 

z 

3 

∅ =
𝜋

4
 


