15t Lecture

Example (5.2): If f: (X,7) = (X*, %) and (X, 7) is a discrete topological space,
(X*,t*) any topological space. Then f is continuous on X.

Solution:

f continuous at a € X iff VOP¢"'G* 3 f(a),3°P°"G 3 a,f(G) C G*
Example (5.1): Let X = {a, b, c,d, e}, T = {@,{a},{b},{a, b}, X}, and
X' ={xyzul v ={0{x} v} Ixyh{xy 2z}, X}

Let f: X — X™ be defined as follows:

f@=x,fb)y=f =y, fd)=zf(e)=z

Determine whether f is continuous at the point a, b, c,d, e
Solution: a € X, f(a) = x

The open sets G* containing f(a) = x are {x}, {x,y}, {x,y,z}, X"
The open sets G containing a are {a}, {a, b}, X

We have f({a}) = {f(a)} ={x} c G", VG" 3 f(a)

= 37" G ={a} 3 a,VP" G 3 f(a), f(G) cG*,VG"3 f(a)
= fiscontinuous ata € X

beX f(b)=y

The open sets G* containing f(b) = y are {y}, {x, v}, {x,y,z}, X"
The open sets G containing b are {b}, {a, b}, X

We have f({b}) = {f(b)} ={y} c G",VG" > f(b)

= 3P G ={b} 3 b,VP" G 3 f(b), f(G) cG",VG* >3 f(b)
= fiscontinuousatb € X

ceX, fl)=y

The open sets G* containing f(c) = y are {y}, {x,y}, {x,y, 2z}, X*
The open set G containing c is X

We have f({c}) = {f(c)} ={y} € G",VG" 3 f(c)
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= PG ={c}>c f(G) ¢ G"

f&) ={xy 2z} € G

[VG*3y,3X3c,f(x) €G]

deX, f(d)=z

The open sets G* containing f(d) = zare {x,y,z}, X"

The open sets G containing d is X

We have f({d}) = {f(d)} ={z} c G*,V G" 3 f(d)

= JPN G ={d}>d,VP"G3 f(d), f(G)cG",VG"3 f(d)
= fiscontinuous atd € X

eeX, f(e)=z

The open sets G* containing f(e) = zare {x,y,z}, X"

The open set G containing e is X

We have f({e}) = {f(e)} ={z} € G", VG" 3 f(e)

= PG ={e} e, VP"GDf(e), f(G)CG", VG 3 f(e)
= fiscontinuous ate € X

Remark (5.1): If f is continuous at each point x € X. Then we say that f is
continuous on X.

Theorem (5.1): (The Fundamental Theorem of Continuity)

If f:(X,7) = (X7, 7). Then the continuity of f on X is equivalent to each of
the following conditions:

(1) The inerse image of each open set in X* is open in X.

(2) The inverse image of each closed set in X™* is closed in X.

(3) f(A) c f(A),VACX.

Proof: Continuity of f & f~1(G*) isopen in X, v°P¢" G* c X*
Continuity of f & f~1(G*) is closed in X, v¢losed g* c X*

Suppose that f is continuous on X
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We need to show that f~1(G*) is open in X, v°Pé" G* c X*

Let G* ¢ X* be any open we have to prove f~1(G*) is open

Let x € f~1(G*) be any point

= f(x) €G*,butG* c X" isgivenopenand f(x) € G*

Since f is continuous

= VOPEM G* 3 f(x), 3P G 3 x, f(G) C G*

= f(x)€Ef(G)cG* = x€Gc f G

=V x€f1(G"),3%"G>5x,6c f1G")

= f~1(G*) isopenin X

Conversly: Suppose that f~1(G*) is open in X, vV°P¢" G* c X*

We need to show that f is continuous on X

Let G* € X* be any openset = f~1(G*) c X is open

But by using the definition of open set we set

Vx€f 16", 3P G3x,x€Gc f1(G)

=> Vx€f G, 3" G3x, f(x) €Ef(G)cG" = f(x)€E f(G)cG*
= VP G* c X*, 3P G, f(G) < G* = f is continuous on X

Now (1) & (2)

Suppose the inverse image of each open set in X* is openin X

We need to show that the inverse image of each closed set in X* is closed in X
Let F* < X™ be any closed set

= F* =X*—F"* isopen set

= fTY(F*)isopen= (f1(F*)) = f~1(F*)isclosed in X

Conversely: Suppose that the inverse of image of each closed set in X™* is closed
in X,

We need to show that the inverse image of each open set in X* is open in X
> 1) isclosed in X = (f‘l(G*))C is closed in X

= f~1(G*)isopenin X

Now we prove (2) < (3)
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Suppose that the inverse image of each closed set in X* is closed in X
We need to show that f(4) c f(A),VAc X

Since f(4) = f(A), VA c X and f(4) c f(A) closed

= A c f~1(f(4)) closed

= Acf(f@) = (@A)

= AcfYf(A) = f(A) c f(A)

Conversely: suppose that f(4) € f(A),VAc X

We need to show that f~1(F*) is closed in X, v¢iosed F < X*
Let F* c X™ be any closed set

We need to prove that f~1(F*) is closed in X

Let E = f~1(F")

We are given f(E) c f(E) = W =F =F" = f(E)
= f(E)c f(E) butEcE = f(E) c f(E)

= f(E) = f(E)

= fHFE) = fH(fF(B)

= E=E=f"YF*) = f~1(F*)isclosed in X.
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