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Masses and Moments in Three Dimensions 

  ةالكتل والعزوم في الابعاد الثلاثي
 

Example 1: Find the center of mass of a solid of constant density 𝛿  

bounded below by the disk (القرص( 𝑥2 + 𝑦2 ≤ 4 in the plane 𝑧 = 0 and 

above by the paraboloid ( الجسم المكافئ الدوراني(  𝑧 = 4 − 𝑥2 − 𝑦2   . 

 

Solution: 

𝑀 = ∫ ∫ ∫ 𝛿 𝑑𝑧 𝑑𝑦 𝑑𝑥
4−𝑥2−𝑦2

0

√4−𝑥2

−√4−𝑥2

2

−2

= ∬ ∫ 𝛿 𝑑𝑧 𝑑𝑦 𝑑𝑥
4−𝑥2−𝑦2

0
𝑅

 

∬ 𝛿   𝑍|0
4−𝑥2−𝑦2

𝑅

  𝑑𝑦 𝑑𝑥 = 𝛿 ∬ [4 − 𝑥2 − 𝑦2]
𝑹

 𝑑𝑦 𝑑𝑥 

Polar Coordinates 

𝛿 ∬ [4 − 𝑥2 − 𝑦2]
𝑹

 𝑑𝑦 𝑑𝑥 = 𝛿 ∫ ∫(4 − 𝑟2)

2

0

2𝜋

0

 𝑟 𝑑𝑟 𝑑𝜃 

= 𝛿 ∫ ∫(4𝑟 − 𝑟3)

2

0

2𝜋

0

 𝑑𝑟 𝑑𝜃 = 𝛿 ∫
4𝑟2

2
−  

𝑟4

4
|

2𝜋

0 0

2

 𝑑𝜃 = 𝛿 ∫ 8 − 4 𝑑𝜃

2𝜋

0

 

= 𝛿 ∫ 4 𝑑𝜃 =   𝛿

2𝜋

0

 4𝜃|0
2𝜋 =   8𝜋𝛿 

         

The mass is     𝑀 =   8𝜋𝛿 

𝑀𝒚𝒛 = ∬ ∫ 𝛿 𝒙 𝑑𝑧 𝑑𝑦 𝑑𝑥 = 𝛿
4−𝑥2−𝑦2

0
𝑅

∬  𝑥𝑧|0
4−𝑥2−𝑦2

𝑅

  𝑑𝑦 𝑑𝑥 

𝛿 ∬ 𝑥[4 − 𝑥2 − 𝑦2]
𝑹

 𝑑𝑦 𝑑𝑥 = 

𝛿 ∫ ∫ (𝑟 𝑐𝑜𝑠 𝜃)(4 − 𝑟2)

2𝜋

0

2

0

𝑟 𝑑𝜃𝑑𝑟 = 𝛿 ∫ ∫ (4𝑟2

2𝜋

0

2

0

𝑐𝑜𝑠 𝜃 − 𝑟4𝑐𝑜𝑠 𝜃)𝑑𝜃 𝑑𝑟 

= 𝛿 ∫ 4𝑟2𝑠𝑖𝑛𝜃 − 𝑟4𝑠𝑖𝑛𝜃|0
2𝜋

2

0

 𝑑𝜃𝑑𝑟 = 𝛿 ∫ [0]
2

0

 𝑑𝑟 = 0 

 

∴    𝑀𝑦𝑧 = 0 
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𝑀𝒙𝒛 = ∬ ∫ 𝛿 𝒚 𝑑𝑧 𝑑𝑦 𝑑𝑥 = 𝛿
4−𝑥2−𝑦2

0
𝑅

∬  𝒚𝑧|0
4−𝑥2−𝑦2

𝑅

  𝑑𝑦 𝑑𝑥 

= 𝛿 ∬ 𝒚[4 − 𝑥2 − 𝑦2]
𝑹

 𝑑𝑦 𝑑𝑥 = 

𝛿 ∫ ∫ (𝑟 𝑠𝑖𝑛 𝜃)(4 − 𝑟2)

2𝜋

0

2

0

𝑟 𝑑𝜃𝑑𝑟 = 𝛿 ∫ ∫ (4𝑟2

2𝜋

0

2

0

𝑠𝑖𝑛 𝜃 − 𝑟4𝑠𝑖𝑛 𝜃)𝑑𝜃 𝑑𝑟 

= 𝛿 ∫ −4𝑟2𝑐𝑜𝑠 𝜃 + 𝑟4𝑐𝑜𝑠 𝜃|0
2𝜋

2

0

 𝑑𝑟 

𝛿 ∫ [−4𝑟2 + 𝑟4 − [−4𝑟2 + 𝑟4]]
2

0

 𝑑𝑟 = 𝛿 ∫ [−4𝑟2 + 𝑟4 + 4𝑟2−𝑟4]
2

0

𝑑𝑟  

 = 𝛿 ∫ [0]
2

0

𝑑𝑟 = 0  

∴    𝑀𝑥𝑧 = 0 

 

𝑀𝒙𝒚 = ∬ ∫ 𝛿 𝒛 𝑑𝑧 𝑑𝑦 𝑑𝑥 = 𝛿
4−𝑥2−𝑦2

0
𝑅

∬    
𝑧2

2
|

0

4−𝑥2−𝑦2

𝑅

  𝑑𝑦 𝑑𝑥 

𝛿

2
∬ [4 − 𝑥2 − 𝑦2]2

𝑹

 𝑑𝑦 𝑑𝑥 =
𝛿

2
∫ ∫(4 − 𝑟2)2

2

0

2𝜋

0

  𝑟 𝑑𝑟 𝑑𝜃 

=
𝛿

2(−𝟐)
∫ ∫(−𝟐)(4 − 𝑟2)2

2

0

2𝜋

0

  𝑟 𝑑𝑟 𝑑𝜃 =  
𝛿

−4
∫

(4 − 𝑟2)3

3
|

0

22𝜋

0

 𝑑𝜃 

𝛿

−12
∫ [(4 − 4)3 − (4 − 0)3]

2𝜋

0

 𝑑𝜃 =
𝛿

−12
∫ −64

2𝜋

0

 𝑑𝜃 =
64𝛿

12
∫ 𝑑𝜃

2𝜋

0

  

=
32 𝛿

6
∫ 𝑑𝜃

2𝜋

0

   =
32 𝛿

6
𝜃| 

0

2𝜋
  =

32 𝛿

6
   2𝜋  =

32𝜋 𝛿

3
  

∴    𝑀𝑥𝑦 =
32𝜋 𝛿

3
 

Center of mass is  

𝑋̅ =
 𝑀𝒚𝒛

𝑀
=

0

8𝜋𝛿
= 0  ,           𝑦̅ =

 𝑀𝒙𝒛

𝑀
=

0

8𝜋𝛿
= 0 ,

𝒁̅ =
 𝑀𝒙𝒚

𝑀
=

32𝜋 𝛿
3

8𝜋𝛿
=

4

3
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Example 2: Find the mass in the first octant of the solid inside the 

cylinder  𝑥2 + 𝑦2 = 𝑎2    and between the planes 𝑧 = 0, 𝑧 = ℎ, and has 

density 𝛿 = 𝑥  . 

 

Solution: 

𝑀 = ∫ ∫ ∫ 𝛿 𝑑𝑧 𝑑𝑦 𝑑𝑥
ℎ

0

√𝑎2−𝑥2

0

𝑎

0

= ∫ ∫ ∫ 𝑥 𝑑𝑧 𝑑𝑦 𝑑𝑥
ℎ

0

√𝑎2−𝑥2

0

𝑎

0

 

∫ ∫ 𝑥𝑧|0
ℎ

√𝑎2−𝑥2

0

𝑎

0

  𝑑𝑦 𝑑𝑥 = ∫ ∫ 𝑥ℎ

√𝑎2−𝑥2

0

𝑎

0

 𝑑𝑦 𝑑𝑥 = ∫𝑥ℎ  𝑦|0
√𝑎2−𝑥2

𝒂

𝟎

𝑑𝑥 

= ∫ 𝑥ℎ(𝑎2 − 𝑥2)
1
2 

𝒂

𝟎

𝑑𝑥 =
ℎ

(−𝟐)
∫ (−𝟐)𝑥  (𝑎2 − 𝑥2)

1
2 =

 

𝒂

𝟎

ℎ

(−𝟐)
 
(𝑎2 − 𝑥2)

3
2

3
2

|

0

𝑎

 

−ℎ

3
[(𝑎2 − 𝑎2)

3
2 − (𝑎2 − 0)

3
2] =

−ℎ

3
(−𝑎3 ) =

𝑎3ℎ 

3
 

∴    𝑀 =
𝑎3ℎ 

3
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 


