15t Lecture

Chapter One
doa gl gl Culpliadl)
Topological Spaces
Definition (1.1): Let X # @ and t be a family of subsets of X then we say that
T is topology on X (or (X, 7) is a topological space) if:
(1) 9,X €.
Q) IfA4;eT,VieEN = ieLg\]AieT.
(The union of any number of element of T belong to 1)
) If4;er,vi=12,..,nthenNL, A4; €T,
(The finite intersection of elements of T belong to 1)
The sets A; € t called the open sets of the topological space (X, 7).
Example (1.1): Let X # @, T = {@, X}. Then 7 is a topology on X and (X, 7) is
a topological space.
Proof:
(i) pet and Xet = P, X€ET
(i) SincepUX =XUP=Xet = XUDET
(iii) SinceNX =XNP =0 €t = XUPET

Therefore 7 is a topology on X.
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Remark (1.1): The topology 7 in the above example is called the weak

(indiscrete) topology on X.

X pedial e peadl Ko gene
Example (1.2): Let X # @ and 7 = {4 : A c X} then (X, 1) is a topological
space.
Proof:

(i) SincepcX = Ppet = O,X€ET
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SinceXcX = Xerz
(i) Let4A;et,ieN = l_g\}Ai €.
= A;cX,i€N
= iéJNAi cX = iéJNAi ET
(iIfA,et, Vi=12,..,n
= A, cX,Vi=12,..,n
= N4, X = NL4,€rT
Therefore 7 is a topology on X.
Remark (1.2): The topology t in the above example is called the discrete
topology on X.
Example (1.3): Let X = {a,b,c,d}and t = {@,{a}, {b,c},{a, b, c}, X}
Determine whether 7 is a topology on X or no.
Solution:
(i) Wehave 9,X € 7.
(i) We have {a}U{b,c} ={a,b,c} €T
{a}U{a,b,c} ={a,b,c} €T
{b,c}U{a,b,c} ={a,b,c} e
Therefore the union of any number of element of T is in 7.
(iii) We have {a}N{b,c} =0 €t
{a}N{a,b,c} ={a} €T
{b,c}N{a,b,c} ={b,c} €T
Thus the intersection of any number of elements of T is in .

Hence 7 is a topology on X.



Example (1.4): Let (X, d) be a metric space then the family of all open subsets
of X with respect to (w.r.t.) d forms a topology on X
Proof:
Lett={G: G c Xisopen w.r.t. d}
(i) Since (X, d) is a metric space
= @,XareopeninX w.rt. d
= Q,X€ET
(i) IfG; c Xisopenw.rt.d Vi € A but (X, d) is a metric space
= l_gl G; isopenw.r.t. d
= l_gl G, ET
(i) If G; c Xisopenw.rt. d, V1 <i <nbut(X,d) isametric space
= N, G;isopeninX
= N4, €T
Hence 7 is a topology on X.
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Remark (1.3): The topology 7 in the above example is called the usual
topology on X.
Example (1.5): Let X = N be the set of natural numbers. Let 7 be a family of
all subsets of N of the form {1,2, ..., n} with @ and X. Prove that 7 is a topology
on X.
Proof:
(i) We aregiven 9, X € 1.
(ii) Let A; = {1,2,...,n;} and A, = {1,2, ..., n,} be elements of t.

We have

{1,2, ...,nl}, lf nq = n,

A UA, = {1:2; -"inl}U{l'z’ ...,le} - {{1 2, ... nz} Lf np2m

In both cases we have



AjUA, et
Ingeneral let A; et,VieE A
We have ig A; = A; where j = max {i}
Butdjetr = ig1Ai €ET
(iii) We have

{1,2,...,n }’ l n S n
AiNA4, ={1,2,..,n3N{1,2,...,n,} = {{1 5 n;} i; n; - ni

Ingeneral let A; e t,VieE A
We have NiL, A; = A; where j = n&n {i}
l
BUtA] ET = n;l:lAi ET
Thus (X, 1) is a topological space.

Theorem (1.1): Intersection of a family of topological spaces on a set is a
topological space on this set.

Proof:

Lett = ﬂA Tqr T, DE @topology Va € A
ae

(1) Since 7, isatopologyon X,V a € Athen @ and X are belongtoz,, Va €
A. Thus @ and X are belongto N 7,. Thus @, X € .

aeA

2) LetAg e,V EE = A5 €
(2) pET,VBES B aQATa
Thus Ag €14, Va €A VL ES

Since 7, iIsatopology V a € A, then BUEAB ET,VaeA
€

Thus U Az € N1, > UAg€ET.
Beé a€EA BEé

) LetBietr,Vj=12,..,n B,€ N 14,j=12,..,n

aeA

= ThusBjEra,VaEA,ijl,Z,...,n



= n}?:l B] € aQA Ta = n;-lzl B] ET

(1), (2) and (3) implies that 7 is a topology on X.

Exercises (1.1): (Homework)

(1)Let X = @ and t contains the empty set and all subsets of X whose
complement is finite w.r.t. X. Then t is a topology on X.

(2)LetX ={a,b,c}and t; = {@,{a},{b,c}, X}, 1, = {0, {a}, {b},{a, b}, X} and

73 = {0,{a}, {b}, X}. Determine which one is represents a topology on X.



