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1st Lecture                                                                  

Chapter One 
 

Topological Spaces 

Definition (1.1): Let 𝑋 ≠ ∅ and 𝜏 be a family of subsets of 𝑋 then we say that 

𝜏 is topology on 𝑋 (or (𝑋, 𝜏) is a topological space) if:  

(1)  ∅, 𝑋 ∈ 𝜏. 

(2)  If 𝐴𝑖 ∈ 𝜏 , ∀ 𝑖 ∈ ℕ   ⇒  ⋃
𝑖∈ℕ 

𝐴𝑖 ∈ 𝜏. 

(The union of any number of element of 𝜏 belong to 𝜏) 

(3)  If 𝐴𝑖 ∈ 𝜏, ∀ 𝑖 = 1,2, … , 𝑛 then ⋂ 𝐴𝑖
𝑛
𝑖=1 ∈ 𝜏. 

(The finite intersection of elements of 𝜏 belong to 𝜏) 

The sets 𝐴𝑖 ∈ 𝜏 called the open sets of the topological space (𝑋, 𝜏). 

---------------------------------------------------------------------------------------------- 

Example (1.1): Let 𝑋 ≠ ∅, 𝜏 = {∅, 𝑋}. Then 𝜏 is a topology on 𝑋 and (𝑋, 𝜏) is 

a topological space.  

Proof: 

(i)  ∅ ∈ 𝜏   and   𝑋 ∈ 𝜏   ⇒   ∅, 𝑋 ∈ 𝜏 

(ii)  Since ∅⋃𝑋 = 𝑋⋃∅ = 𝑋 ∈ 𝜏   ⇒   𝑋⋃∅ ∈ 𝜏    

(iii)  Since ∅⋂𝑋 = 𝑋⋂∅ = ∅ ∈ 𝜏   ⇒   𝑋⋃∅ ∈ 𝜏    

Therefore 𝜏 is a topology on 𝑋. 

---------------------------------------------------------------------------------------------- 

Remark (1.1): The topology 𝜏 in the above example is called the weak 

(indiscrete) topology on 𝑋. 

---------------------------------------------------------------------------------------------- 

Example (1.2): Let 𝑋 ≠ ∅ and 𝜏 = {𝐴 ∶ 𝐴 ⊂ 𝑋} then (𝑋, 𝜏) is a topological 

space. 

Proof: 

(i) Since ∅ ⊂ 𝑋   ⇒   ∅ ∈ 𝜏   ⇒   ∅, 𝑋 ∈ 𝜏 
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Since 𝑋 ⊂ 𝑋   ⇒   𝑋 ∈ 𝜏    

(ii)  Let 𝐴𝑖 ∈ 𝜏 , 𝑖 ∈ ℕ   ⇒  ⋃
𝑖∈ℕ 

𝐴𝑖 ∈ 𝜏. 

⇒   𝐴𝑖 ⊂ 𝑋 , 𝑖 ∈ ℕ 

⇒   ⋃
𝑖∈ℕ 

𝐴𝑖 ⊂ 𝑋   ⇒   ⋃
𝑖∈ℕ 

𝐴𝑖 ∈ 𝜏 

(iii)  If 𝐴𝑖 ∈ 𝜏 ,   ∀ 𝑖 = 1,2, … , 𝑛    

⇒   𝐴𝑖 ⊂ 𝑋 ,  ∀ 𝑖 = 1,2, … , 𝑛 

⇒   ⋂ 𝐴𝑖
𝑛
𝑖=1 ⊂ 𝑋   ⇒   ⋂ 𝐴𝑖

𝑛
𝑖=1 ∈ 𝜏 

Therefore 𝜏 is a topology on 𝑋. 

---------------------------------------------------------------------------------------------- 

Remark (1.2): The topology 𝜏 in the above example is called the discrete 

topology on 𝑋. 

---------------------------------------------------------------------------------------------- 

Example (1.3): Let 𝑋 = {𝑎, 𝑏, 𝑐, 𝑑} and 𝜏 = {∅, {𝑎}, {𝑏, 𝑐}, {𝑎, 𝑏, 𝑐}, 𝑋} 

Determine whether 𝜏 is a topology on 𝑋 or no. 

Solution: 

(i) We have ∅, 𝑋 ∈ 𝜏. 

(ii)  We have {𝑎}⋃{𝑏, 𝑐} = {𝑎, 𝑏, 𝑐} ∈ 𝜏    

{𝑎}⋃{𝑎, 𝑏, 𝑐} = {𝑎, 𝑏, 𝑐} ∈ 𝜏  

{𝑏, 𝑐}⋃{𝑎, 𝑏, 𝑐} = {𝑎, 𝑏, 𝑐} ∈ 𝜏  

Therefore the union of any number of element of 𝜏 is in 𝜏. 

(iii)  We have {𝑎}⋂{𝑏, 𝑐} = ∅ ∈ 𝜏 

{𝑎}⋂{𝑎, 𝑏, 𝑐} = {𝑎} ∈ 𝜏  

{𝑏, 𝑐}⋂{𝑎, 𝑏, 𝑐} = {𝑏, 𝑐} ∈ 𝜏  

Thus the intersection of any number of elements of 𝜏 is in 𝜏. 

Hence 𝜏 is a topology on 𝑋. 

---------------------------------------------------------------------------------------------- 
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Example (1.4): Let (𝑋, 𝑑) be a metric space then the family of all open subsets 

of 𝑋 with respect to (w.r.t.) 𝑑 forms a topology on 𝑋 

Proof: 

Let 𝜏 = {𝐺 ∶ 𝐺 ⊂ 𝑋 𝑖𝑠 𝑜𝑝𝑒𝑛  𝑤. 𝑟. 𝑡.  𝑑} 

(i) Since (𝑋, 𝑑) is a metric space 

⇒   ∅, 𝑋 are open in 𝑋  w.r.t. 𝑑  

⇒   ∅, 𝑋 ∈ 𝜏 

(ii)  If 𝐺𝑖 ⊂ 𝑋 is open w.r.t. 𝑑 ∀ 𝑖 ∈ 𝜆 but (𝑋, 𝑑) is a metric space 

⇒  ⋃
𝑖∈𝜆 

𝐺𝑖 is open w.r.t. 𝑑 

⇒  ⋃
𝑖∈𝜆 

𝐺𝑖 ∈ 𝜏 

(iii)  If 𝐺𝑖 ⊂ 𝑋 is open w.r.t. 𝑑, ∀ 1 ≤ 𝑖 ≤ 𝑛 but (𝑋, 𝑑) is a metric space  

⇒   ⋂ 𝐺𝑖
𝑛
𝑖=1  is open in 𝑋 

⇒   ⋂ 𝐴𝑖
𝑛
𝑖=1 ∈ 𝜏 

Hence 𝜏 is a topology on 𝑋. 

---------------------------------------------------------------------------------------------- 

Remark (1.3): The topology 𝜏 in the above example is called the usual 

topology on 𝑋. 

---------------------------------------------------------------------------------------------- 

Example (1.5): Let 𝑋 = ℕ be the set of natural numbers. Let 𝜏 be a family of 

all subsets of ℕ of the form {1,2, … , 𝑛} with ∅ and 𝑋. Prove that 𝜏 is a topology 

on 𝑋. 

Proof: 

(i) We are given ∅, 𝑋 ∈ 𝜏. 

(ii)  Let 𝐴1 = {1,2, … , 𝑛1} and 𝐴2 = {1,2, … , 𝑛2} be elements of 𝜏.  

We have  

𝐴1⋃𝐴2 = {1,2, … , 𝑛1}⋃{1,2, … , 𝑛2} = {
{1,2, … , 𝑛1},          𝑖𝑓      𝑛1 ≥ 𝑛2

{1,2, … , 𝑛2},          𝑖𝑓      𝑛2 ≥ 𝑛1
    

In both cases we have  
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𝐴1⋃𝐴2 ∈ 𝜏  

In general let 𝐴𝑖 ∈ 𝜏, ∀ 𝑖 ∈ 𝜆  

We have ⋃
𝑖∈𝜆 

𝐴𝑖 = 𝐴𝑗  where 𝑗 = 𝑚𝑎𝑥
𝑖∈𝜆 

 {𝑖} 

But 𝐴𝑗 ∈ 𝜏   ⇒   ⋃
𝑖∈𝜆 

𝐴𝑖 ∈ 𝜏 

(iii) We have  

𝐴1⋂𝐴2 = {1,2, … , 𝑛1}⋂{1,2, … , 𝑛2} = {
{1,2, … , 𝑛1},          𝑖𝑓      𝑛1 ≤ 𝑛2

{1,2, … , 𝑛2},          𝑖𝑓      𝑛2 ≤ 𝑛1
  

In general let 𝐴𝑖 ∈ 𝜏, ∀ 𝑖 ∈ 𝜆  

We have ⋂ 𝐴𝑖
𝑛
𝑖=1 = 𝐴𝑗  where 𝑗 = 𝑚𝑖𝑛

𝑖∈𝜆 
 {𝑖} 

But 𝐴𝑗 ∈ 𝜏   ⇒   ⋂ 𝐴𝑖
𝑛
𝑖=1 ∈ 𝜏 

Thus (𝑋, 𝜏) is a topological space. 

---------------------------------------------------------------------------------------------- 

Theorem (1.1): Intersection of a family of topological spaces on a set is a 

topological space on this set. 

Proof: 

Let 𝜏 = ⋂
𝛼∈𝛬 

𝜏𝛼, 𝜏𝛼 be a topology ∀ 𝛼 ∈ 𝛬 

(1)  Since 𝜏𝛼 is a topology on 𝑋, ∀ 𝛼 ∈ 𝛬 then ∅ and 𝑋 are belong to 𝜏𝛼, ∀ 𝛼 ∈

𝛬. Thus ∅ and 𝑋 are belong to ⋂
𝛼∈𝛬 

𝜏𝛼. Thus ∅, 𝑋 ∈ 𝜏. 

(2)  Let 𝐴𝛽 ∈ 𝜏, ∀ 𝛽 ∈ 𝜉  ⇒ 𝐴𝛽 ∈ ⋂
𝛼∈𝛬 

𝜏𝛼 

Thus 𝐴𝛽 ∈ 𝜏𝛼, ∀ 𝛼 ∈ 𝛬, ∀ 𝛽 ∈ 𝜉   

Since 𝜏𝛼 is a topology ∀ 𝛼 ∈ 𝛬 , then ⋃
𝛽∈𝜉 

𝐴𝛽 ∈ 𝜏𝛼, ∀ 𝛼 ∈ 𝛬.  

Thus ⋃
𝛽∈𝜉 

𝐴𝛽 ∈ ⋂
𝛼∈𝛬 

𝜏𝛼   ⇒  ⋃
𝛽∈𝜉 

𝐴𝛽 ∈ 𝜏. 

(3)  Let 𝐵𝑗 ∈ 𝜏, ∀ 𝑗 = 1,2, … , 𝑛  ⇒ 𝐵𝑗 ∈ ⋂
𝛼∈𝛬 

𝜏𝛼, 𝑗 = 1,2, … , 𝑛 

⇒   Thus 𝐵𝑗 ∈ 𝜏𝛼, ∀ 𝛼 ∈ 𝛬, ∀ 𝑗 = 1,2, … , 𝑛  

⇒    ⋂ 𝐵𝑗
𝑛
𝑗=1 ∈ 𝜏𝛼, ∀ 𝛼 ∈ 𝛬 
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⇒    ⋂ 𝐵𝑗
𝑛
𝑗=1 ∈ ⋂

𝛼∈𝛬 
𝜏𝛼     ⇒    ⋂ 𝐵𝑗

𝑛
𝑗=1 ∈ 𝜏 

(1) , (2)  and (3)  implies that 𝜏 is a topology on 𝑋.  

---------------------------------------------------------------------------------------------- 

Exercises (1.1): (Homework)  

(1) Let 𝑋 ≠ ∅ and 𝜏 contains the empty set and all subsets of 𝑋 whose 

complement is finite w.r.t. 𝑋. Then 𝜏 is a topology on 𝑋. 

(2) Let 𝑋 = {𝑎, 𝑏, 𝑐} and 𝜏1 = {∅, {𝑎}, {𝑏, 𝑐}, 𝑋}, 𝜏2 = {∅, {𝑎}, {𝑏}, {𝑎, 𝑏}, 𝑋} and 

𝜏3 = {∅, {𝑎}, {𝑏}, 𝑋}. Determine which one is represents a topology on 𝑋. 

---------------------------------------------------------------------------------------------- 

 


